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1 Homework 1

Problem 1.9.6

Suppose an ą 0, bn ą 1, and

lim
nÑ8

an “ 0, lim
nÑ8

bn “ 1

Define
An :“ tx : an ď x ă bnu

Find
lim sup
nÑ8

An and lim inf
nÑ8

An

By inspection, we have the following claim

lim sup
nÑ8

An “ Xně1 Ykěn Ak

“ Xně1 Ykěn tx : ak ď x ă bku

“ p0, 1s

Proof lim supnÑ8 An

Show lim supnÑ8 An Ď p0, 1s

• Let x P lim supnÑ8 An “ Xně1 Ykěn ty : ak ď y ă bku.

• Here we prove by contradiction. Suppose x R p0, 1s. Then we have two cases.

1) Case 1: x ď 0.

– Since limnÑ8 an “ 0 with an ą 0, then for all k ě 1, x ă ak.

– i.e. for all k ě 1, x R Ak.

– i.e. for any n ě 1, x R
Ť

kěnAk, since no member of that union contains
x.

– Hence x R Xně1 Ykěn Ak “ lim supnÑ8 An. A contradiction.

2) Case 2: x ą 1.

– Since limnÑ8 bn “ 1 with bn ą 1, there exists some n0 P Zě1 such that
for all k ě n0, x ě bk.

– Equivalently, there exists some n0 P Zě1 such that for all k ě n0,
x R Ak.

– Equivalently, there exists some n0 P Zě1 such that x R Ykěn0Ak

– Hence x R Xně1 Ykěn Ak “ lim supnÑ8 An

• Hence, by proof of contradiction, we have x P p0, 1s
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Show lim supnÑ8 An Ě p0, 1s

• Let x P p0, 1s.

• Consider two cases

1) Case 1: interior case, x P p0, 1q.

– Since an Ñ 0 and bn Ñ 1, there exists n0 such that for every k ě n0,
x P ty : ak ď y ă bku “ Ak.

– Hence, x P XkěnAk Ď YkěnAk for any n ě 1.

– Hence, x P Xně1 Ykěn Ak “ lim supnÑ8 Ak.

2) Case 2: boundary case, x “ 1

– Since limnÑ8 an “ 0, there exists n0 P Zě1 such that ak ă 1 for all
k ě n0; and bk ą 1 for every k ě 1. Hence for all k ě n0, ak ď 1 ă bk,

– i.e. 1 P Ak for every k ě n0

– Hence for any n ě 1, picking any k ě maxpn, n0q gives 1 P Ak, so
1 P

Ť

kěnAk.

– Hence, 1 P Xně1 Ykěn Ak

• Hence, we showed x P lim supnÑ8 An.

Proof lim infnÑ8 An

lim inf
nÑ8

An “ Yně1 Xkěn Ak

“ Yně1 Xkěn tx : ak ď x ă bku

“ p0, 1s

Show lim infnÑ8 An Ď p0, 1s

• Let x P lim infnÑ8 An “ Yně1 Xkěn ty : ak ď y ă bku.

• Assume by contradiction that x R p0, 1s. Two cases

1) Suppose x ď 0

– Since limnÑ8 an “ 0 with an ą 0, then for all k ě 1, x ă ak.

– i.e. for all k ě 1, x R Ak.

– i.e. x R XkěnAk for any n ě 1.

– Hence x R
Ť

ně1

Ş

kěnAk “ lim infnÑ8 An. A contradiction.

2) Suppose x ą 1

– Since limnÑ8 bn “ 1 with bn ą 1. Pick any n ě 1, consider XkěnAk.

– there exists some n0 ě n such that x ą bn0 . i.e. x R An0 .

– This implies x R XkěnAk for any chosen n ě 1

– Hence, x R Yně1 Xkěn Ak. A contradiction

• Hence, by proof of contraction, we showed x P p0, 1s.
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Show lim infnÑ8 An Ě p0, 1s

• Let x P p0, 1s

• Also consider two cases

1) Case 1: interior case, x P p0, 1q.

– Since an Ñ 0 and bn Ñ 1, there exists n0 such that for every k ě n0,
x P ty : ak ď y ď bku “ Ak.

– Hence, x P Xkěn0Ak

– Hence, x P Yně1 Xkěn Ak “ lim infnÑ8 Ak.

2) Case 2: boundary case, x “ 1

– Since limnÑ8 an “ 0, there exists n0 P Zě1 such that ak ă 1 for all
k ě n0; and bk ą 1 for every k ě 1. Hence 1 P Ak for all k ě n0,

– Hence, 1 P
Ş

kěn0
Ak Ď

Ť

ně1

Ş

kěnAk “ lim infnÑ8 An

• Hence, we showed x P lim infnÑ8 An.

Problem 1.9.19

For sets A,B show

1AYB “ 1A _ 1B

1AXB “ 1A ^ 1B

Solution:

Show 1AYB “ 1A _ 1B

Case 1: ω R A Y B First note that if ω R A Y B, then ω R A and ω R B. Hence,

1AYBpωq “ 1Apωq “ 1Bpωq “ 0

Hence, in the case of ω R A Y B, we have

1AYB “ 1A _ 1B

Case 2: ω P A Y B Next we consider ω P A YB. We can decompose A Y B into
disjoint sets

A Y B “ pAzBq Y pA X Bq Y pBzAq

Thus, we will have

1AYB “ 1AzB ` 1AXB ` 1BzA

1A “ 1AzB ` 1AXB

1B “ 1BzA ` 1AXB

Now we have 3 cases
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1) ω P AzB, then

• 1AYBpωq “ 1AzBpωq ` 1AXBpωq ` 1BzApωq “ 1 ` 0 ` 0 “ 1

• 1Apωq “ 1AzBpωq ` 1AXBpωq “ 1 ` 0 “ 1

• 1Bpωq “ 1BzApωq ` 1AXBpωq “ 0 ` 0 “ 0

• hence, we have 1AYBpωq “ 1 “ 1 _ 0 “ 1Apωq _ 1Bpωq

2) ω P A X B, then

• 1AYBpωq “ 1AzBpωq ` 1AXBpωq ` 1BzApωq “ 0 ` 1 ` 0 “ 1

• 1Apωq “ 1AzBpωq ` 1AXBpωq “ 0 ` 1 “ 1

• 1Bpωq “ 1BzApωq ` 1AXBpωq “ 0 ` 1 “ 1

• hence, we have 1AYBpωq “ 1 “ 1 _ 1 “ 1Apωq _ 1Bpωq

3) ω P BzA, then

• 1AYBpωq “ 1AzBpωq ` 1AXBpωq ` 1BzApωq “ 0 ` 0 ` 1 “ 1

• 1Apωq “ 1AzBpωq ` 1AXBpωq “ 0 ` 0 “ 0

• 1Bpωq “ 1BzApωq ` 1AXBpωq “ 1 ` 0 “ 1

• hence, we have 1AYBpωq “ 1 “ 0 _ 1 “ 1Apωq _ 1Bpωq

Since ω is arbitrary. Hence, we showed 1AYB “ 1A _ 1B.

Show 1AXB “ 1A ^ 1B

Case 1: ω R AXB Firstly, still consider if ω R AXB where we have 1AXBpωq “ 0.
Then there are 3 case: (1) ω R A Y B, (2) ω P AzB, (3) ω P BzA. The indicator
functions 1A,1B of these 3 cases are

1) ω R A Y B ùñ 1Apωq “ 0,1Bpωq “ 0 ùñ 1AXBpωq “ 0 “ 1Apωq ^ 1Bpωq

2) ω P AzB ùñ 1Apωq “ 1,1Bpωq “ 0 ùñ 1AXBpωq “ 0 “ 1^0 “ 1Apωq^1Bpωq

3) ω P BzA ùñ 1Apωq “ 0,1Bpωq “ 1 ùñ 1AXBpωq “ 0 “ 0^1 “ 1Apωq^1Bpωq

Since ω R A X B is arbitrary. Hence, we proved the 1AXB “ 1A ^ 1B for ω R A X B.

Case 2: ω P A X B Now we consider the case for ω P A X B. If ω P A X B, then
ω P A and ω P B. Hence, their indicator functions are

1AXBpωq “ 1Apωq “ 1Bpωq “ 1

Thus, we have
1AXBpωq “ 1 “ 1 ^ 1 “ 1Apωq ^ 1Bpωq

Since ω P A X B is arbitrary, hence we complete the proof.
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2 Homework 2

1.9 - 10, 14, 16, 17, 18.

Problem 1.9.10

Check that An Ñ A iff 1An Ñ 1A pointwise.
Solution: Using

lim inf
nÑ8

1An “ 1lim infnÑ8 An

lim sup
nÑ8

1An “ 1lim supnÑ8 An

( ùñ ) Suppose An Ñ A. We have the following

A “ lim
nÑ8

An “ lim sup
nÑ8

An “ lim inf
nÑ8

An

1Apωq “ 1limnÑ8 Anpωq “ 1lim supnÑ8 Anpωq “ 1lim infnÑ8 Anpωq, @ω

lim
nÑ8

1Anpωq “ lim sup
nÑ8

1Anpωq “ lim inf
nÑ8

1Anpωq, @ω

Pack up the equality we have, we got

1Apωq “ lim
nÑ8

1Anpωq, @ω

This proves the forward direction.
( ðù ) Conversely, suppose 1An Ñ 1A pointwise. Then for every ω the limit of
1Anpωq exists and equals 1Apωq, so

1lim supnÑ8 An “ lim sup
nÑ8

1An “ 1A “ lim inf
nÑ8

1An “ 1lim infnÑ8 An pointwise

using the two identities quoted at the start. Since a set is determined by its indicator
function, lim supnÑ8 An “ A “ lim infnÑ8 An, that is, An Ñ A.

Problem 1.9.14

Suppose that An are fields satisfying An Ă An`1. Show that YnAn is a field. (But see
also the next problem.)
Solution: Checking the 3 axioms of a field.

(i) Ω P YnAn Since Ω P An for all n (because all An are fields), thus Ω P YnAn

(ii) Closed under complement Let A P YnAn. Because An Ă An`1, hence there
exists a n0 P Zě1 such that for all m ě n0, A P Am. Because these Am are fields, hence
ΩzA P Am for all m ě n0. Hence, ΩzA P YnAn.

(iii) Closed under finite union Let A1, . . . , Ak P YnAn. Still because An Ă An`1,
for every i “ 1, . . . , k, there exists a ni P Zě1 such that for all m ě ni, Ai P Am.
Denote n0 “ maxi ni. Hence, A1, . . . , Ak P Am for all m ě n0. Because Am’s are all
fields, we have Yk

i“1Ai P Am for all m ě n0. Hence, Yk
i“1Ai P YnAn.
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Problem 1.9.16

Suppose A is a class of subsets of Ω such that

• Ω P A

• A P A implies Ac P A

• A is closed under finite disjoint unions.

Show A does not have to be a field. Hint: Try Ω “ t1, 2, 3, 4u and let A be the field
generated by two point subsets of Ω.
Solution: Let A “ tΩ,∅, t1, 2u, t3, 4u, t1, 3u, t2, 4u, t1, 4u, t2, 3uu. It is clear that
Ω P A, and A is closed under complement and finite union of disjoint sets.

However, A is not closed under finite union. Say t1, 2u Y t2, 3u “ t1, 2, 3u R A.
Hence, A is not a field.

Problem 1.9.17

Prove lim infnÑ8 An “ tω : limnÑ8 1Anpωq “ 1u.
Solution: Recall that

lim inf
nÑ8

An “ tω : ω P An for all n except a finite numberu

“

#

ω :
ÿ

n

1Ac
n
pωq ă 8

+

Hence, there exists some n0 P Zě1 such that for all m ě n0, 1Ac
m

“ 0. Equivalently,
1Am “ 1. Hence, for any ω P lim infnÑ8 An, we have limnÑ8 1Anpωq “ 1.

#

ω :
ÿ

n

1Ac
n
pωq ă 8

+

“

!

ω : lim
nÑ8

1Ac
n

“ 0
)

“

!

ω : lim
nÑ8

1An “ 1
)

Problem 1.9.18

Suppose A is a class of sets containing Ω and satisfying

A,B P A ùñ AzB “ ABc
P A

Show A is a field.
Solution: Check the 3 field axioms.

(i) Ω P A. This is given by the sentence “Suppose A is a class of sets containing Ω”.

(ii) Closed under complement Let B P A. We know Ω P A. Then let A “ Ω and
B “ B. Thus ΩzB P A.

(iii) Closed under finite union Let A,B P A. WTS A Y B P A. By (ii), we have
Ac, Bc P A. Thus, by assumption, we have AczB “ Ac XBc P A. Hence, again by (ii),
we have A Y B “ pAc X Bcqc P A. Hence, we completes the proof.
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3 Homework 3

HW3 (due on 09/18): 1.9 - 21, 22, 31(hard one!), 41.

Problem 1.9.21

Suppose A is a field and suppose also that A has the property that it is closed under
countable disjoint unions. Show A is a σ-field.

Proof. Let A1, . . . , An, . . . P A. Define new sets Bi as

B1 “ A1, B2 “ A1 Y A2, B3 “ A1 Y A2 Y A3, . . .

Under this construction, we have Bn is an increasing sequence of sets. And for every
n P Zě1

n
ď

k“1

Bk “

n
ď

k“1

Ak

Next, we can use disjointification, we have

C1 “ B1, C2 “ B2zB1, C3 “ B3zB2, . . .

where Ci X Cj “ ∅ by construction. Note that each Bn P A because a field is closed
under finite unions, and hence each Ck “ Bk X Bc

k´1 P A as well, by closure under
complement and finite intersection. Moreover, for every n P Zě1

n
ď

k“1

Ck “

n
ď

k“1

Bk “

n
ď

k“1

Ak

Under the assumption that A is closed under countable disjoint union, we have

8
ď

k“1

Ak “

8
ď

k“1

Bk “

8
ď

k“1

Ck P A

Hence, we proved A is a σ-algebra.

Problem 1.9.22

Let Ω be a non-empty set and let C be all one point subsets. Show that

σpCq “ tA Ă Ω : A is countableu
ď

tA Ă Ω : Ac is countableu

Solution: Here C is defined as

C :“ ttxu : x P Ωu

Note that

B :“ tA Ă Ω : either A is a countable set, or Ac is a countable setu

” tA Ă Ω : A is countableu
ď

tA Ă Ω : Ac is countableu
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which we have already proved in lecture that it is a σ-field.
Show C Ď B. Clearly any txu is countable, hence txu P B for any txu P C. Thus,

C Ă B. Then by the definition of σpCq being the smallest σ-field containing C, we
have σpCq Ď B.

Let A P B. Now two cases. If A is countable, then we can express A as a countable
union of singletons.

A “
ď

xPA

txu P σpCq

If A is uncountable, then by definition of B, we have Ac is countable. By the same
reasoning, we can express Ac as a countable union of singletons.

Ac
“

ď

xPAc

txu P σpCq

Since σpCq is a σ-field, it is closed under complement, so A “ pAcqc P σpCq.
Hence, we conclude B Ď σpCq.
Thus, we conclude B “ σpCq.

Problem 1.9.31

Suppose Ω is uncountable and let G be the σ-field consisting of sets A such that either
A is countable or Ac is countable. Show G is NOT countably generated.

(Hint: If G were countably generated, it would be generated by a countable collec-
tion of one point sets. )

In fact, if G is the σ-field of subsets of Ω consisting of the countable and co-countable
sets, G is countably generated iff Ω is countable.
Solution: Here

G “ tA Ď Ω : either A is a countable set, or Ac is a countable setu

Assume by contradiction that G is countably generated, and let A :“ tAn : n P Zě1u

be this countable family of sets, i.e.

G ” σptAn : n P Zě1uq “ σpAq

By definition of G, we have for each n ě 1, either An is countable or Ac
n is countable.

Following the hint, our plan is: let C Ĺ Ω be a countable subset of Ω and show
G “ σpCq where C “ ttxu : x P Cu; a singleton outside C will then produce a
contradiction. Let’s consider a different generating set of G. Define sets another
family of sets B “ tBn : n P Zě1u by

Bn “

"

An if An is countable
Ac

n if An is uncountable

and see that
G ” σptAn : n P Zě1uq “ σptBn : n P Zě1uq

simply by definition of generated σ-field. We choose C “ YnBn, which is a countable
union of countable sets, so of course still countable.
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WTS: σpBq “ σpCq. Take a generating set Bn P σpBq. Because it is countable and
Bn Ă C, so we can write it as a countable union of singletons txu Ă C.

Bn “
ď

xPBn

txu

Hence, Bn P σpCq. Conversely, consider txu P C. Clearly txu is countable. Hence,
txu P G “ σpBq. Hence, C Ď G. Hence, σpCq Ď G “ σpBq.

