STAT 501: Introduction to Probabilities

Homework and Midterm Solutions

Yanchao Yang
Fall 2024

Solutions written for STAT 501: Introduction to Probabilities at the Uni-
versity of Illinois Chicago in Fall 2024, taught by Prof. Cheng Ouyang. The
course follows Sidney I. Resnick’s A Probability Path [Res99]. All errors are

mine.
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1 Homework 1

Problem 1.9.6

Suppose a,, > 0, b, > 1, and

lim a, = 0, lim b, =1
n—0o0 n—00
Define
A, ={x:a, <x<b,}
Find
limsup A4, and liminf A,
n—o0 n—a

By inspection, we have the following claim

lim sSup An = Npz1 Ykzn Ak
n—00

= Nps1 Uksn (T 1 ap < < by}
= (0,1]

Proof limsup,,_,, A4,

Show limsup,,_,, A, < (0,1]

o Let x €limsup, ., An = Nuz1 Uksn (U ap <y < by}

e Here we prove by contradiction. Suppose z ¢ (0, 1]. Then we have two cases.

1) Case 1: x <0.

— Since lim,,_,, a, = 0 with a,, > 0, then for all £ > 1, x < ay.

—ie forall k> 1, x ¢ Ayg.

>
— le. foranyn > 1, x ¢ | J,-,, Ak, since no member of that union contains

x.

— Hence = ¢ N>y Ugsn A = limsup,,_,, A,. A contradiction.

2) Case 2: x > 1.

— Since lim,, ,, b, = 1 with b,, > 1, there exists some ng € Z~; such that

for all & = ng, x = by.

— Equivalently, there exists some ny € Zs; such that for all & > ng,

— Equivalently, there exists some ng € Z=; such that z ¢ Ug=,,Ag

— Hence = ¢ Nny>1 Ugsn Ak = limsup,,_, ., A,
e Hence, by proof of contradiction, we have x € (0, 1]
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Show limsup,,_,,, A, 2 (0,1]
e Let z € (0,1].
e Consider two cases

1) Case 1: interior case, = € (0,1).
— Since a, — 0 and b, — 1, there exists ng such that for every k& > ny,
re{y:ar <y<b}= A
— Hence, x € np=p Ak S Ugsn Ay for any n > 1.
— Hence, z € Nny>1 Ugsn Ak = limsup,, ., Ag.
2) Case 2: boundary case, z = 1

— Since lim,, 4 a, = 0, there exists ng € Z-; such that a; < 1 for all
k = ng; and b, > 1 for every k > 1. Hence for all & = ng, ap < 1 < by,

ie. 1€ Ay for every k = ng

Hence for any n > 1, picking any k& > max(n,ng) gives 1 € Ay, so
le Uk}n Ak

— Hence, 1 € ny>1 Ugsn Ag

e Hence, we showed z € limsup,,_,,, A,.

Proof liminf, ., A,

liminf A, = Ups1 Nisn Ag
n—00

= Unp>1 Nk=n {ZL’ rap < T < bk}
= (0,1]

Show liminf, ., A, < (0,1]
e Let z eliminf, oo A, = Ups1 Mg {¥ : ar < y < by}
e Assume by contradiction that z ¢ (0, 1]. Two cases

1) Suppose x <0
— Since lim,,_,, a,, = 0 with a,, > 0, then for all k > 1, x < ay.
—ie forall k> 1, x ¢ Ayg.
—ie x¢ N, Ag for any n > 1.
— Hence x ¢ Un21 ﬂkz” A, = liminf,_,, A,. A contradiction.
2) Suppose = > 1
— Since lim,, ,, b, = 1 with b,, > 1. Pick any n > 1, consider my>, Ax.
— there exists some ng > n such that © > b,,. i.e. v ¢ A,,.
— This implies x ¢ Ng>, A for any chosen n > 1
— Hence, v ¢ Up,>1 Ng=n Ag. A contradiction

e Hence, by proof of contraction, we showed x € (0,1].
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Show liminf, ,, A, 2 (0,1]
e Let x e (0,1]
e Also consider two cases