Hence, we have G “ σpBq “ σpCq.
Consider p P ΩzC. Clearly tpu is countable, hence tpu P G “ σpCq. But the claim

is tpu R σpCq. To see this, we compute σpCq explicitly:

σpCq “ tA Ď Ω : A Ď C or ΩzA Ď Cu

Indeed, the collection on the right contains every generator txu, x P C. It is a σ-
field: it is closed under complement by the symmetry of the two conditions, and for a
countable union, if every Ai Ď C then

Ť

i Ai Ď C, while if some Ai0 has ΩzAi0 Ď C
then Ωz

Ť

i Ai Ď ΩzAi0 Ď C. And it is the smallest such: any σ-field containing C

contains every A Ď C (a countable union of generators, since C is countable), hence
also every A with ΩzA Ď C, as the complement of such a set.

Now take p P ΩzC. Then tpu Ę C because p R C; and Ωztpu Ę C, since otherwise
Ω Ď C Y tpu would be countable while Ω is uncountable. So tpu satisfies neither
condition, i.e. tpu R σpCq. Hence, a contradiction.

Problem 1.9.41

A monotone class M is a non-empty collection of subsets of Ω closed under monotone
limits; that is, if An Ò and An P M, then limnÑ8 An “ YnAn P M and if An Ó and
An P M, then limnÑ8 An “ XAn P M .

Show that a σ-field is a field that is also a monotone class and conversely, a field
that is a monotone class is a σ-field.
Solution:

Show σ-field is a field + monotone class Let A be a σ-field. Then clearly A is
a field. It is also clear that A is a monotone class. Let A1 Ď A2 Ď . . . be an increasing
subsets in A. Then

N
ď

n“1

An “ AN

Hence,

lim
NÑ8

AN “ lim
NÑ8

N
ď

n“1

An “

8
ď

n“1

An P A

Similarly for decreasing sequence of subsets A1 Ě A2 Ě . . .. Because Ai P A, then
Ac

i P A by axiom of σ-field. Hence Yně1A
c
n P A again by axiom of σ-field. Lastly, use

the fact that
N
č

n“1

An “ AN
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closure under complement again, we have

lim
NÑ8

AN “ lim
NÑ8

N
č

n“1

An “

8
č

n“1

An “

ˆ 8
ď

n“1

Ac
n

˙c

P A

Hence we proved σ-field is a monotone class.

Show field + monotone class is a σ-field So let A be a field and monotone class.
Hence A satisfies the first two axioms. We only need to show closure under countable
union.

Let A1, A2, . . . P A. Define

Bn “

n
ď

k“1

Ak P A

Hence, we have
n
ď

k“1

Ak “

n
ď

k“1

Bk

which makes Bn an increasing sequence of sets. Then by definition of monotone class,
we have

8
ď

k“1

Ak “

8
ď

k“1

Bk “ lim
nÑ8

Bn P A

Hence, it is a σ-algebra.
There is another proof using decreasing sequence definition of monotone class. See

that showing YnAn P A is equivalent to show pYnAnqc “ XnA
c
n P A by using closure

under complement of a field. Then define

Bn “

n
č

k“1

Ac
k P A

which is a decreasing sequence of sets. We have

8
č

k“1

Ac
k “

8
č

k“1

Bk “ lim
nÑ8

Bn P A

which completes the proof.
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4 Homework 4

HW4 (due on 09/25): 1.9 - 33(i), 34, 44; 2.6 - 1(b).

Problem 1.9.33 (The extended real line)

Let R “ RYt´8uYt8u be the extended or closed real line with the points ´8 and 8

added. The Borel sets BpRq is the σ-field generated by the sets r´8, xs, x P R, where
r´8, xs “ t´8u Y p´8, xs. Show BpRq is also generated by the following collections
of sets

1) r´8, xq, x P R

2) px,8s, x P R

3) all finite intervals and t´8u and t8u.

Now think of R “ r´8,8s as homeomorphic in the topological sense to r´1, 1s

under the transformation
x ÞÝÑ

x

1 ´ |x|

from r´1, 1s to r´8,8s. (This transformation is designed to stretch the finite interval
onto the infinite interval.) Consider the usual topology on r´1, 1s and map it onto
a topology on r´8,8s. This defines a collection of open sets on r´8,8s and these
open sets can be used to generate a Borel σ-field. How does this σ-field compare with
BpRq described above?

Part 1

Denote

F0 :“ tr´8, xs : x P Ru

F1 :“ tr´8, xq : x P Ru

F2 :“ tpx,8s : x P Ru

F3 :“ tra, bs : a, b P Ru Y t´8u Y t8u

and for F3, we choose the closed bracket, but this can be closed, half-open & half-
closed. The question defines BpRq as

BpRq :“ σpF0q

Show BpRq is generated by the sets in F1 We want to show σpF1q “ σpF0q. See
that

r´8, xs “
č

ně1

“

´8, x `
1

n

˘

loooooomoooooon

PF1

P σpF1q

and

r´8, xq “
ď

ně1

“

´8, x ´
1

n

‰

loooooomoooooon

PF0

P σpF0q
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Show BpRq is generated by the sets in F2 We want to show σpF2q “ σpF0q. See
that

px,8s “ r´8, xs
c

looomooon

PF0

P σpF0q

and
r´8, xs “ px,8s

c
loomoon

PF2

P σpF2q

Show BpRq is generated by the sets in F3 We want to show σpF3q “ σpF0q. See
that

r´8, xs “
ď

ně1

“

´n, xs
loomoon

PF3

Y t´8u
loomoon

PF3

P σpF3q

and

ra, bs “ r´8, bs X
č

ně1

`

a ´
1

n
,8

‰

“ r´8, bs
loomoon

PF0

X
č

ně1

“

´8, a ´
1

n

‰c

looooooomooooooon

PF0

P σpF0q

t8u “
č

ně1

`

n,8
‰

“
č

ně1

“

´8, n
‰c

looomooon

PF0

P σpF0q

t´8u “
č

ně1

“

´8,´n
‰

loooomoooon

PF0

P σpF0q

Part 2

The Borel σ-fields are clearly not equal. But since there is a homeomorphism between
two topological space, there will be a one-to-one correspondence between Borel sets
from different topological spaces. Hence there is an isomorphism between these two
Borel σ-fields induced by that homeomorphism.

Problem 1.9.34

Suppose B is a σ-field of subsets of Ω and suppose A R B. Show that σpB Y tAuq,
the smallest σ-field containing both B and A consists of sets of the form

AB Y AcB
1

, B,B
1

P B

Solution: Define
F :“ tAB Y AcB

1

: B,B
1

P Bu

Want to show F “ σpB Y tAuq.

Show F Ď σpB Y tAuq. First of all, it is clear that for any B,B
1

P B, the set
AB Y AcB

1

P σpB Y tAuq because AB Y AcB
1

is a finite union and intersection of
elements in σpB Y tAuq. Hence, F Ď σpB Y tAuq.
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Show B Y tAu Ď F. Given AB Y AcB
1

, we can easily recover all atoms C P B and
the set A. For arbitrary C P B, choose B “ B

1

“ C P B. Then

AB Y AcB
1

“ AC Y AcC “ C X pA Y Ac
q “ C X Ω “ C

And for the set A, choose B “ Ω and B
1

“ ∅. Then

AB Y AcB
1

“ AΩ Y Ac∅ “ A

Hence, we conclude B Y tAu Ă F.

Show F is a σ-field By choosing B “ B
1

“ Ω, we have AΩ Y AcΩ “ A Y Ac “ Ω.
Hence, Ω P F.

If AB Y AcB
1

P F, then

pAB Y AcB
1

q
c

“ pABq
c

X pAcB
1

q
c

“ pAc
Y Bc

q X pA Y pB
1

q
c
q

“ pA X pAc
Y Bc

qq
looooooooomooooooooon

“ABc

Y ppB
1

q
c

X pAc
Y Bc

qq
looooooooooomooooooooooon

“AcpB
1
qcYBcpB

1
qc

“ ABc
Y Ac

pB
1

q
c

Y Bc
pB

1

q
c

“ ABc
Y Ac

pB
1

q
c

Y Bc
pB

1

q
cΩ

“ ABc
Y Ac

pB
1

q
c

Y Bc
pB

1

q
c
pA Y Ac

q

“ ABc
Y Ac

pB
1

q
c

Y pABc
pB

1

q
c

Y AcBc
pB

1

q
c
q

“ A pBc
Y Bc

pB
1

q
c
q

loooooooomoooooooon

PB

YAc
ppB

1

q
c

Y Bc
pB

1

q
c
q

looooooooomooooooooon

PB

P F

If ABn Y AcB
1

n P F for n ě 1. Consider

ď

ně1

pABn Y AcB
1

nq “

ˆ

ď

ně1

ABn

˙

Y

ˆ

ď

ně1

AcB
1

n

˙

“

ˆ

A
ď

ně1

Bn

loomoon

PB

˙

Y

ˆ

Ac
ď

ně1

B
1

n

loomoon

PB

˙

P F

Hence, we proved F is a σ-algebra.

Conclude F “ σpB Y tAuq Because F is a σ-algebra, and F Ą B Y tAu. Hence by
the definition of the smallest σ-algebra, we have F Ě σpB Y tAuq. But we also showed
F Ď σpB Y tAuq. Hence, we conclude F “ σpB Y tAuq.

Problem 1.9.44

Let A be a field of subsets of Ω and define

Ā “ tA Ă Ω : D An P A and An Ñ Au.

Show Ā Ă A and Ā is a field.
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Show Ā Ă A

It is clear that A Ă Ā. Let A P A. Then choose An “ A P A, we have An Ñ A. Thus,
A P Ā.

And if we can show Ā Ă A, then we will have A “ Ā. Thus Ā is a field because A
is a field.

The stated inclusion Ā Ă A is false. That shortcut is not available, because for
a general field A the inclusion Ā Ă A fails. Only A Ă Ā survives, and the second half
of the exercise has to be proved on its own, as is done in the next subsection.

Here is a counterexample. Take Ω “ R and let

A :“ tA Ă R : A is finite, or Ac is finiteu

be the co-finite class, i.e. the class F0 of Problem 2.6.1 below. It is a field: ∅ is
finite so Ω P A; the defining condition is symmetric in A and Ac, so A is closed under
complementation; and if A,B P A then either both are finite, in which case A Y B is
finite, or one of them, say A, has Ac finite, in which case pA Y Bqc “ Ac X Bc Ď Ac is
finite. Now put

An :“ t1, 2, . . . , nu P A, n ě 1

This sequence is monotone increasing, hence it converges, with

lim
nÑ8

An “ lim inf
nÑ8

An “ lim sup
nÑ8

An “
ď

ně1

An “ Zě1

So Zě1 P Ā. But Zě1 is infinite and its complement RzZě1 is infinite too, so Zě1 R A.
Hence Ā Ć A.

The same thing happens for the field of finite disjoint unions of intervals pa, bs Ă

p0, 1s: there p0, 1
2

´ 1
n

s Ò p0, 1
2
q, and p0, 1

2
q is not a finite union of half-open intervals.

What goes wrong is exactly the passage from finite to countable operations. If A
were a σ-field, then for any An P A with An Ñ A we would get

A “ lim inf
nÑ8

An “
ď

ně1

č

kěn

Ak P A

and the inclusion would hold. For a mere field the sets
Ş

kěnAk need not belong to
A, and the counterexample above shows the conclusion genuinely fails.

So the two assertions that are true, and that are proved here, are A Ă Ā above
and “Ā is a field” next.

Show Ā is a field.

Auxiliary results 1 plim infnÑ8 Anq Y plim infnÑ8 Bnq Ď plim infnÑ8 An Y Bnq

Suppose ω P plim infnÑ8 Anq Y plim infnÑ8 Bnq. It means when n gets larger
and larger, either ω P An eventually keeps happening, or ω P Bn eventually keeps
happening. This means ω P An Y Bn will eventually keeps happening. Hence,
ω P lim infnÑ8 An Y Bn.

15



Auxiliary results 2 plim supnÑ8 Anq Y plim supnÑ8 Bnq Ě plim supnÑ8 An Y Bnq

Suppose ω P lim supnÑ8 An Y Bn. Then ω P An Y Bn will happens infinitely often.
Which means either ω P An will happen infinitely often, or ω P Bn will happens
infinitely often. Hence, ω P plim supnÑ8 Anq Y plim supnÑ8 Bnq.

Auxiliary results 3 If limnÑ8 An “ A and limnÑ8 Bn “ B, then limnÑ8 AnYBn “

A Y B. Use previous two auxiliary results, we have

A Y B “ plim inf
nÑ8

Anq Y plim inf
nÑ8

Bnq

Ď lim inf
nÑ8

An Y Bn

Ď lim sup
nÑ8

An Y Bn

Ď plim sup
nÑ8

Anq Y plim sup
nÑ8

Bnq

“ A Y B

Hence, by “sandwich” theorem, we have

A Y B “ lim inf
nÑ8

An Y Bn “ lim sup
nÑ8

An Y Bn “ lim
nÑ8

An Y Bn

Proof

• Ω P Ā. Because Ω P A. If we let An “ Ω P A, then clearly An Ñ A.

• Let A P Ā. Then there exists a sequence of sets An P A such that limnÑ8 An “ A.
And Ac

n P A. Then

Ac
“

ˆ

lim
nÑ8

An

˙c

“

$

’

’

&

’

’

%

ˆ

lim supnÑ8 An

˙c

“

ˆ

Ş

ně1

Ť

kěnAk

˙c

“
Ť

ně1

Ş

kěnA
c
k “ lim infnÑ8 Ac

n
ˆ

lim infnÑ8 An

˙c

“

ˆ

Ť

ně1

Ş

kěnAk

˙c

“
Ş

ně1

Ť

kěnA
c
k “ lim supnÑ8 Ac

n

ðñ Ac
“ lim sup

nÑ8

Ac
n “ lim inf

nÑ8
Ac

n “ lim
nÑ8

Ac
n

ùñ Ac
P Ā

• Let A,B P Ā. Then there exists sequences of sets An, Bn P A such that
limnÑ8 An “ A and limnÑ8 Bn “ B .

• Since A is a field, we have An Y Bn P A.

• Lastly, since A Y B “ limnÑ8 An Y Bn. Hence, we have A Y B P Ā.

Problem 2.6.1

Let Ω be a non-empty set. Let F0 be the collection of all subsets such that either A
or Ac is finite.

16



(a)

Show that F0 is a field.

• ∅ is finite, hence Ω P F0

• If A P F0. Then two cases. (1) A is finite, (2) A is infinite. Case (1) means Ac is
infinite, and pAcqc “ A is finite. Hence Ac P F0. Case (2) means Ac finite, hence
Ac P F0.

• If A1, . . . , Ak P F0. Then two cases. (1) All Ai are finite: then Yk
i“1Ai is a finite

union of finite sets, hence finite. (2) At least one of them, say A1, is infinite.
Then Ac

1 is finite. Consider pYk
i“1Aiq

c “ Xk
i“1A

c
i Ă Ac

1; a subset of a finite set is
finite, hence pYk

i“1Aiq
c is finite. Hence Yk

i“1Ai P F0.

Information

Define for E P F0 the set function P by

P pEq :“

"

0, if E is finite
1, if Ec is finite

(b)

If Ω is countably infinite, show P is finitely additive but not σ-additive.

Show P is finitely additive Let A,B be disjoint sets. Then we have 3 different
cases

1. A,B are both finite.

2. A is finite, and B is co-finite

3. A,B both co-finite

Claim 3: Note that we cannot have both arbitrary disjoint A,B Ď Ω
being co-finite sets. Because suppose by contradiction if they are, i.e. Ac, Bc Ď Ω
are finite. Hence, Ac Y Bc “ pA X Bqc is finite. But since A,B are disjoint, i.e.
A X B “ ∅. Hence, pA X Bqc “ Ω which is infinite. Hence, a contradiction.

Case 1: If A,B are both finite, then A Y B is finite. Hence

P pA Y Bq “ 0

P pAq “ 0

P pBq “ 0

Hence,
P pA Y Bq “ 0 “ 0 ` 0 “ P pAq ` P pBq

17



Case 2: If A is finite, and B is co-finite, then AYB is co-finite, since pAYBqc “

Ac X Bc Ď Bc is finite. Hence

P pA Y Bq “ 1

P pAq “ 0

P pBq “ 1

Hence,
P pA Y Bq “ 1 “ 1 ` 0 “ P pAq ` P pBq

Show P is not σ-additive Since Ω is countable, denote elements in Ω be

Ω :“ tωi : i ě 1u

Choose An “ tωnu, n ě 1 be a sequence of disjoint subsets of Ω, which are clearly in
F0. Because An is finite, hence

P pAnq “ 0

But see that
ď

ně1

An “ Ω

Thus

P

ˆ

ď

ně1

An

˙

“ P pΩq “ 1

Thus, not σ-additive

(c)

If Ω is uncountably infinite, show P is σ-additive on F0.

Solution Let An P F0, n ě 1 be a countable sequence of disjoint elements in F0.
Then we have three cases

1. All An’s are finite.

2. One of An is co-finite.

3. More than 2 An’s are co-finite

Case 1: See that there can be at most finitely many of distinct non-empty An’s that
are finite. Because if there are countably many of distinct non-empty finite An’s, then
YnAn is a countable union of finite set, which is countable. But pYnAnqc will not be
finite since Ω is uncountable.

The only exception is that if the countably many of non-empty disjoint subsets
stops at most A1, . . . , AN different non-empty disjoint subsets for some N P Zě1, i.e.
we have YN

n“1An, which is finite. And ∅ “ AN`1 “ . . ..
Then since everything is finite, we have

P

ˆ N
ď

n“1

An

˙

“ 0 “

N
ÿ

n“1

0 “

N
ÿ

n“1

P

ˆ

An

˙

18



Case 2: If one of An is co-finite, say A1 is co-finite, i.e. Ac
1 is finite. Then consider

ˆ

ď

ně1

An

˙c

“
č

ně1

Ac
n Ă Ac

1

will be finite. Hence, we have Yně1An P F0, and

P

ˆ 8
ď

n“1

An

˙

“ 1 “ 1 `

8
ÿ

n“2

0 “ P pA1q `

8
ÿ

n“2

P pAnq

Case 3: Because suppose by contradiction if there are more than 2 disjoint An’s are
co-finite. Let’s just consider n “ 2, where Ac

1, A
c
2 are finite. Then the proof will be the

same as Ω finite case. The induction will fail at n “ 2.
In detail: suppose A1, A2 P F0 are disjoint and both co-finite, i.e. both Ac

1 and Ac
2

are finite. Since A1 X A2 “ ∅, De Morgan gives

Ω “ ∅c
“ pA1 X A2q

c
“ Ac

1 Y Ac
2

which is a union of two finite sets, hence finite. This contradicts the standing assump-
tion that Ω is uncountably infinite. So in a disjoint sequence in F0 at most one member
can be co-finite, and Case 3 is vacuous.

Therefore Cases 1 and 2 are exhaustive and P is σ-additive on F0. Recall for Case
1 that σ-additivity of a set function on a field is only asserted for disjoint sequences
whose union again lies in that field: if infinitely many of the An were distinct, non-
empty and finite, then Yně1An would be countably infinite, and in an uncountable Ω
such a set is neither finite nor co-finite, so it would not lie in F0 and there would be
nothing to verify.
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5 Homework 5

HW5 (due on 10/02): 2.6 - 3, 6, 7.

Problem 2.6.3

Let pΩ,B,Pq be a probability space. Show for events Bl Ă Al, the following general-
ization of subadditivity

PpYlAlq ´ PpYlBlq ď
ÿ

l

pPpAlq ´ PpBlqq

Solution: Because Bl Ă Al for all l, we have YlBl Ď YlAl, and moreover

ď

l

Alz
ď

l

Bl Ď
ď

l

pAlzBlq

Indeed, if x belongs to some Al0 but to no Bl, then in particular x R Bl0 , so x P Al0zBl0 .
Thus,

PpYlAlq ´ PpYlBlq “ P
`

YlAlz Yl Bl

˘

ď PpYlpAlzBlqq

ď
ÿ

l

PpAlzBlq “
ÿ

l

pPpAlq ´ PpBlqq

Problem 2.6.6

Say events A1, A2, . . . are almost disjoint if

PpAi X Ajq “ 0, i ‰ j

Show for such events

PpYjě1Ajq “
ÿ

jě1

PpAjq

Solution: See that for finite case, we have

PpAi Y Ajq “ PpAiq ` PpAjq ´ PpAi X Ajq “ PpAiq ` PpAjq

Thus, for every n P Zě1, we have

PpY
n
i“1Aiq “

n
ÿ

i“1

PpAiq

See that Bn :“ Yn
i“1Ai is an increasing sequence of events, and Bn Ò Y8

n“1An “: A as
n Ñ 8. Then by continuity of probability measure, we have

PpAq “ lim
nÑ8

PpBnq “ lim
nÑ8

PpY
n
i“1Aiq “ lim

nÑ8

n
ÿ

i“1

PpAiq “

8
ÿ

n“1

PpAnq

which completes the proof.
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Problem 2.6.7 (Coupon collecting)

Suppose there are N different types of coupons available when buying cereal; each box
contains one coupon and the collector is seeking to collect one of each in order to win
a prize. After buying n boxes, what is the probability pn that the collector has at
least one of each type? (Consider sampling with replacement from a population of N
distinct elements. The sample size is n ą N . Use inclusion-exclusion formula.)
Solution: Let the random variable X i

n being the number coupons of type i after
buying n ą N boxes where i “ 1, . . . , N . We want to know pn :“ PpX1

n ě 1, . . . , XN
n ě

1q. Assume it is equal likely to get each type of box each time, i.e. for all i “ 1, . . . , N

PpX i
1 “ 1q “

1

N
, PpX i

1 “ 0q “
N ´ 1

N

Here X i
1 follows a Bernoulli distribution with probability 1

N
, and X i

n follows a binomial
distribution, i.e. X i

n „ Binpn, 1
N

q. Thus

PpX i
n “ 0q “

ˆ

1 ´
1

N

˙n

Then consider the joint distribution pX i
n, X

j
nq for i ă j. and

PpX i
n “ 0, Xj

n “ 0q “ PpX i
n “ 0|Xj

n “ 0qPpXj
n “ 0q

“

ˆ

1 ´
1

N ´ 1

˙nˆ

1 ´
1

N

˙n

“

ˆ

1 ´
2

N

˙n

In fact, the general case follows from a direct count. Fix k distinct types i1 ă ¨ ¨ ¨ ă ik.
The event tX i1

n “ 0, . . . , X ik
n “ 0u means that every one of the n independent draws

avoids all k of these types, and a single draw does so with probability N´k
N

. Hence

PpX i1
n “ 0, . . . , X ik

n “ 0q “

ˆ

1 ´
k

N

˙n

(the computation for k “ 2 above serves as a consistency check).
Consider the complement

PpY
N
k“1tX

k
n “ 0uq “ 1 ´ PpX1

n ě 1, . . . , XN
n ě 1q

Use inclusion exclusion formula, we have

PpY
N
k“1tX

k
n “ 0uq “

N
ÿ

k“1

PpXk
n “ 0q ´

ÿ

iăj

PpX i
n “ 0, Xj

n “ 0q

`
ÿ

iăjăk

PpX i
n “ 0, Xj

n “ 0, Xk
n “ 0q ´ . . .

` p´1q
N`1

PpX1
n “ 0, . . . , XN

n “ 0q

“ N

ˆ

1 ´
1

N

˙n

´

ˆ

N

2

˙ˆ

1 ´
2

N

˙n

` . . . ` p´1q
N`1

ˆ

1 ´
N

N

˙n

“

N
ÿ

k“1

p´1q
k`1

ˆ

N

k

˙ˆ

1 ´
k

N

˙n
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Thus, combining the complement relation with the inclusion–exclusion computa-
tion,

pn “ PpX1
n ě 1, . . . , XN

n ě 1q “ 1´P

ˆ N
ď

k“1

tXk
n “ 0u

˙

“ 1´

N
ÿ

k“1

p´1q
k`1

ˆ

N

k

˙ˆ

1´
k

N

˙n

which is the required probability.
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6 Homework 6

HW6 (due on 10/09): 2.6 - 9 (b) (d), 11, 19(a) (b) (c).

Problem 2.6.9

Background: Call two sets A1, A2 P B equivalent if PpA1△A2q “ 0. For a set A P B,
define the equivalence class

A# :“ tB P B : PpA△Bq “ 0u

This decompose B into equivalence classes. Write

P
#

pA#
q “ PpAq, @A P A#

In practice we drop #’s; that is identify the equivalence classes with the members.
An atom in a probability space pΩ,B,Pq is defined as (the equivalence class of)

a set A P B such that PpAq ą 0, and if B Ă A and B P B, then PpBq “ 0, or

PpAzBq “ 0. Furthermore the probability space is called non-atomic if there are no
atoms; that is, A P B and PpAq ą 0 imply that there exists a B P B such that B Ă A
and 0 ă PpBq ă PpAq.

Remark

When we say an atom A P B with PpAq ą 0, we mean that for every measurable
B Ă A, either PpBq “ 0 or PpAzBq “ 0 (equivalently, PpBq P t0,PpAqu).

(a)

If Ω “ R, and P is determined by a distribution function F pxq, show that the atoms
are tx P Ω : F pxq ´ F px´q ą 0u.
Solution: Given a probability space pΩ,F,Pq and a random variable X „ F . What
this question mean is to consider the push-forward measure of P by this random
variable X, i.e.

F pxq :“ Ppp´8, xsq :“ pP ˝X´1
qpp´8, xsq

Since Ω “ R, we can think X as an identity map. Let x P R, then

Pptxuq “ F pxq ´ F px´q

where F px´q is the left-hand limit of F at x P R. Remember that DF F is right-
continuous. Now we have two cases,

• F is continuous at x, i.e. F pxq ´ F px´q “ 0. Then Pptxuq “ 0, which means
txu is not an atom.

• F has a jump at x, i.e. F pxq ´ F px´q ą 0. Then Pptxuq ą 0. So txu can be an
atom
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For the second case, it is obvious that if B Ď txu, either B “ txu or B “ ∅. Then

PpBq “ Pptxuq or PpBq “ 0. Hence, txu is an atom.
It remains to show the converse: every atom of P is equivalent to such a singleton.

Let A P BpRq be an atom and write c :“ PpAq ą 0. For each n P Zě1, the dyadic
intervals In,j :“

`

j
2n
, j`1

2n

‰

, j P Z, partition R, so

c “ PpAq “
ÿ

jPZ
PpA X In,jq

Since A is an atom, each term is either 0 or c, and since the terms sum to c, exactly
one index jn has PpAX In,jnq “ c. Write In :“ In,jn . The level-pn` 1q dyadic intervals
refine the level-n ones, and the unique level-pn ` 1q interval carrying mass c must lie
inside In, because the level-pn ` 1q intervals contained in In already account for all of

PpA X Inq “ c. Hence the In are nested, with lengths 2´n Ñ 0. By continuity from
above,

P

ˆ

A X
č

ně1

In

˙

“ lim
nÑ8

PpA X Inq “ c ą 0

so
Ş

ně1 In is non-empty; having diameter 0, it is a single point txu. Then Pptxuq ě

PpA X txuq “ c ą 0, so F pxq ´ F px´q “ Pptxuq ą 0, and

PpAztxuq “ PpAq ´ PpA X txuq “ c ´ c “ 0

so A is equivalent to txu in the sense of the background above. Hence, up to equiva-
lence, the atoms of P are exactly the singletons in tx P Ω : F pxq ´ F px´q ą 0u.

(b)

If pΩ,B,Pq “ pp0, 1s,Bpp0, 1sq, λq, where λ is Lebesgue measure, then the probability
space is non-atomic.
Solution: Suppose this probability space is atomic. Say A P Bpp0, 1sq is such an
atom. Then we have λpAq ą 0 and for every measurable B Ă A, either λpBq “ 0 or
λpBq “ λpAq.

Define fptq :“ λpA X p0, tsq for t P r0, 1s. Then fp0q “ 0, fp1q “ λpAq ą 0, and f
is continuous, because for s ă t

|fptq ´ fpsq| “ λpA X ps, tsq ď λpps, tsq “ t ´ s

By the intermediate value theorem there exists t˚ P p0, 1q with fpt˚q “
λpAq

2
. Set

B :“ A X p0, t˚s P Bpp0, 1sq. Then B Ă A and

0 ă λpBq “
λpAq

2
ă λpAq

which contradicts the defining property of the atom A: every measurable subset of A
must have measure 0 or λpAq. Hence, pp0, 1s,Bpp0, 1sq, λq is non-atomic.
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(c)

Show that two distinct atoms have intersection which is the empty set. (The sets A,B
are distinct means PpA△Bq ą 0. The exercise then requires showing PpAB△∅q “ 0.)
Solution: Let A,B P B be two atoms of the probability space. Assume PpA△Bq ą

0. Want to show PpA X Bq “ 0. Because A X B Ă A,B, by definition of atom, we
have either PpA X Bq “ 0 or PpA X Bq “ PpAq together with PpA X Bq “ PpBq.

Let’s say we don’t have PpA X Bq “ 0. Then we have PpA X Bq “ PpAq. Then

PpAzBq “ PpAq ´ PpA X Bq “ 0

and

PpBzAq “ PpBq ´ PpA X Bq “ 0

But this means

PpA△Bq “ PpAzBq ` PpBzAq “ 0

which contradicts the assumption PpA△Bq ą 0.

(d)

A probability space contains at most countably many atoms. (Hint: What is the
maximum number of atoms that the space can contain that have probability at least
1{n?
Solution: Let pΩ,B,Pq be a probability space, and suppose it contains atoms.

From the hint, consider the collection of sets

Sn :“

"

A P B : PpAq ě
1

n

*

Consider atoms of the probability space in Sn. Because each atom A P B can only
have probability PpAq ě 1

n
, and use the result from Part (c) that two distinct atoms

can only have empty intersection. There can be only at most n distinct atoms of B
sitting inside Sn. Otherwise, if we had n ` 1 or more distinct atoms Ai, i ě 1, then

P

ˆn`1
ď

i“1

Ai

˙

“

n`1
ÿ

i“1

PpAiq ě

n`1
ÿ

i“1

1

n
“

n ` 1

n
ą 1

(the Ai are pairwise almost disjoint by Part (c), so additivity holds as in Problem
2.6.6), which contradicts

P

ˆn`1
ď

i“1

Ai

˙

ď PpΩq “ 1

using monotonicity of probability measure P and Y
n`1
i“1 Ai Ď Ω. Furthermore, since

every atom A of the space satisfies PpAq ą 0 by definition, the Archimedean property
of R supplies an n P Zě1 with PpAq ě 1

n
, so that A P Sn. Hence every atom of

pΩ,B,Pq lies in at least one of the collections Sn, and by the previous paragraph each
Sn contains at most n distinct atoms.
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Define

S “

8
ď

n“1

Sn “

8
ď

n“1

"

A P B : PpAq ě
1

n

*

Because each Sn has only n atoms, thus S has countable union of finitely many atoms,
which will have countably many atoms.

Overall, we proved the probability space pΩ,B,Pq can only contain countably
many atoms.

(e)

If a probability space pΩ,B,Pq contains no atoms, then for every a P p0, 1s there
exists at least one set A P B such that PpAq “ a. (One way of doing this uses Zorn’s
lemma.)
Solution: Throughout we use “non-atomic” in the form stated in the background
above: if A P B and PpAq ą 0, then there is a B P B with B Ă A and 0 ă PpBq ă

PpAq.

Lemma (sets of arbitrarily small positive probability). Let pΩ,B,Pq be non-
atomic, A P B with PpAq ą 0, and δ ą 0. Then there is a D P B with D Ď A and
0 ă PpDq ă δ.

Proof. First we halve. Let C P B with PpCq ą 0. By non-atomicity there is B Ď C
with 0 ă PpBq ă PpCq, and then

0 ă PpCq ´ PpBq “ PpCzBq ă PpCq

so B and CzB are both measurable subsets of C of positive probability. Since PpBq `

PpCzBq “ PpCq, at least one of them has probability at most 1
2 PpCq; call it hpCq.

Thus
hpCq Ď C, PphpCqq ą 0, PphpCqq ď 1

2 PpCq

Now set A0 :“ A and Ak`1 :“ hpAkq, which is legitimate at every stage because

PpAkq ą 0. Then A0 Ě A1 Ě . . ., each PpAkq ą 0, and by induction

PpAkq ď
1

2k
PpAq ÝÑ 0 as k Ñ 8

So PpAkq ă δ for k large enough, and D :“ Ak has the required properties. This
proves the lemma.

Construction of the set of probability a. Fix a P p0, 1s. We build an increasing
sequence ∅ “ B0 Ď B1 Ď B2 Ď . . . in B with PpBnq ď a for every n. Suppose Bn is
already constructed. Put

sn :“ suptPpCq : C P B, C Ď ΩzBn, PpBnq ` PpCq ď au

The collection on the right contains C “ ∅, so it is non-empty and 0 ď sn ď 1. Choose
Cn P B with

Cn Ď ΩzBn, PpBnq ` PpCnq ď a, PpCnq ě
sn
2
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which is possible by the definition of a supremum when sn ą 0, and by taking Cn “ ∅
when sn “ 0. Set Bn`1 :“ Bn Y Cn. Since Cn is disjoint from Bn,

PpBn`1q “ PpBnq ` PpCnq ď a

as required.

The limit set has probability exactly a. The sets C0, C1, . . . are pairwise disjoint:
Cn Ď ΩzBn, while Cm Ď Bm`1 Ď Bn for every m ă n. Let

B :“
ď

ně0

Bn “
ď

ně0

Cn P B

By continuity from below, PpBq “ limnÑ8 PpBnq ď a, and by σ-additivity over the
disjoint Cn,

ÿ

ně0

PpCnq “ PpBq ď a ď 1 ă 8 ùñ PpCnq ÝÑ 0 as n Ñ 8

Suppose for contradiction that PpBq ă a, and put δ :“ a ´ PpBq ą 0. From

PpBq ă a ď 1 we get PpΩzBq “ 1 ´ PpBq ą 0, so the lemma applied to ΩzB gives a
D P B with

D Ď ΩzB, 0 ă PpDq ă δ

For every n we then have D Ď ΩzB Ď ΩzBn and

PpBnq ` PpDq ď PpBq ` PpDq ă PpBq ` δ “ a

so D is one of the competitors in the supremum defining sn. Hence sn ě PpDq for
every n, and therefore

PpCnq ě
sn
2

ě
PpDq

2
ą 0 for every n ě 0

which contradicts PpCnq Ñ 0. Consequently PpBq “ a, and A :“ B is a set as
required.

Remark The hint suggests Zorn’s lemma, but the exhaustion argument above uses
only countable additivity together with countably many choices, so no maximal-
element argument is needed.

(f)

For every probability space pΩ,B,Pq and any ϵ ą 0, there exists a finite partition of
Ω by B sets, each of whose elements either has probability ď ϵ or is an atom with
probability ą ϵ.
Solution: Fix ϵ ą 0. The idea is to peel off the finitely many “large” atoms, lump
the remaining atoms into one small set, and cut the non-atomic remainder into slices
of size ϵ using Part (e).
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Step 1: a set equivalent to an atom is an atom Let A be an atom and let
A

1

P B with PpA△A
1

q “ 0. Then PpA
1

q “ PpAq ą 0. Let B P B with B Ď A
1

. Since
B△pB X Aq “ BzA Ď A

1

zA, we get PpBq “ PpB X Aq. As B X A Ď A and A is an
atom, either PpB X Aq “ 0, and then PpBq “ 0, or PpAzBq “ 0, and then

PpA
1

zBq ď PpA
1

zAq ` PpAzBq “ 0

So A
1

is an atom with PpA
1

q “ PpAq. This is just the statement that being an
atom is a property of the equivalence class, which is the convention announced in the
background of this problem.

Step 2: the atoms can be listed as a disjoint sequence By Part (d) there are
at most countably many atoms. Let A1, A2, . . . be representatives of the distinct ones
(a finite or an infinite list). By Part (c), PpAi X Ajq “ 0 for i ‰ j. Put

Gj :“ Ajz
ď

iăj

Ai P B

Then G1, G2, . . . are pairwise disjoint, and

PpAj△Gjq “ P

ˆ

Aj X
ď

iăj

Ai

˙

ď
ÿ

iăj

PpAj X Aiq “ 0

so by Step 1 each Gj is an atom with PpGjq “ PpAjq, and every atom of the space is
equivalent to one of the Gj.

Step 3: what is left over carries no atom Put

N :“ Ωz
ď

j

Gj P B

Suppose C P B, C Ď N , and C is an atom. By Step 2, C is equivalent to some Gj,
so PpCq “ PpC X Gjq; but C Ď N is disjoint from Gj, so PpCq “ 0, contradicting

PpCq ą 0. Hence no measurable subset of N is an atom of P. If PpNq ą 0, then in
the probability space

ˆ

N, tB P B : B Ď Nu,
Pp¨q

PpNq

˙

a set C Ď N is an atom for the normalised measure exactly when it is an atom
for P, since dividing by the constant PpNq ą 0 changes neither “Pp¨q “ 0” nor
“PpCzBq “ 0”. So this space is non-atomic, and the same is true of any measurable
subset of N of positive probability.

Step 4: only finitely many atoms are kept separate The Gj are disjoint, so
ř

j PpGjq ď 1 ă 8. Choose J so large that

ÿ

jąJ

PpGjq ă ϵ
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(if the list of atoms is finite, take J to be its length and read the tail as ∅), and put

E :“
ď

jąJ

Gj, PpEq ă ϵ

No extra care is needed to catch the atoms of large probability: any Gj with j ą J
satisfies PpGjq ď PpEq ă ϵ, so every atom of probability ą ϵ is automatically among
G1, . . . , GJ .

Step 5: slicing the non-atomic part If PpNq “ 0, set M :“ 1 and H1 :“ N ;
then PpH1q “ 0 ď ϵ. Otherwise let

M :“

R

PpNq

ϵ

V

and constructH1, . . . , HM recursively. Suppose disjointH1, . . . , Hi´1 Ď N withPpH1q “

. . . “ PpHi´1q “ ϵ have been chosen, where i ď M ´ 1, and put

Ni :“ NzpH1 Y . . . Y Hi´1q, PpNiq “ PpNq ´ pi ´ 1qϵ

From M ´ 1 ă PpNq{ϵ and i ´ 1 ď M ´ 2 we get PpNiq ą ϵ, so

ϵ

PpNiq
P p0, 1s

and Part (e), applied to the non-atomic probability space carried by Ni (Step 3), yields
Hi Ď Ni with PpHiq “ ϵ. Finally take

HM :“ NzpH1 Y . . . Y HM´1q, PpHMq “ PpNq ´ pM ´ 1qϵ ď ϵ

the last inequality because Mϵ ě PpNq. Thus H1, . . . , HM is a finite partition of N
into B sets each of probability at most ϵ.

Conclusion The finite family

tG1, . . . , GJu Y tEu Y tH1, . . . , HMu

consists of pairwise disjoint B sets whose union is Ω, so it is a finite partition of Ω
by B sets (discard the empty members if one insists that the blocks be non-empty).
Every block is of one of the two permitted kinds:

• each Gj with j ď J is an atom, so either PpGjq ď ϵ, or PpGjq ą ϵ and it is an
atom of probability ą ϵ;

• PpEq ă ϵ;

• PpHiq ď ϵ for 1 ď i ď M .

This completes the proof.
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(g) (Metric space)

On the set of equivalence classes, define

dpA#
1 , A

#
2 q “ PpA1△A2q

where Ai P A#
i for i “ 1, 2. Show d is a metric on the set of equivalence classes. Verify

|PpA1q ´ PpA2q| ď PpA1△A2q

so that P# is uniformly continuous on the set of equivalence classes. P is a σ-additive
is equivalent to

B Q An Ó ∅ implies dpA#
n ,∅#

q ÝÑ 0

Solution: The only hard part of showing d is a metric is triangular inequality.
Consider A#

1 , A
#
2 , A

#
3 . See that

A1△A3 Ă pA1△A2q Y pA2△A3q

Hence by monotonicity and sub-additivity of probability measure, we have

dpA#
1 , A

#
3 q “ PpA1△A3q

ď PppA1△A2q Y pA2△A3qq

ď PpA1△A2q ` PppA2△A3qq

“ dpA#
1 , A

#
2 q ` dpA#

2 , A
#
3 q

For any A1, A2 P B, we have

PpA1q “ PpA1 X A2q ` PpA1zA2q

PpA2q “ PpA1 X A2q ` PpA2zA1q

Hence, by triangular inequality of absolute value |¨|. we have

|PpA1q ´ PpA2q| “ |PpA1zA2q ´ PpA2zA1q| ď PpA1zA2q ` PpA2zA1q “ PpA1△A2q

Suppose B Q An Ó ∅ . Then by monotone property of probability measure, we
have PpAnq Ó 0 as n Ñ 8. Observe that

dpA#
n ,∅#

q “ PpAn△∅q “ PpAnq Ó 0 as n Ñ 8

This completes the proof of this part.

Problem 2.6.11

Suppose tBn : n ě 1u are events with PpBnq “ 1 for all n. Show

P

ˆ

č

ně1

Bn

˙

“ 1
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Solution: We show

P

ˆ

č

ně1

Bn

˙

ě 1 and P

ˆ

č

ně1

Bn

˙

ď 1

It is clear that

P

ˆ

č

ně1

Bn

˙

ď PpBkq “ 1 for every k ě 1

Also,

P

ˆ

ď

ně1

Bc
n

˙

ď
ÿ

ně1

PpBc
nq “

ÿ

ně1

p1 ´ PpBnqq “
ÿ

ně1

0 “ 0

´P

ˆ

ď

ně1

Bc
n

˙

ě 0

1 ´ P

ˆ

ď

ně1

Bc
n

˙

ě 1

P

ˆ

č

ně1

Bn

˙

ě 1

This completes the proof.

Problem 2.6.19 (Completion)

Let pΩ,B,Pq be a probability space. Call a set N P-null if N P B and PpNq “ 0.
Call a set B Ď Ω negligible if there exists a P-null set N such that B Ď N . Notice
that for B to be negligible, it is not required that B be measurable. Denote the set
of all negligible subsets by N. Call B complete (with respect to P) if every negligible
set is P-null.

What if B is not complete? Define

B˚ :“ tA Y M : A P B,M P Nu

(a)

Show that B˚ is a σ-field.
Solution: Check 3 axioms of σ-field.

Since empty set ∅ has Pp∅q “ 0 which is clearly a P-null set. Hence ∅ P N.
Also, ∅ P B because B is a σ-field. Choose A “ ∅ P B and M “ ∅ P N. Thus,
∅ “ ∅ Y ∅ P B˚.

Let A Y M P B˚ where A P B and M P N. For the negligible set M P N, there
exists a P-null set N P B such that M Ď N . Hence, taking complement, we have
M c Ě N c. Consider

pA Y Mq
c

“ Ac
X M c

“ Ac
X pN c

Y pNzMqq

“ pAc
X N c

q Y pAc
X pNzMqq
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Because A,N P B, then Ac XN c P B. See that Ac X pNzMq Ď N where N is a P-null
set. Hence, Ac X pNzMq P N is a negligible set. Overall, pA Y Mqc P B˚.

Let Ai Y Mi P B˚ for i ě 1. For each Mi, there exists a P-null set Ni P B such
that Mi Ď Ni. Then Yiě1Mi Ď Yiě1Ni. Observe that Yiě1Ni is also a null set by
sub-additivity of probability measure

PpYiě1Niq ď
ÿ

iě1

PpNiq “
ÿ

iě1

0 “ 0

Hence, Yiě1Mi P N is also a negligible set. Consider

Yiě1pAi Y Miq “
`

Yiě1Ai

˘

Y
`

Yiě1Mi

˘

where Yiě1Ai P B and Yiě1Mi P N. Hence, Yiě1Ai Y Mi P B˚.
This completes the proof of B˚ being a σ-field.

(b)

If Ai P B and Mi P N for i “ 1, 2 and

A1 Y M1 “ A2 Y M2

then PpA1q “ PpA2q.
Solution: To show PpA1q “ PpA2q, we show

PpA1q ď PpA2q and PpA1q ě PpA2q

Since Mi P N, there exists P-null sets Ni P B such that Mi Ď Ni for each i “ 1, 2.
Thus we will have the following inclusion relationship

A1 Y M1 “ A2 Y M2 Ď A2 Y N2, A2 Y M2 “ A1 Y M1 Ď A1 Y N1

Now, by monotonicity and finite sub-additivity of measure

PpA1q ď PpA2 Y N2q ď PpA2q ` PpN2q “ PpA2q ` 0 “ PpA2q

By symmetry, we have

PpA2q ď PpA1 Y N1q ď PpA1q ` PpN1q “ PpA1q ` 0 “ PpA1q

Hence, we conclude

PpA1q “ PpA2q

(c)

Define P˚ : B˚ ÝÑ r0, 1s by

P
˚
pA Y Mq “ PpAq, A P B,M P N

Show P˚ is an extension of P to B˚.
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Solution: We need to first check if P˚ well-defined, and then check is indeed a
probability measure on B˚ where P˚ |B “ P.

Well-definedness of P˚. Let A1 Y M1, A2 Y M2 P B˚ are sets such that

A1 Y M1 “ A2 Y M2

Then from Part (b), we already know PpA1q “ PpA2q. Thus,

P
˚
pA1 Y M1q “ PpA1q “ PpA2q “ P

˚
pA2 Y M2q

Hence, this set function P˚ is well-defined.

Extension P˚ |B “ P. This is pretty clear. For A Y M P B˚, choose M “ ∅, so

P
˚
pAq “ P

˚
pA Y ∅q “ PpAq

P˚ is a probability measure on B˚. It is clear that P˚p∅q “ Pp∅q “ 0.
Also, for every A P B,M P N we will have P˚pA Y Mq “ PpAq ě 0 from the fact

that P is a probability measure on B.
The only non-trivial part is σ-additivity. Consider Ai Y Mi P B˚ be disjoint

sets for i ě 1. Note that the Ai are then pairwise disjoint as well: Ai X Aj Ď

pAi Y Miq X pAj Y Mjq “ ∅ for i ‰ j.

P
˚

ˆ

ď

iě1

pAi Y Miq

˙

“ P
˚

ˆ

`

ď

iě1

Ai

˘

Y
`

Yiě1Mi

˘

˙

“ P

ˆ

ď

iě1

Ai

˙

“
ÿ

iě1

PpAiq

“
ÿ

iě1

P
˚
`

Ai Y Mi

˘

This completes the proof of P˚ being a probability measure.

(d)

If B Ď Ω and Ai P B, i “ 1, 2 and A1 Ď B Ď A2 and PpA2zA1q “ 0, then show
B P B˚.
Solution: We want to show there exists A P B and N P N such that B “ A Y N .
Observe that

B “ A1 Y pBzA1q

See that
BzA1 “ B X Ac

1 Ď A2 X Ac
1 “ A2zA1

where A2zA1 P B has PpA2zA1q “ 0. Thus, BzA1 P N. Hence, B P B˚.
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(e)

Show B˚ is complete with respect to P˚. Thus every σ-field has a completion.
Solution: Let A Y M P B˚ where A P B and M P N be such that P˚pA Y Mq “ 0.
We want to show every negligible set of A Y M is in B˚, i.e. for any E Ď A Y M , we
have E P B˚, i.e. E is a B˚-measurable set.

Firstly, see that

PpAq “ P
˚
pA Y Mq “ 0

by assumption.
Since M P N, there exists a P-null set N P B such that M Ď N . Hence, we have

E Ď A Y M Ď A Y N

where A Y N P B. Because

PpA Y Nq “ PpAq
loomoon

“0

` PpNq
loomoon

“0

´PpA X Nq
loooomoooon

ďPpNq“0

“ 0

Hence, E is also a P-negligible set.
In addition, see that ∅ Ď E. And we know ∅ P B by definition of a σ-algebra.

Thus, we have the following chain of inclusions

∅ Ď E Ď A Y N

Also observe that

PpA Y Nz∅q “ PpA Y Nq “ 0

Thus, by part (d) of this question, we have E P B˚. This completes the proof of B˚

being complete.
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7 Homework 7

HW 7 (due on 10/30): 2.6 - 19 (d) (e), 27 (a) (b); 3.4 - 2

Problem 2.6.19 (Completion)

Let pΩ,B,Pq be a probability space. Call a set N P-null if N P B and PpNq “ 0.
Call a set B Ď Ω negligible if there exists a P-null set N such that B Ď N . Notice
that for B to be negligible, it is not required that B be measurable. Denote the set
of all negligible subsets by N. Call B complete (with respect to P) if every negligible
set is P-null.

What if B is not complete? Define

B˚ :“ tA Y M : A P B,M P Nu

(a)

Show that B˚ is a σ-field.
Solution: Check 3 axioms of σ-field.

Since empty set ∅ has Pp∅q “ 0 which is clearly a P-null set. Hence ∅ P N.
Also, ∅ P B because B is a σ-field. Choose A “ ∅ P B and M “ ∅ P N. Thus,
∅ “ ∅ Y ∅ P B˚.

Let A Y M P B˚ where A P B and M P N. For the negligible set M P N, there
exists a P-null set N P B such that M Ď N . Hence, taking complement, we have
M c Ě N c. Consider

pA Y Mq
c

“ Ac
X M c

“ Ac
X pN c

Y pNzMqq

“ pAc
X N c

q Y pAc
X pNzMqq

Because A,N P B, then Ac XN c P B. See that Ac X pNzMq Ď N where N is a P-null
set. Hence, Ac X pNzMq P N is a negligible set. Overall, pA Y Mqc P B˚.

Let Ai Y Mi P B˚ for i ě 1. For each Mi, there exists a P-null set Ni P B such
that Mi Ď Ni. Then Yiě1Mi Ď Yiě1Ni. Observe that Yiě1Ni is also a null set by
sub-additivity of probability measure

PpYiě1Niq ď
ÿ

iě1

PpNiq “
ÿ

iě1

0 “ 0

Hence, Yiě1Mi P N is also a negligible set. Consider

Yiě1pAi Y Miq “
`

Yiě1Ai

˘

Y
`

Yiě1Mi

˘

where Yiě1Ai P B and Yiě1Mi P N. Hence, Yiě1Ai Y Mi P B˚.
This completes the proof of B˚ being a σ-field.
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(b)

If Ai P B and Mi P N for i “ 1, 2 and

A1 Y M1 “ A2 Y M2

then PpA1q “ PpA2q.
Solution: To show PpA1q “ PpA2q, we show

PpA1q ď PpA2q and PpA1q ě PpA2q

Since Mi P N, there exists P-null sets Ni P B such that Mi Ď Ni for each i “ 1, 2.
Thus we will have the following inclusion relationship

A1 Y M1 “ A2 Y M2 Ď A2 Y N2, A2 Y M2 “ A1 Y M1 Ď A1 Y N1

Now, by monotonicity and finite sub-additivity of measure

PpA1q ď PpA2 Y N2q ď PpA2q ` PpN2q “ PpA2q ` 0 “ PpA2q

By symmetry, we have

PpA2q ď PpA1 Y N1q ď PpA1q ` PpN1q “ PpA1q ` 0 “ PpA1q

Hence, we conclude

PpA1q “ PpA2q

(c)

Define P˚ : B˚ ÝÑ r0, 1s by

P
˚
pA Y Mq “ PpAq, A P B,M P N

Show P˚ is an extension of P to B˚.
Solution: We need to first check if P˚ well-defined, and then check is indeed a
probability measure on B˚ where P˚ |B “ P.

Well-definedness of P˚. Let A1 Y M1, A2 Y M2 P B˚ are sets such that

A1 Y M1 “ A2 Y M2

Then from Part (b), we already know PpA1q “ PpA2q. Thus,

P
˚
pA1 Y M1q “ PpA1q “ PpA2q “ P

˚
pA2 Y M2q

Hence, this set function P˚ is well-defined.

Extension P˚ |B “ P. This is pretty clear. For A Y M P B˚, choose M “ ∅, so

P
˚
pAq “ P

˚
pA Y ∅q “ PpAq

P˚ is a probability measure on B˚. It is clear that P˚p∅q “ Pp∅q “ 0.
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Also, for every A P B,M P N we will have P˚pA Y Mq “ PpAq ě 0 from the fact
that P is a probability measure on B.

The only non-trivial part is σ-additivity. Consider Ai Y Mi P B˚ be disjoint
sets for i ě 1. Note that the Ai are then pairwise disjoint as well: Ai X Aj Ď

pAi Y Miq X pAj Y Mjq “ ∅ for i ‰ j.

P
˚

ˆ

ď

iě1

pAi Y Miq

˙

“ P
˚

ˆ

`

ď

iě1

Ai

˘

Y
`

Yiě1Mi

˘

˙

“ P

ˆ

ď

iě1

Ai

˙

“
ÿ

iě1

PpAiq

“
ÿ

iě1

P
˚
`

Ai Y Mi

˘

This completes the proof of P˚ being a probability measure.

(d)

If B Ď Ω and Ai P B, i “ 1, 2 and A1 Ď B Ď A2 and PpA2zA1q “ 0, then show
B P B˚.
Solution: We want to show there exists A P B and N P N such that B “ A Y N .
Observe that

B “ A1 Y pBzA1q

See that
BzA1 “ B X Ac

1 Ď A2 X Ac
1 “ A2zA1

where A2zA1 P B has PpA2zA1q “ 0. Thus, BzA1 P N. Hence, B P B˚.

(e)

Show B˚ is complete with respect to P˚. Thus every σ-field has a completion.
Solution: Let A Y M P B˚ where A P B and M P N be such that P˚pA Y Mq “ 0.
We want to show every negligible set of A Y M is in B˚, i.e. for any E Ď A Y M , we
have E P B˚, i.e. E is a B˚-measurable set.

Firstly, see that

PpAq “ P
˚
pA Y Mq “ 0

by assumption.
Since M P N, there exists a P-null set N P B such that M Ď N . Hence, we have

E Ď A Y M Ď A Y N

where A Y N P B. Because

PpA Y Nq “ PpAq
loomoon

“0

` PpNq
loomoon

“0

´PpA X Nq
loooomoooon

ďPpNq“0

“ 0

Hence, E is also a P-negligible set.
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In addition, see that ∅ Ď E. And we know ∅ P B by definition of a σ-algebra.
Thus, we have the following chain of inclusions

∅ Ď E Ď A Y N

Also observe that

PpA Y Nz∅q “ PpA Y Nq “ 0

Thus, by part (d) of this question, we have E P B˚. This completes the proof of B˚

being complete.

Problem 2.6.27 (Regular measures)

Consider the probability space pRk,BpRkq,Pq. A Borel set A is regular if

PpAq “ inftPpGq : G Ě A,G openu

and

PpAq “ suptPpF q : F Ď A,F closedu

P is regular if all Borel sets are regular. Define C to be the collection of regular sets.

(a)

Show Rk P C,∅ P C.
Solution:

Show Rk P C. Let A :“ Rk. We know Rk is both open and closed. See that Rk is
the only open set that contains A “ Rk. Thus, we have

PpAq “ PpRk
q “ inftPpGq : G Ě A,G openu

In addition, Rk is the largest closed set that is contained in A. Hence,

PpAq “ PpRk
q “ suptPpF q : F Ď A,F closedu

Thus, we have Rk P C.

Show ∅ P C. Denote A “ ∅. We know ∅ is both open and closed. Observe that ∅
is the only closed set that is contained in A “ ∅. Hence, we have

PpAq “ Pp∅q “ suptPpF q : F Ď A,F closedu

In addition, ∅ is the smallest open set that contains A “ ∅. Hence,

PpAq “ Pp∅q “ inftPpGq : G Ě A,G openu
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(b)

Show C is closed under complements and countable unions.
Solution:

Show C is closed under complements. Let A P C. Then we have

PpAq “ inftPpGq : G Ě A,G openu

and

PpAq “ suptPpF q : F Ď A,F closedu

We want to show Ac P C, i.e.

1) PpAcq “ inftPpGq : G Ě Ac, G openu

2) PpAcq “ suptPpF q : F Ď Ac, F closedu

Show PpAcq “ suptPpF q : F Ď Ac, F closedu. Let’s first focus on

PpAq “ inftPpGq : G Ě A,G openu

This means PpAq is the greatest lower bound of PpGq for all open sets G Ď Rk that
contains A. Then for every ϵ ą 0, we will have at least one G Ď Rk open such that

PpGq ă PpAq ` ϵ

Consider all open set U Ď Rk that contains A, i.e. U Ě A. Taking the complement,
denote F “ U c. Firstly, F are all closed sets. Secondly, we are going to have F “

U c Ď Ac. Hence, by monotonicity of probability measure, we have

PpF q ď PpAc
q

i.e. PpAcq is an upper bound of PpF q for all closed sets F “ U c Ď Rk that is contained
in Ac. This means we obtained all closed sets contained in Ac. Thirdly, if we focus on
the closed set Gc, from PpGq ď PpAq ` ϵ, we will have

PpGc
q ą PpAc

q ´ ϵ

Thus, PpAcq is the least upper bound of PpU cq for all closed sets F “ U c Ď Rk that
is contained in Ac. Hence, we have

PpAc
q “ suptPpF q : F Ď Ac, F closedu

Show PpAcq “ inftPpGq : G Ě Ac, G openu. Let’s first focus on

PpAq “ suptPpF q : F Ď A,F closedu

This means PpAq is the least upper bound of PpCq for all closed sets C Ď Rk that is
contained in A. Then for every ϵ ą 0, we will have at least one F Ď Rk closed such
that

PpF q ą PpAq ´ ϵ
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Consider all closed set C Ď Rk that is contained in A, i.e. C Ď A. Taking the
complement, denote G “ Cc. Firstly, G are all open sets. Secondly, we are going to
have G “ Cc Ě Ac. Hence, by monotonicity of probability measure, we have

PpGq ě PpAc
q

i.e. PpAcq is a lower bound of PpGq for all open sets G “ Cc P Rk that contains Ac.
This means we obtained all closed sets contained in Ac. Thirdly, if we focus on the
closed set F c, from PpF q ą PpAq ´ ϵ, we will have

PpF c
q ă PpAc

q ` ϵ

Thus, PpAcq is the greatest lower bound of PpCcq for all open sets G “ Cc P Rk that
contains Ac. Hence, we have

PpAc
q “ inftPpGq : G Ě Ac, G openu

Show C is closed under countable unions. Let A1, . . . , An, . . . P C. Want to
show Y8

n“1An P C, i.e.

1) PpY8
n“1Anq “ inftPpGq : G Ě Y8

n“1An, G openu

2) PpY8
n“1Anq “ suptPpF q : F Ď Y8

n“1An, F closedu

Denote A “ Y8
n“1An.

Show PpY8
n“1Anq “ inftPpGq : G Ě Y8

n“1An, G openu. We want to show PpY8
n“1Anq

is the greatest lower bound of PpUq where U Ď Rk is an open set that contains A, i.e.
U Ě A.

Let ϵ ą 0. For each n P Zě1, there exists an open set Un Ď Rk such that An Ď Un

and

PpUnq ă PpAnq `
ϵ

2n

Denote U “ Y8
n“1Un which is an countable union of open sets, which is also open.

Then we have Y8
n“1An Ď Y8

n“1Un. Hence, we have

PpAq “ P

ˆ 8
ď

n“1

An

˙

ď P

ˆ 8
ď

n“1

Un

˙

“ PpUq

Observe that

UzA “

ˆ 8
ď

n“1

Un

˙

z

ˆ 8
ď

n“1

An

˙

“

ˆ 8
ď

n“1

Un

˙

X

ˆ 8
č

n“1

Ac
n

˙

,

“

ˆ 8
ď

n“1

ˆ

Un X

8
č

k“1

Ac
k

loomoon

ĂAc
n

˙˙

, by distributive law

Ď

8
ď

n“1

pUn X Ac
nq
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Then by monotonicity and countable sub-additivity, we have

PpUq ´ PpAq “ PpUzAq “ P

ˆˆ 8
ď

n“1

Un

˙

z

ˆ 8
ď

n“1

An

˙˙

ď P

ˆ 8
ď

n“1

pUn X Ac
nq

˙

ď

8
ÿ

n“1

PpUn X Ac
nq

“

8
ÿ

n“1

PpUnzAnq

“

8
ÿ

n“1

pPpUnq ´ PpAnqq

ă

8
ÿ

n“1

ϵ

2n

“ ϵ

Hence, we get

PpUq ă PpAq ` ϵ

This shows PpAq is indeed a greatest lower bound.

Show PpY8
n“1Anq “ suptPpF q : F Ď Y8

n“1An, F closedu. Similarly, we want to show
that PpAq is the least upper bound of PpCq where C Ď Rk is a closed set that is
contained in A, i.e. C Ď A.

Let ϵ ą 0. For each n P Zě1, there exists a closed set Cn Ď Rk such that An Ě Cn

and

PpCnq ą PpAnq ´
ϵ

2n

Denote C “ X8
n“1Cn which is a countable intersection of closed sets, which is also

closed. Then we have Y8
n“1An Ě X8

n“1Cn. Hence, we have

PpAq “ P

ˆ 8
ď

n“1

An

˙

ě P

ˆ 8
č

n“1

Cn

˙

“ PpCq

Observe that

AzC “

ˆ 8
ď

n“1

An

˙

z

ˆ 8
č

n“1

Cn

˙

“

ˆ 8
ď

n“1

An

˙

X Cc

“

8
ď

n“1

pAn X Cc
loomoon

ĎCc
n

q, by distributive law

Ď

8
ď

n“1

pAn X Cc
nq
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Then by monotonicity and countable sub-additivity, we have

PpAq ´ PpCq “ PpAzCq “ P

ˆˆ 8
ď

n“1

An

˙

z

ˆ 8
č

n“1

Cn

˙˙

ď P

ˆ 8
ď

n“1

pAn X Cc
nq

˙

ď

8
ÿ

n“1

PpAn X Cc
nq

“

8
ÿ

n“1

PpAnzCnq

“

8
ÿ

n“1

pPpAnq ´ PpCnqq

ă

8
ÿ

n“1

ϵ

2n

“ ϵ

Hence, we get

PpCq ě PpAq ´ ϵ

This shows PpAq is indeed a least upper bound.

(c)

Let FpRkq be the collection of closed subsets of Rk. Show

FpRk
q Ă C.

Solution: Let C P FpRkq. Because C is closed, it is clear that C Ď C is closed.
Hence,

PpCq “ suptPpF q : F Ď C,F closedu

Now I want to show

PpCq “ inftPpGq : G Ě C,G openu

In particular, we want to show for all ϵ ą 0, there is an open set U Ď Rk where U Ě C
such that

PpUq ă PpCq ` ϵ

Show PpKq “ inftPpGq : G Ě K,G openu for K Ď Rk compact. First, let’s show
this statement holds for a compact set K Ă Rk. For m P Zě1 let

Um :“
␣

x P Rk : dpx,Kq ă 1
m

(

be the open 1
m
-neighborhood of K. Each Um is open and contains K, the sequence

pUmqmě1 is decreasing, and
Ş

mě1 Um “ K, because a point at distance 0 from the
closed set K belongs to K. By continuity from above of P,

PpUmq ÝÑ PpKq as m Ñ 8
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so for every ϵ ą 0 there is an open set U :“ Um Ě K (for m large enough) such that

PpUzKq “ PpUq ´ PpKq ă ϵ

Hence, we have

PpUq ď PpKq ` ϵ

Hence, PpKq is a greatest lower bound of PpGq for G P Rk open that contains K.
Hence, we have

PpKq “ inftPpGq : G Ě K,G openu

Hence, we will have K P C for all K Ă Rk compact.

Show PpCq “ inftPpGq : G Ě C,G openu for C Ď Rk closed. For C Ď Rk closed,
consider the intersection with all closed balls. See that

C “

8
ď

r“1

pC X Brp0qq

where Brp0q “ tx P Rk : dpx, 0q ă ru is the ball centered at origin of radius r, and
Brp0q means the closure of this open ball, which will be compact. Then C XBrp0q will
be compact. Because we already have showed K P C for all K Ă Rk compact, and we
showed C is a σ-algebra. Thus, we know countable union of compact sets will also be
in C. Hence,

C “

8
ď

r“1

pC X Brp0qq P C

(d)

Show BpRkq Ă C; that is, show regularity.
Solution: Because Borel σ-algebra BpRkq is generated by all open sets of Rk, i.e.

BpRk
q “ σptU Ă Rk : U openuq

Similarly, we can say Borel σ-algebra BpRkq is generated by all closed sets of Rk, i.e.

BpRk
q “ σptC Ă Rk : C closeduq “ σpFpRk

qq

Hence, Borel σ-algebra BpRkq is the smallest σ-algebra that contains FpRkq. Because
the set of regular set of Rk is also a σ-algebra, which we denote as C. Hence we have

BpRk
q Ă C

(e)

For any Borel set A

PpAq “ suptPpKq : K Ă A,K compactu

Solution: Pick a closed set. Precisely, let A P BpRkq and let ϵ ą 0. By Part (d) the
set A is regular, so in particular

PpAq “ suptPpF q : F Ď A,F closedu
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and hence there is a closed set F Ď A with

PpF q ą PpAq ´
ϵ

2

Now exhaust F by compact sets. For n P Zě1 put

Kn :“ F X Bnp0q, Bnp0q :“ tx P Rk : dpx, 0q ď nu

Each Kn is an intersection of two closed sets, hence closed, and it is bounded; so Kn

is compact by Heine–Borel, and Kn Ď F Ď A. The sequence pKnq is increasing with

ď

ně1

Kn “ F X
ď

ně1

Bnp0q “ F X Rk
“ F

so continuity from below of P gives

PpKnq ÝÑ PpF q as n Ñ 8

Choose n with PpKnq ą PpF q ´ ϵ
2
. Combining the two estimates,

PpKnq ą PpF q ´
ϵ

2
ą PpAq ´ ϵ, Kn Ď A, Kn compact

Hence
suptPpKq : K Ď A,K compactu ě PpAq ´ ϵ

and since ϵ ą 0 was arbitrary, the supremum is ě PpAq. The reverse inequality is
immediate from monotonicity: K Ď A gives PpKq ď PpAq, so PpAq is an upper bound
for the set of numbers PpKq. Therefore

PpAq “ suptPpKq : K Ď A,K compactu

for every Borel set A, which is the assertion.

Problem 3.4.2

Let pΩ,B,Pq “ pp0, 1s,Bpp0, 1sq, λq where λ is Lebesgue measure. Define

X1pωq “ 0, @ω P Ω

X2pωq “ 1t1{2upωq,

X3pωq “ 1QXp0,1sqpωq

where Q X p0, 1s Ă p0, 1s are the rational numbers in p0, 1s. Note

PpX1 “ X2 “ X3 “ 0q “ 1

and give
σpXiq, i “ 1, 2, 3.

Solution:
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Part (1). Show PpX1 “ X2 “ X3 “ 0q “ 1. Note that the event in question is an
intersection,

tX1 “ X2 “ X3 “ 0u “ tX1 “ 0u X tX2 “ 0u X tX3 “ 0u

and each of the three events is immediate from the definitions:

tX1 “ 0u “ Ω “ p0, 1s

tX2 “ 0u “
␣

ω P p0, 1s : 1t1{2upωq “ 0
(

“ p0, 1szt1{2u

tX3 “ 0u “
␣

ω P p0, 1s : 1QXp0,1spωq “ 0
(

“ p0, 1szQ

where in the last line Q abbreviates QXp0, 1s. Since 1
2

P QXp0, 1s, we have p0, 1szQ Ď

p0, 1szt1{2u, so the intersection collapses to

tX1 “ X2 “ X3 “ 0u “ p0, 1szQ

which is a Borel subset of p0, 1s, being the complement of a countable set.
It remains to compute its Lebesgue measure. The set Q X p0, 1s is countable, say

QXp0, 1s “ tqi : i ě 1u, and each singleton is Lebesgue null, λptqiuq “ 0. By countable
sub-additivity,

λpQ X p0, 1sq ď
ÿ

iě1

λptqiuq “ 0

Hence

PpX1 “ X2 “ X3 “ 0q “ λpp0, 1szQq “ λpp0, 1sq ´ λpQ X p0, 1sq “ 1 ´ 0 “ 1

Part (2). First see that each Xi is a function

Xi : pΩ,B,Pq ÝÑ pR,BpRq,P
1

“ P ˝X´1
i q

Find σpX1q. See that for any B P BpRq, we have

X´1
1 pBq “

"

Ω, 0 P B
∅, 0 R B

Hence, σpX1q :“ X´1
1 pBpRqq “ tΩ,∅u.

Find σpX2q. See that for any B P BpRq, we have

X´1
2 pBq “

$

’

’

&

’

’

%

Ω, 0 P B, 1 P B
∅, 0 R B, 1 R B
t1{2u, 0 R B, 1 P B
p0, 1szt1{2u, 0 P B, 1 R B

Hence, σpX2q :“ X´1
2 pBpRqq “ tΩ,∅, t1{2u, p0, 1szt1{2uu.

Find σpX3q. See that for any B P BpRq, we have

X´1
3 pBq “

$

’

’

&

’

’

%

Ω, 0 P B, 1 P B
∅, 0 R B, 1 R B
Q X p0, 1s, 0 R B, 1 P B
p0, 1szQ, 0 P B, 1 R B

Hence, σpX3q :“ X´1
3 pBpRqq “ tΩ,∅,Q X p0, 1s, p0, 1szQu.
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8 Homework 8

HW8 (due on 11/06): 3.4 - 4, 5, 6, 17.

Problem 3.4.4

Suppose X : Ω Ñ R has a countable range R. Show that X P B{BpRq if and only if

X´1
ptxuq P B, @x P R

Solution:

ùñ

Suppose X P B{BpRq. Then the claim is R Ă BpRq. It is clear that for any
x P R, txu P BpRq because txu Ă R is a closed set. Then by X P B{BpRq, we have
X´1ptxuq P B.

ðù

Suppose for all x P R,X´1ptxuq P B. Want to showX P B{BpRq, i.e. X´1pBpRqq Ă

B. Let A P BpRq. Because of B is a σ-algebra (which means it is closed under count-
able union), then we have

X´1
pAq “ X´1

pR X Aq “
ď

xPAXR

X´1
ptxuq

loooomoooon

PB

P B

Thus, we conclude X P B{BpRq.

Problem 3.4.5

If F pxq “ PpX ď xq is continuous in x. Show that Y “ F pXq is measurable and that
Y has a uniform distribution

PpY ď yq “ y, 0 ď y ď 1

Solution:

Measurability of Y . Consider the map between measurable spaces

Y “ F pXq : pΩ,Bq ÝÑ pR,BpRqq ÝÑ pr0, 1s,Bpr0, 1sqq

ω ÞÝÑ Xpωq ÞÝÑ F pXpωqq

Want to show Y ´1pBpr0, 1sqq Ă B. We already showed composition of measurable
functions is measurable. So we only need to show F´1pBpr0, 1sqq Ă BpRq.

Denote Tpr0, 1sq be the set of open sets of r0, 1s, and TpRq be the set of open sets
of R. We know σpTpr0, 1sqq “ Bpr0, 1sq, and σpTpRqq “ BpRq. Because if we want to
show

σpF´1
pTpr0, 1sqqq “ F´1

pσpTpr0, 1sqqq “ F´1
pBpr0, 1sqq Ă BpRq

using the definition of the smallest σ-algebra, it suffices to show F´1pTpr0, 1sqq Ă BpRq.
Let A P Tpr0, 1sq. Because F is continuous at x, thus

F´1
pAq P TpRq Ă σpTpRqq “ BpRq
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Hence, we conclude F´1pTpr0, 1sqq Ă BpRq. Thus, F´1pBpr0, 1sqq Ă BpRq. This
completes the proof.

Distribution of Y . We need to show

PpY ď yq “ y, @y P r0, 1s

Fix y P p0, 1q and set
xy :“ suptt P R : F ptq ď yu

which is finite because F ptq Ñ 0 as t Ñ ´8 and F ptq Ñ 1 as t Ñ `8. By continuity
of F we have F pxyq “ y: indeed F ptq ď y for all t ă xy gives F pxyq ď y by continuity,
while F ptq ą y for all t ą xy gives F pxyq ě y. Moreover

tY ď yu “ tF pXq ď yu “ tX ď xyu

because X ď xy implies F pXq ď F pxyq “ y by monotonicity, while X ą xy implies
F pXq ą y by the definition of the supremum. Then

PpY ď yq “ PpX ď xyq “ F pxyq “ y

For the endpoints: PpY ď 1q “ 1 trivially. For y “ 0, note tY ď 0u “ tF pXq “ 0u “

tX P S0u where S0 :“ tt : F ptq “ 0u is closed by continuity; if S0 “ ∅ the event is
empty, and otherwise S0 is bounded above (since F Ñ 1) with maximum t0 P S0, so

PpY ď 0q “ PpX P S0q ď PpX ď t0q “ F pt0q “ 0

Either way PpY ď 0q “ 0, completing the verification.

Problem 3.4.6

If X is a random variable satisfying Pp|X| ă 8q “ 1, then show that for any ϵ ą 0,
there exists a bounded random variable Y such that

PpX ‰ Y q ă ϵ

(A random variable Y is bounded if for all ω

|Y pωq| ď K

for some constant K independent of ω.)
Solution: Let ϵ ą 0. Because Pp|X| ă 8q “ 1. There exists a large constant K ě 0
such that

Pp|X| ą Kq ă ϵ

Define Y as the truncation of X at K.

Y “ X1|X|ďK

Clearly Y is bounded. See that

tX ‰ Y u “ t|X| ą Ku

Then

PpX ‰ Y q “ Pp|X| ą Kq ă ϵ
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Problem 3.4.17

Functions are often defined in pieces (for example, let fpxq be x3 or x´1 as x ě 0 or
x ă 0), and the following shows that the function is measurable if the pieces are.

Consider measurable spaces pΩ,Bq and pΩ
1

,B
1

q and a map T : Ω Ñ Ω
1

. Let
A1, A2, . . . be a countable covering of Ω by B sets. Consider the σ-field Bn “ tA :
A Ă An, A P Bu in An and the restriction Tn of T to An.

Show that T is measurable B{B
1

iff Tn is measurable Bn{B
1

for each n.
Solution:

ùñ

Suppose T P B{B
1

. Choose an arbitrary n. Let B P B
1

. We want to show
T´1
n pBq P Bn. See that

T´1
n pBq “ T´1

pBq
loomoon

PB

X An
loomoon

PB
looooooooomooooooooon

ĂAn

P Bn

This completes the proof.

ðù

Suppose Tn P Bn{B
1

for all n. We want to show T´1pB
1

q Ă B. Let B P B
1

.
Because pAnqně1 is a B-cover of Ω, observe that

T´1
pBq “ T´1

pBq X

ˆ 8
ď

n“1

An

˙

“

8
ď

n“1

pT´1
pBq X Anq

loooooooomoooooooon

“T´1
n pBq

“

8
ď

n“1

T´1
n pBq

loomoon

PBnĂB

P B

This completes the proof.
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9 Homework 9

HW9 (due on 11/13): 3.4 - 18, 22; 4.6 - 1, 3.

Question 3.4.18 (Coupling)

If X and Y are random variables on pΩ,Bq, show

sup
APB

|PpX P Aq ´ PpY P Aq| ď PpX ‰ Y q

Solution: Observe that for any A P B,

PpX P Aq ´ PpY P Aq “ PpX P A,X “ Y q ` PpX P A,X ‰ Y q

´ PpY P A,X “ Y q ´ PpY P A,X ‰ Y q

“ PpX P A,X “ Y q ´ PpY P A,X “ Y q
loooooooooooooooooooooooomoooooooooooooooooooooooon

“0

` PpX P A,X ‰ Y q ´ PpY P A,X ‰ Y q

“ PpX P A,X ‰ Y q ´ PpY P A,X ‰ Y q

Hence, for any A P B, we have

|PpX P Aq ´ PpY P Aq| “ |PpX P A,X ‰ Y q ´ PpY P A,X ‰ Y q|
ď maxtPpX P A,X ‰ Y q, PpY P A,X ‰ Y qu ď PpX ‰ Y q

because for non-negative a, b we have |a´b| ď maxta, bu, and both events tX P A,X ‰

Y u and tY P A,X ‰ Y u are contained in tX ‰ Y u, so both probabilities are at most

PpX ‰ Y q.
Since this bound holds for every A and its right-hand side does not depend on A,

taking the supremum over A gives

sup
A

|PpX P Aq ´ PpY P Aq| ď PpX ‰ Y q

which is the claim.

Question 3.4.22 (First up-crossing time)

Suppose tXn : n ě 1u are random variables on the probability space pΩ,B,Pq and
define the induced random walk by

S0 “ 0, Sn “

n
ÿ

i“1

Xi, n ě 1

Let
τ :“ inftn ą 0 : Sn ą 0u

be the first upgoing ladder time. Prove τ is a random variable. Assume we know
τpωq ă 8 for all ω P Ω. Prove Sτ is a random variable.
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Solution:

Show τ is a random variable. Want to show τ´1pBpRqq Ă B. Consider the event
p´8, ns P BpRq where n ą 0 is arbitrary. Consider

τ´1
pp´8, nsq “ tω P Ω : τpωq P p´8, nsu “ tω P Ω : τpωq ď nu

“

n
ď

k“1

tω P Ω : τpωq “ ku

“

n
ď

k“1

ˆ

tSm ď 0 for all m ă ku X tSk ą 0u

˙

“

n
ď

k“1

ˆ k´1
č

m“1

tSm ď 0u X tSk ą 0u

˙

“

n
ď

k“1

ˆ k´1
č

m“1

#

m
ÿ

i“1

Xi ď 0

+

X

#

k
ÿ

i“1

Xi ą 0

+

˙

Now the claim is
#

m
ÿ

i“1

Xi ď 0

+

P B,

#

k
ÿ

i“1

Xi ą 0

+

P B

Because finite sum of random variable is still a random variable. (This is obvious for
simple random variables. And the general random variable is the closure of set of
simple random variables E). Hence, we conclude

τ´1
pp´8, nsq “

$

&

%

Ťn
k“1

ˆ

Şk´1
m“1t

řm
i“1 Xi ď 0u X

!

řk
i“1 Xi ą 0

)

˙

P B, n ą 0

∅, n ď 0

This determines τ´1pp´8, xsq for every real x as well: since τ takes values in t1, 2, . . .uY

t`8u, we have tτ ď xu “ tτ ď txuu, so τ´1pp´8, xsq P B for all x P R. The collection
tp´8, xs : x P Ru generates BpRq, so by the test for measurability we conclude τ is
measurable.

Show Sτ is a random variable. Observe that

Sτ “

8
ÿ

n“1

Sn1tτ“nu

Here Sn is a finite sum of random variables, hence is also a random variable.

• On the other hand, tτ “ nu “ tτ ď nuztτ ď n ´ 1u P B. Hence, 1tτ“nu is a
measurable function.

• Product of measurable functions is a measurable function. This is obviously true
for simple measurable functions. So we can find an approximating sequence of
the product. Under this construction, product will be a measurable function.
Hence, Sn ¨ 1tτ“nu is a measurable function.
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• Countable sum of measurable functions is a measurable. Because the partial
sum

N
ÿ

n“1

Sn1tτ“nu

will be measurable. We proved limit of measurable functions (if exists) is mea-
surable. Hence, Sτ “

ř8

n“1 Sn1tτ“nu is measurable. This finishes the proof.

Question 4.6.1

Let B1, . . . , Bn be independent events. Show

P

ˆ n
ď

i“1

Bi

˙

“ 1 ´

n
ź

i“1

p1 ´ PpBiqq

Solution: See that by independence of events, we have

P

ˆ n
ď

i“1

Bi

˙

“ 1 ´ P

ˆˆ n
ď

i“1

Bi

˙c˙

“ 1 ´ P

ˆ n
č

i“1

Bc
i

˙

“ 1 ´

n
ź

i“1

PpBc
i q, independence

“ 1 ´

n
ź

i“1

p1 ´ PpBiqq

Question 4.6.3

If tAn : n ě 1u is an independent sequence of events, show

P

ˆ 8
č

n“1

An

˙

“

8
ź

n“1

PpAnq

Solution: Denote

Bn “

n
č

k“1

Ak

Then see that
8
č

n“1

An “

8
č

n“1

Bn “: B

and tBn : n ě 1u is a decreasing sequence of events.
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Then by continuity of probability along the decreasing sequence pBNq, and by
independence of the finite collections A1, . . . , AN , we have

P

ˆ 8
č

n“1

An

˙

“ P

ˆ 8
č

N“1

BN

˙

“ lim
NÑ8

PpBNq

“ lim
NÑ8

P

ˆ N
č

n“1

An

˙

“ lim
NÑ8

N
ź

n“1

PpAnq

“

8
ź

n“1

PpAnq
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10 Homework 10

HW10 (due on 11/22 Friday): 4.6 - 8, 13, 17(a).

Exercise 4.6.8

If X and Y are independent random variables and f , g are measurable and real valued,
why are fpXq and gpY q independent? (No calculation is necessary.)
Solution: Here, the compositions of the maps are

pΩ,B,Pq
X,Y

ÝÝÝÑ pR,BpRqq
f,g

ÝÝÝÑ pR,BpRqq

SupposeX, Y are independent. That means σpXq “ X´1pBpRqq and σpY q “ Y ´1pBpRqq

are independent. This means for all events A P σpXq and B P σpY q, A and B are
independent.

Because f, g P BpRq{BpRq are measurable. Hence,

f´1
pBpRqq Ă BpRq, g´1

pBpRqq Ă BpRq

Thus,

σpf ˝ Xq “ pf ˝ Xq
´1

pBpRqq “ X´1
pf´1

pBpRqqq Ă σpXq,

σpg ˝ Y q “ pg ˝ Y q
´1

pBpRqq “ Y ´1
pg´1

pBpRqqq Ă σpY q

Thus, any A P σpf ˝ Xq and any B P σpg ˝ Y q are independent. Thus, σpf ˝ Xq and
σpg ˝ Y q are independent, which means fpXq and gpY q are independent.

Exercise 4.6.13

Let tXn : n ě 1u be iid with PpX1 “ 1q “ p “ 1´PpX1 “ 0q. What is the probability
that the pattern 1, 0, 1 appears infinitely often?

Hint: Let
Ak “ tXk “ 1, Xk`1 “ 0, Xk`2 “ 1u

and consider A1, A4, A7, . . .
Solution: We want to show the event Ak will happen infinitely often. Because Xn’s
are IID, then

PpAkq “ PpXk “ 1, Xk`1 “ 0, Xk`2 “ 1q

“ PpXk “ 1qPpXk`1 “ 0qPpXk`2 “ 1q

“ p2p1 ´ pq

Still, because Xn’s are independent, then events A1`3k for k ě 1 are independent.
Consider

8
ÿ

k“1

PpA1`3kq “

8
ÿ

k“1

p2p1 ´ pq
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Because limnÑ8 p2p1 ´ pq “ p2p1 ´ pq, so by the divergence test, this series diverges
for p P p0, 1q. Thus, by Borel-zero-one law, we have

PpAk i.o.q “ 1

It remains to consider the endpoint cases. If p “ 0 or p “ 1, then PpAkq “ p2p1´pq “ 0
for every k, so

ř

k PpAkq ă 8 and the Borel–Cantelli lemma gives PpAk i.o.q “ 0;
indeed the pattern 1, 0, 1 requires both a 1 and a 0, which is impossible when the Xn

are almost surely constant. Hence

PpAk i.o.q “

"

1, p P p0, 1q

0, p P t0, 1u

Exercise 4.6.17

Review Example 4.5.2

Exercise 4.6.17 (a)

Suppose tXn : n ě 1u are iid random variables and suppose tanu is a sequence of
constants. Show

PptXn ą anu i.o.q “

"

0 iff
ř

nPpX1 ą anq ă 8,
1 iff

ř

nPpX1 ą anq “ 8,

Solution: Because Xn’s are IID RVs, thus the event An :“ tXn ą anu are indepen-
dent. By Borel-zero-one law, we know

PpAn i.o.q “

"

0, if
ř8

n“1PpAnq ă 8

1, if
ř8

n“1PpAnq “ 8

Consider the part
ř

n PpX1 ą anq ă 8. Suppose
ř

nPpX1 ą anq ă 8 is true.
Then limnÑ8 PpX1 ą anq “ 0. Because Xn’s are IID, hence PpX1 ą anq “ PpXn ą

anq. Thus, we will have

8
ÿ

n“1

PpAnq “

8
ÿ

n“1

PpXn ą anq “

8
ÿ

n“1

PpX1 ą anq ă 8

Then by Borel zero-one law, we have the statement.
On the other hand, use contradiction. Suppose PpAn i.o.q “ 0, but we have

ř

n PpX1 ą anq “ 8. By IID, we have

8 “

8
ÿ

n“1

PpX1 ą anq
looooomooooon

“PpXnąanq

“

8
ÿ

n“1

PpXn ą anq

Then by Borel zero-one law, we have PptXn ą anu i.o.q “ 1, which contradicts the
statement PpAn i.o.q “ 0.
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Consider the part
ř

n PpX1 ą anq “ 8. Suppose
ř

nPpX1 ą anq “ 8. Then by
IID, we have

8 “

8
ÿ

n“1

PpX1 ą anq
looooomooooon

“PpXnąanq

“

8
ÿ

n“1

PpXn ą anq

Then by Borel zero-one law, we have PptXn ą anu i.o.q “ 1.
The other direction, still use contradiction. Suppose PpAn i.o.q “ 1, but we have

ř

n PpX1 ą anq ă 8. By IID, we have

8 ą

8
ÿ

n“1

PpX1 ą anq
looooomooooon

“PpXnąanq

“

8
ÿ

n“1

PpXn ą anq

Then by Borel zero-one law, we have PptXn ą anu i.o.q “ 0, which contradicts the
statement PpAn i.o.q “ 1.
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11 Midterm 1

Problem 1. (4 points)

For any C Ă PpΩq, show that σpC q “ σpA pC qq. Here A pC q is the algebra generated
by C .
Solution: We show

1) σpC q Ď σpA pC qq

2) σpC q Ě σpA pC qq

(1)

This is easy direction. Because C Ď A pC q, hence C Ď σpA pC qq. By the definition
of the smallest σ-algebra, we have σpC q Ď σpA pC qq

(2)

We want to show A pC q Ď σpC q. Clearly algebra generated by C is contained in
σ-algebra generated by C . Because any sets in A pC q is constructed by taking set
complement, set difference, finite union, finite intersection of sets in C . On the other
hand, σpC q is constructed by taking set complement, set difference, countable union,
and countable intersection of sets in C . So clearly A pC q Ď σpC q. When taking
countable unions of sets in A pC q, we can take non-empty A1, . . . , An P C and ∅ “

An`1 “ An`2 “ . . .. Then under this construction, Yn
k“1Ak “ Y8

k“1Ak P σpC q. This
shows any set in A pC q will also be in σpC q. Hence, we complete the proof.

Problem 2. (4 points)

Let A P σpC q, where C is an uncountable collection of subsets of Ω. Then there exists
a countable subset C0 of C such that A P σpC0q.
Solution: The statement says for any A P σpC q, there exists a countable sub-
collection C0 Ă C such that A P σpC0q. If this statement is true, then this σ-algebra
is going to be union of all σ-algebras generated by some countable sub-collection C0,
i.e.

σpC q “
ď

C0ĂC countable

σpC0q

Define
H :“ tC0 Ĺ C : C0 is countableu

and denote
S :“

ď

C0ĂC countable

σpC0q “
ď

C0PH

σpC0q

We want to show S “ σpC q. We will do this in the following steps:

1. Show S Ď σpC q

2. Show C Ă S .

56



3. Show S is a σ-algebra.

If we can show Step 2 and 3, then we can conclude σpC q Ď S by the definition of the
smallest σ-algebra. Then it completes the proof.

(1)

It is clear that S Ď σpC q.

• Because C0 Ĺ C , hence C0 Ă σpC q.

• Hence, by the definition of the smallest σ-algebra generated by C0, we have
σpC0q Ă σpC q.

• Since this is true for all C0 P H , hence S :“ YC0PH σpC0q Ď σpC q.

(2)

To show C Ă S . Let A P C . Then there will be a countable sub-collection of sets
C0 Ĺ C such that A P C0. (For example, C0 “ tAu which only contains a single
element). Thus, A P σpC0q for some C0 P H . Hence, A P S “ YC0PH σpC0q. This
completes the proof of C Ă S .

(3)

Because σpC0q is a σ-algebra for all C0 P H , hence Ω P σpC0q. Hence, Ω P YC0PH σpC0q “

S .
Let A P S . Then there exists at least one C0 P H such that A P σpC0q. Because

σpC0q is a σ-algebra, which means it is closed under complement. Hence Ac P σpC0q.
Hence, Ac P S .

Let A1, . . . , An, . . . P S . Then for each An, there exists Cn P H such that An P

σpCnq. Define a set

C0 “

8
ď

n“1

Cn

• Because C0 is a countable union of countable sets, hence C0 is also countable.
Hence, σpC0q Ă S by construction of S .

• And because Cn Ă C0 for all n P Zě1, we have Cn Ă σpC0q for all n P Zě1.

• Hence, by the definition of the smallest σ-algebra, we have σpCnq Ă σpC0q for all
n P Zě1.

• Hence, we conclude An P σpCnq Ă σpC0q for all n P Zě1.

• Because σpC0q is a σ-algebra, we conclude Y8
n“1An P σpC0q Ă S .

This completes the proof of S being a σ-algebra.
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Problem 3. (4 points)

Let F pxq be a distribution function. Set S “ tpa, bs : ´8 ď a ď b ď `8u, with
the convention that pa,8s “ pa,8q. Define a set function P on S by Pppa, bsq “

F pbq ´ F paq. Show that P is a probability measure on S .
Solution:

(1) Show PpΩq “ 1

The whole set in this case is Ω “ r´8,8s. Then

Ppr´8,8sq “ F p8q ´ F p´8q “ 1 ´ 0 “ 1

(2) Show PpAq ě 0 for all A P S

Also because a distribution function is non-decreasing, hence for all a ď b, we will
have F paq ď F pbq. Thus, for any pa, bs Ă Ω, we will have

Pppa, bsq “ F pbq ´ F paq ě 0

Note that we can evaluate F pxq at x “ a because distribution function is right-
continuous.

(3) Show countable additivity

(3.1) Step 1: Show finite additivity of P
Let pan, bns Ă Ω where n “ 1, 2, . . . , N be pairwise disjoint intervals such that

YN
n“1pan, bns P S . Then the only possibility that can let their union sit in S is

we have bn “ an`1 for all n ě 1. Let’s consider the finite-additivity first. See that
tYN

n“1pan, bnsuNě1 is an increasing sequence of N , and infn an “ a1 and supn bn “ bN .
Thus,

P

ˆ N
ď

n“1

pan, bns

˙

“ F

ˆ

sup
n

bn

˙

´ F

ˆ

inf
n
an

˙

“ F pbNq ´ F pa1q

Do the telescoping, we have

P

ˆ N
ď

n“1

pan, bns

˙

“ F

ˆ

sup
n

bn

˙

´ F

ˆ

inf
n
an

˙

“ F pbNq ´ F pa1q

“ F pbNq ´ F pb1q
loomoon

“F pa2q

`F pb1q ´ F pa1q

“ F pbNq ´ F paNq ` F pbN´1q ´ F paN´1q ` . . . ` F pb1q ´ F pa1q

“

N
ÿ

n“1

pF pbnq ´ F panqq

“

N
ÿ

n“1

Pppan, bnsq
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Thus, this set function P satisfies finite additivity.

(3.2) Step 2: Show countable additivity
Let pan, bns Ă Ω where n “ 1, 2, . . . be pairwise disjoint intervals such that Y8

n“1pan, bns P

S . WLOG, let’s order them as ´8 ď a1 ď b1 ď a2 ď b2 ď . . . ď `8. More precisely,
the union will be of the form

8
ď

n“1

pan, bns “ pa, bs

where a “ infn an and b “ supn bn.
Want to show

F pbq ´ F paq “ Pppa, bsq “

8
ÿ

i“1

Pppai, bisq “

8
ÿ

i“1

pF pbiq ´ F paiqq

The problem of doing a countable summation of positive numbers, things can really
go wrong. For example, this summation may goes to infinity. You don’t know if this
countable sum will converge or not.

(3.2.1) Step 1: show F pbq ´ F paq ď
ř8

i“1pF pbiq ´ F paiqq

What we will do is to fix a small ϵ ą 0. And we will make the interval pa, bs a bit
smaller by looking at the interval ra ` ϵ, bs. In addition, we will make the intervals
pai, bis slightly bigger by looking at pai, bi ` ϵiq where ϵi ą 0 is a small positive number
such that

Pppai, bi ` ϵiszpai, bisq “ Pppai, bi ` ϵisq ´ Pppai, bisq “ F pbi ` ϵiq ´ F pbiq ď ϵ
1

2i

Such interval pai, bi ` ϵiq exists because of the right-continuity of F . See that if we let
ϵi Ó 0. Then the CDF will be

lim
ϵiÓ0

F pbi ` ϵiq “ F pbi`q “ F pbiq

Thus, taking limit of probability difference will become

lim
ϵiÓ0

pPppai, bi ` ϵisq ´ Pppai, bisqq “ lim
ϵiÓ0

pF pbi ` ϵiq ´ F pbiqq “ F pbiq ´ F pbiq “ 0

Hence, we can choose some ϵi ą 0 such that the desired property holds. Then we have

ra ` ϵ, bs Ă pa, bs “
ÿ

iě1

pai, bis Ă

8
ď

i“1

ˆ

ai, bi ` ϵi

˙

By (quasi-)compactness of the interval ra ` ϵ, bs, every open cover has a finite
subcover. Hence, there exists N such that

ra ` ϵ, bs Ă

N
ď

i“1

ˆ

ai, bi ` ϵi

˙

Hence, we have

pa ` ϵ, bs Ă ra ` ϵ, bs Ă

N
ď

i“1

ˆ

ai, bi ` ϵi

˙

Ă

N
ď

i“1

ˆ

ai, bi ` ϵi

ȷ
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So by monotonicity of probability measure and finite additivity of P,

F pbq ´ F pa ` ϵq “ Pppa ` ϵ, bsq ď P

ˆ N
ď

i“1

pai, bi ` ϵis

˙

“

N
ÿ

i“1

P

ˆ

pai, bi ` ϵis

˙

“

N
ÿ

i“1

ˆ

F pbi ` ϵiq ´ F paiq

˙

“

N
ÿ

i“1

ˆ

F pbi ` ϵiq ´ F pbiq
loooooooooomoooooooooon

ď ϵ

2i

`F pbiq ´ F paiq

˙

ď

N
ÿ

i“1

pF pbiq ´ F paiqq ` ϵ
N
ÿ

i“1

1

2i

ď

8
ÿ

i“1

pF pbiq ´ F paiqq ` ϵ
8
ÿ

i“1

1

2i

“

8
ÿ

i“1

pF pbiq ´ F paiqq ` ϵ

Since ϵ is arbitrary, we send ϵ to 0, we get

F pbq ´ F paq ď

8
ÿ

i“1

pF pbiq ´ F paiqq

where in the last step we use right-continuity of F , where limϵÑ0 F pa ` ϵq “ F paq.

(3.2.2) Step 2: show F pbq ´ F paq ě
ř8

i“1pF pbiq ´ F paiqq

Next we show

F pbq ´ F paq ě

8
ÿ

i“1

pF pbiq ´ F paiqq

Note

pa, bs “

8
ÿ

i“1

pai, bis Ą

N
ÿ

i“1

pai, bis, for any N P Zě1

Then by the monotonicity of probability measure, we have

F pbq ´ F paq “ Pppa, bsq ě P

ˆ N
ÿ

i“1

pai, bis

˙

“

N
ÿ

i“1

pF pbiq ´ F paiqq

Send N to infinity, we have

F pbq ´ F paq ě

8
ÿ

i“1

pF pbiq ´ F paiqq
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Problem 4. (4 points)

Prove the “Inclusion-Exclusion” formula (Formula (2.2) on Page 30 of the textbook).
Recall: The inclusion-exclusion formula is of the form

P

ˆ n
ď

k“1

Ak

˙

“

n
ÿ

k“1

PpAkq ´
ÿ

1ďiăjďn

PpAi X Ajq `
ÿ

1ďiăjăkďn

PpAi X Aj X Akq ´ . . .

` p´1q
n´1

ÿ

1ďi1ă...ăinďn

PpAi1 X . . . X Ainq

For example, in the matching problem, where PpAi1 X¨ ¨ ¨XAikq “
pn´kq!

n!
, this evaluates

to
ˆ

n

1

˙

pn ´ 1q!

n!
´

ˆ

n

2

˙

pn ´ 2q!

n!
`

ˆ

n

3

˙

pn ´ 3q!

n!
´ . . . ` p´1q

n´1 1

n!

Solution: Use proof by induction.

Base case, n “ 2.

Because A1 Y A2 “ A1zA2 ` A1 X A2 ` A2zA1, then finite-additivity of probability
measure,

PpA1 Y A2q “ PpA1zA2q ` PpA1 X A2q ` PpA2zA1q

“ PpA1zA2q ` PpA1 X A2q ` PpA2zA1q ` PpA1 X A2q ´ PpA1 X A2q

“ pPpA1zA2q ` PpA1 X A2qq ` pPpA2zA1q ` PpA1 X A2qq ´ PpA1 X A2q

“ PpA1q ` PpA2q ´ PpA1 X A2q

which completes the proof of base case.

Induction case

Suppose the formula is true for all k ď n case, we want to verify it is also true for
k “ n ` 1 case. See that by apply n “ 2 case to the following, we have

P

ˆn`1
ď

k“1

Ak

˙

“ P

ˆ n
ď

k“1

Ak Y An`1

˙

“ P

ˆ n
ď

k“1

Ak

˙

` PpAn`1q ´ P

ˆˆ n
ď

k“1

Ak

˙

X An`1

˙

See that by applying distributive law to the sets in the last term, we get

P

ˆˆ n
ď

k“1

Ak

˙

X An`1

˙

“ P

ˆ n
ď

k“1

pAk X An`1q

˙

Applying the induction hypothesis to PpYn
k“1Akq and PpYn

k“1pAk X An`1qq. We get

P

ˆ n
ď

k“1

Ak

˙

“

n
ÿ

k“1

PpAkq ´
ÿ

1ďiăjďn

PpAiAjq `
ÿ

1ďiăjăkďn

PpAiAjAkq ´ . . .

` p´1q
n´1

PpA1 . . . Anq
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and

P

ˆ n
ď

k“1

pAk X An`1q

˙

“

n
ÿ

k“1

PpAkAn`1q ´
ÿ

1ďiăjďn

PppAiAn`1qpAjAn`1qq
looooooooooooomooooooooooooon

“PpAiAjAn`1q

`
ÿ

1ďiăjăkďn

PppAiAn`1qpAjAn`1qpAkAn`1qq
looooooooooooooooooomooooooooooooooooooon

“PpAiAjAkAn`1q

´ . . .

` p´1q
n´1

PppA1An`1q . . . pAnAn`1qq
loooooooooooooooomoooooooooooooooon

“PpA1...AnAn`1q

Note that

PppAiAn`1qpAjAn`1qq “ PpAiAjAn`1q

PppAiAn`1qpAjAn`1qpAkAn`1qq “ PpAiAjAkAn`1q

...

PppA1An`1q . . . pAnAn`1qq “ PpA1 . . . AnAn`1q
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Plug all of these back into the original equation, we get

P

ˆn`1
ď

k“1

Ak

˙

“ P

ˆ n
ď

k“1

Ak

˙

` PpAn`1q ´ P

ˆˆ n
ď

k“1

Ak

˙

X An`1

˙

“

¨

˚

˝

n
ÿ

k“1

PpAkq ´
ÿ

1ďiăjďn

PpAiAjq `
ÿ

1ďiăjăkďn

PpAiAjAkq ´ . . .

` p´1q
n´1

PpA1 . . . Anq

˛

‹

‚

` PpAn`1q

´

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

n
ÿ

k“1

PpAkAn`1q ´
ÿ

1ďiăjďn

PppAiAn`1qpAjAn`1qq
looooooooooooomooooooooooooon

“PpAiAjAn`1q

`
ÿ

1ďiăjăkďn

PppAiAn`1qpAjAn`1qpAkAn`1qq
looooooooooooooooooomooooooooooooooooooon

“PpAiAjAkAn`1q

´ . . .

` p´1q
n´2

ÿ

1ďi1ă...ăin´1ďn

PpAi1 X . . . X Ain´1 X An`1q

` p´1q
n´1

PppA1An`1q . . . pAnAn`1qq
loooooooooooooooomoooooooooooooooon

“PpA1...AnAn`1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“

n`1
ÿ

k“1

PpAkq ´

ˆ

ÿ

1ďiăjďn

PpAiAjq `

n
ÿ

k“1

PpAkAn`1q

˙

looooooooooooooooooooooomooooooooooooooooooooooon

“
ř

1ďiăjďn`1 PpAiAjq

`

ˆ

ÿ

1ďiăjăkďn

PpAiAjAkq `
ÿ

1ďiăjďn

PpAiAjAn`1q

˙

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

“
ř

1ďiăjăkďn`1 PpAiAjAkq

´ . . . ` p´1q
n´1

ˆ

PpA1 . . . Anq `
ÿ

1ďi1ă...ăin´1ďn

PpAi1 . . . Ain´1An`1q

˙

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

“
ř

1ďi1ă...ăinďn`1 PpAi1
...Ain q

` p´1q
n
PpA1 . . . AnAn`1q

“

n`1
ÿ

k“1

PpAkq ´
ÿ

1ďiăjďn`1

PpAiAjq `
ÿ

1ďiăjăkďn`1

PpAiAjAkq ´ . . .

` p´1q
n
PpA1 . . . An`1q

Hence, we completes the proof by induction.

Problem 5 (4 points)

Let pΩ,F ,Pq be a probability space. A set A P F of positive measure is called an
atom of P if PpBq “ 0 or PpBq “ PpAq for every subset B P F of A. A measure is
called non-atomic if it does not have atoms. Suppose that P is a non-atomic measure
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in this problem. Show the following is true: Fix any set A P F of positive measure, i.e.

PpAq ą 0. For arbitrary small ϵ ą 0, there is a subset B of A such that 0 ă PpBq ă ϵ.
Solution: Fix an arbitrary small ϵ ą 0. Fix a set A P F with PpAq ą 0. Because

P is non-atomic, there exists a B P F such that B Ă A and 0 ă PpBq ă PpAq. Then
inductively, let’s do the same thing on B.

For convenience, let’s denote A “ A1. Then because P is non-atomic, there exists
A2 P F such that A2 Ă A1 and 0 ă PpA2q ă PpA1q. Keep going, there exists A3 P F
such that A3 Ă A2 and 0 ă PpA3q ă PpA2q. And so on.

Because the inequality is ă not ď. There will be some N ě 1 such that AN Ă AN´1

and 0 ă PpANq ă ϵ. We define this B “ AN .

Remark

Last answer is wrong because although PpAnq might be decreasing, its limit might not
be zero. The counter-example is

PpAnq “
1

2
`

1

n

Refinement: Use prove by contradiction. Suppose

inf
BĂA,PpBqą0

PpBq “ ϵ

for some ϵ ą 0.
Denote B0 “ A and ϵ0 “ ϵ. Now define

• ϵ1 “ infBĂB0,PpBqą0 PpBq. Since B0 “ A, this is the same infimum as the one
defining ϵ0, so ϵ1 “ ϵ0.

• Pick B1 Ă B0 such that ϵ1 ď PpB1q ă ϵ0 ` 1.

Next, we define inductively that

1) Define ϵn “ infBĂBn´1,PpBqą0 PpBq. Then clearly by construction ϵn ě ϵn´1 ě ϵ.

2) Pick Bn Ď Bn´1 such that ϵn ď PpBnq ă ϵn´1 ` 1
n
.

We have that the two sequences produced by this construction are monotone in
opposite directions.

• pϵnq is non-decreasing. Indeed Bn Ď Bn´1, so the infimum defining ϵn`1 ranges
over a sub-collection of the one defining ϵn, and an infimum over a smaller col-
lection is at least as large. Moreover PpBn´1q ě ϵn´1 ě ϵ ą 0, so Bn´1 is itself
admissible in the infimum defining ϵn and ϵn ď PpBn´1q ď 1. A non-decreasing
sequence bounded above converges, say ϵn Ò ϵ8 P rϵ, 1s.

• pPpBnqq is non-increasing, since Bn Ď Bn´1, and bounded below by ϵn ě ϵ ą 0.
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The only consequence of 2) used below is the two-sided estimate

ϵn ď PpBnq ă ϵn´1 `
1

n
ď ϵn `

1

n

the last step being the monotonicity just recorded. (A set Bn meeting this weaker
requirement always exists, straight from the definition of ϵn as an infimum.) Squeezing
and using ϵn Ò ϵ8,

lim
nÑ8

PpBnq “ ϵ8

Now put
B :“

č

ně0

Bn P F

The Bn decrease, so continuity from above of P gives

PpBq “ lim
nÑ8

PpBnq “ ϵ8 ě ϵ ą 0

and B Ď B0 “ A. Since P is non-atomic and PpBq ą 0, the set B is not an atom, so
there is a C P F with C Ď B and

0 ă PpCq ă PpBq “ ϵ8

On the other hand C Ď B Ď Bn´1 and PpCq ą 0, so C is admissible in the infimum
defining ϵn, i.e.

PpCq ě ϵn for every n ě 1

Letting n Ñ 8 gives PpCq ě ϵ8, contradicting PpCq ă ϵ8.
Hence the assumption that the infimum is positive is untenable, and

inf
BĎA,PpBqą0

PpBq “ 0

The collection over which this infimum is taken is non-empty, because A itself belongs
to it. So by the definition of an infimum, for every δ ą 0 there is a B P F with B Ď A
and

0 ă PpBq ă δ

which is exactly what the problem asks for.
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12 Midterm 2

Problem 1. (5 points)

Let pΩ,Bq be a measurable space and X a r.v. taking values in R. Let σpXq be the
σ-field generated by X and BpRq the Borel σ-field on R.

Problem (1.1)

Show that if f : R Ñ R is a Borel measurable function, then Z “ f ˝ X : Ω Ñ R is
σpXq{BpRq measurable.
Solution: If f : R Ñ R is Borel measurable, it means f´1pBpRqq Ď BpRq.

Since X is a random variable. So σpXq “ X´1pBpRqq Ď B.
Because f´1pBpRqq Ď BpRq, thus

Z´1
pBpRqq “ pf ˝ Xq

´1
pBpRqq “ X´1

pf´1
pBpRqqq Ď X´1

pBpRqq “ σpXq Ď B

Hence, we do have Z “ f ˝ X is σpXq{BpRq measurable.

Problem (1.2)

Show that, conversely, for any Z : Ω Ñ R which is σpXq{BpRq measurable, there
exists a Borel measurable function f : R Ñ R such that Z “ f ˝ X. (Hint: start with
indicator functions and approximate an σpXq{BpRq function by simple functions.)
Solution:

Step 1: Let Z “ 1A for some A P σpXq

Because Z is σpXq{BpRq-measurable, we have Z´1pBpRqq Ď σpXq “ X´1pBpRqq.
Because A P σpXq, it means A “ X´1pBq for some B P BpRq. Hence,

Z “ 1A “ 1X´1pBq “ 1B ˝ X

Hence, we may choose f “ 1B. Because B P BpRq, so f is clearly Borel measurable.

Step 2: Let Z “
řn

i“1 ai1Ai
P E be a simple function

The result will just extend by linearity. Because each Ai “ X´1pBiq for some
Bi P BpRq.

Thus,

Z “

n
ÿ

i“1

ai1Ai
“

n
ÿ

i“1

ai1X´1pBiq “

n
ÿ

i“1

ai1Bi
˝ X “

ˆ n
ÿ

i“1

ai1Bi

˙

˝ X

Hence, we may choose f “
řn

i“1 ai1Bi
.

Step 3: Let Z ě 0 be a non-negative σpXq{BpRq-measurable function
For Z ě 0 and σpXq{BpRq-measurable, we can pick an approximating sequence

0 ď Zn Ò Z. Note that in this case

Z “ lim
nÑ8

Zn “ sup
n

Zn

From Step (2), we know for each Zn P E, there is a Borel measurable fn P BpRq{BpRq

such that Zn “ fn ˝ X.
Now the issue is we don’t know
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• if limnÑ8 fn exists or no (from the construction, there is no monotone behaviour
of fn, so we don’t know if fn converge or not).

But supn fn will exist because following from construction from Step (2), we see that
each fn is a simple function, so each one of them is finite. Hence, it makes sense to
define supn fn. Hence, define

f :“ sup
n

fn

This f is again Borel measurable. Observe that

Z “ sup
n

Zn “ sup
n

pfn ˝ Xq “

ˆ

sup
n

fn

˙

˝ X “ f ˝ X

Step 4: General σpXq{BpRq-measurable RV Z
Separate Z using the trick

Z “ Z`
´ Z´

where Z` “ maxtZ, 0u ě 0 and Z´ “ ´mintZ, 0u ě 0. From Step (3), we know there
are Borel measurable functions f1, f2 P BpRq{BpRq such that

Z`
“ f1 ˝ X, Z´

“ f2 ˝ X

Hence,
Z “ Z`

´ Z´
“ f1 ˝ X ´ f2 ˝ X “ pf1 ´ f2q ˝ X “ f ˝ X

where we define f :“ f1 ´ f2. This is clearly Borel measurable.
This completes the proof.

Problem 2 (5 points)

Let pΩ,B, µq be a probability space, and f ě 0 such that
ş

Ω
fdµ “ 1. Define a set

function ν on pΩ,Bq by

νpBq “

ż

B

f dµ, @ B P B

Problem (2.1)

Show that ν is a probability measure.
Solution:

Show νpΩq “ 1
See that by our assumption, we have

νpΩq “

ż

Ω

f dµ “ 1

Show if A P B, then νpAq ě 0.
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Let A P B. Using the property X ě Y then EX ě EY , we have

νpAq “

ż

A

f dµ “

ż

Ω

1Af
loomoon

ě0

dµ ě 0

Show σ-additivity
Let A1, . . . , An, . . . P B be disjoint and A “ Y8

n“1An P B. Want to show νpAq “
ř8

n“1 νpAnq.

νpAq “

ż

A

f dµ “

ż

Ω

1Af dµ “

ż

Ω

1Y8
n“1Anf dµ

“

ż

Ω

8
ÿ

n“1

1Anf dµ “

ż

Ω

lim
NÑ8

N
ÿ

n“1

1Anf dµ

MCT
“ lim

NÑ8

ż

Ω

N
ÿ

n“1

1Anf dµ

“ lim
NÑ8

N
ÿ

n“1

ż

Ω

1Anf dµ, by linearity of integral

“

8
ÿ

n“1

ż

An

f dµ “

8
ÿ

n“1

νpAnq

This completes the proof.

Problem (2.2)

Show that for any random variable X ě 0, we have
ż

Xdν “

ż

Xfdµ

Hint: Start with indicator functions for X
Solution:

Step 1: Indicator functions
First, let’s assume X “ 1A for some A P B, and show above is true for indicator

function. Simply observe that
ż

Ω

1Adν “ νpAq “

ż

A

fdµ “

ż

Ω

1Afdµ

Hence, the statement is true for indicator functions.

Step 2: Simple functions
Next, let’s assume X “

řn
i“1 ai1Ai

where ai P Rě0 and Ai’s is a partition of Ω.
Then we have

ż

Ω

Xdν “

ż

Ω

n
ÿ

i“1

ai1Ai
dν “

n
ÿ

i“1

ai

ż

Ω

1Ai
dν

“

n
ÿ

i“1

ai

ż

Ω

1Ai
fdµ “

ż

Ω

n
ÿ

i“1

ai1Ai
fdµ “

ż

Ω

ˆ n
ÿ

i“1

ai1Ai

˙

fdµ “

ż

Ω

Xfdµ
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where we applied linearity of integral in the process. Hence, we have done the simple
function part.

Step 3: Non-negative function.
Denote E be the collection of simple functions. If X ě 0, and Xn P E (with Xn ě 0)

is an (increasing) approximating sequence of X, i.e. Xn Ò X as n Ñ 8.
Then

ż

Ω

Xdν “

ż

Ω

lim
nÑ8

Xndν

“ lim
nÑ8

ż

Ω

Xndν, by MCT

“ lim
nÑ8

ż

Ω

Xnf dµ, using Step (2)

“

ż

Ω

lim
nÑ8

Xnf dµ “

ż

Ω

Xf dµ, by MCT

Here, we applied Monotone Convergence theorem twice. First time is easy. The second
time is because, if Xn Ò X, then Xnf Ò Xf . Hence, it is valid to apply MCT. Thus,
we complete the proof.

Problem 3. (5 points)

Suppose X and Y are independent random variables. Show that for any measurable
function f, g : R Ñ R we have that fpXq and gpY q are independent.
Solution: Here, the compositions of the maps are

pΩ,B,Pq
X,Y

ÝÝÝÑ pR,BpRqq
f,g

ÝÝÝÑ pR,BpRqq

SupposeX, Y are independent. That means σpXq “ X´1pBpRqq and σpY q “ Y ´1pBpRqq

are independent. This means for all events A P σpXq and B P σpY q, A and B are
independent.

Because f, g P BpRq{BpRq are measurable. Hence,

f´1
pBpRqq Ă BpRq, g´1

pBpRqq Ă BpRq

Thus,

σpf ˝ Xq “ pf ˝ Xq
´1

pBpRqq “ X´1
pf´1

pBpRqqq Ă σpXq,

σpg ˝ Y q “ pg ˝ Y q
´1

pBpRqq “ Y ´1
pg´1

pBpRqqq Ă σpY q

Thus, any A P σpf ˝ Xq and any B P σpg ˝ Y q are independent. Thus, σpf ˝ Xq and
σpg ˝ Y q are independent, which means fpXq and gpY q are independent.

Problem 4. (5 points)

Let pΩ,B,Pq be a probability space and X P L1pRq a random variable. Show that for
any fixed ϵ ą 0, there always exists a δ ą 0 such that for all B P B with PpBq ă δ,
we have

ż

B

|X|dP ă ϵ
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Solution: X P L1pRq means
ş

Ω
|Xpωq|dPpωq ă 8. Suppose for contradiction that

there exists an ϵ ą 0 such that for all δ ą 0, there exists a B P B with PpBq ă δ but
ż

B

|X|dP ě ϵ

Because the above statement is for all δ ą 0, let’s construct a sequence δn “ 1
2n

for
n P Zě1. Then for each δn, there exists a Bn P B with PpBnq ă δn such that

ż

Bn

|X|dP ě ϵ

Then integrate |X| over Bn

ż

Bn

|X|dP “

ż

Bn

|X|p1t|X|ďnu ` 1t|X|ąnuqdP “

ż

Bn

|X|1t|X|ďnudP`

ż

Bn

|X|1t|X|ąnudP

ď nPpBnq `

ż

Bn

|X|1t|X|ąnudP

ď n
1

2n
`

ż

Ω

|X|1t|X|ąnudP

Because
ş

Bn
|X|dP ě ϵ, hence we have

ϵ ď

ż

Bn

|X|dP ď n
1

2n
`

ż

Ω

|X|1t|X|ąnudP

Now let n Ñ 8. See that

1. n
2n

Ñ 0 as n Ñ 8.

2. |X|1t|X|ąnu Ó 0 almost surely as n Ñ 8 because X P L1pRq.

To see that the second term tends to 0, define

gn :“ |X|1t|X|ą1u ´ |X|1t|X|ąnu, n ě 1

Since 1t|X|ąnu ď 1t|X|ą1u for n ě 1, each gn ě 0; the gn are non-decreasing in n, and
by 2. above gn Ò |X|1t|X|ą1u almost surely. By the Monotone Convergence Theorem,

E gn Ò E
“

|X|1t|X|ą1u

‰

ď E|X| ă 8

and therefore
ż

Ω

|X|1t|X|ąnudP “ E
“

|X|1t|X|ą1u

‰

´ E gn ÝÑ 0 as n Ñ 8

(the subtraction is legitimate because Er|X|1t|X|ą1us is finite). Hence

ϵ ď lim
nÑ8

ˆ

n
1

2n
`

ż

Ω

|X|1t|X|ąnudP

˙

“ 0 ` 0 “ 0

This is a contradiction.
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