1) Case 1: interior case, z € (0,1).
— Since a,, — 0 and b, — 1, there exists ny such that for every k > ny,
re{y:ar <y<b}=A.
— Hence, z € Mgz, Ak
— Hence, x € Uy>1 Npspn A = liminf,, ,, Ag.
2) Case 2: boundary case, = = 1

— Since lim,, , a, = 0, there exists ng € Z=; such that a; < 1 for all
k = ng; and b, > 1 for every k > 1. Hence 1 € A, for all k = ny,

— Hence, 1€ ﬂ,@no Ak S Upsi Nisn A = liminf, . A,

e Hence, we showed x € liminf,,_, A,.

Problem 1.9.19
For sets A, B show

lyup=14v 1p

lyrp=141n1p

Solution:
Show 1AuB = ]-A \ 13

Case 1: w¢ Au B First note that if w¢ Au B, then w ¢ A and w ¢ B. Hence,
]-AuB(W) = 1A(w) = 1B(w) =0
Hence, in the case of w ¢ A U B, we have

lyup=14v1p

Case 2: we Au B Next we consider w € A u B. We can decompose A U B into
disjoint sets
AuB=(A\B)u(An B)u (B\A)

Thus, we will have

lavp =148+ 1ans + 1pa
1a=148+1anB
1p =1pa+1a-B

Now we have 3 cases



1) we A\B, then

livp(w) =1ap(w) +1anpw) + 1palw) =14+0+0=1
1la(w) =1ap(w)+1anpw)=1+0=1

1p(w) = 1pa(w) + Larp(w) =0+0=10

hence, we have 14 p(w) =1=1v 0 =14(w) v 15(w)

2) we An B, then

Laop(w) = 1apw) + Lanp(Ww) + 1pa(w) =0+14+0=1
1a(w) = 148(w) + 1ans(w) =0+1=1
1p(w) =1pa(w) + 1aqp(w) =0+1=1

hence, we have 14 p(w) =1=1v 1 =14(w) v 15(w)

3) we B\A, then

laop(Ww) = 1apWw) + 1anpw) + 1pa(w) =0+0+1=1
1y(w) =1ap(w) +1anpw) =0+0=0

1p(w) = 1pa(w) + 1anpw) =1+0=1

e hence, we have 14 p(w)=1=0v1=14(w) v 1(w)

Since w is arbitrary. Hence, we showed 14,5 =14 v 15.
Show ]_AQB = ]-A VAN 13

Case 1: w¢ AnB Firstly, still consider if w ¢ An B where we have 14,5(w) = 0.
Then there are 3 case: (1) w ¢ Au B, (2) w e A\B, (3) w e B\A. The indicator
functions 14, 15 of these 3 cases are

1) wg AuUB = 1x(w) =0,15(w) =0 = 14.p(w) =0=14(w) A 1p(w)
2) we AAB = 1,(w)=1,1(w) =0 = 14~5(w) =0=1A0=14(w)Alp(w)
3) we B\ A = 14(w)=0,1p(w) =1 = 14.3(w)=0=0A1=14(w)Arlp(w)

Since w ¢ A n B is arbitrary. Hence, we proved the 14,5 =14 A 1g forw ¢ An B.

Case 2: we An B Now we consider the case forwe An B. If we An B, then
w € A and w € B. Hence, their indicator functions are

lanp(w) =14(w) =1g(w) =1

Thus, we have
lAmB(w) =1=1A1= 1A(w) AN IB(w)

Since w € A n B is arbitrary, hence we complete the proof.
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2 Homework 2

1.9 - 10, 14, 16, 17, 18.

Problem 1.9.10

Check that A, — A iff 14, — 14 pointwise.
Solution: Using
lim inf 1An = ]-lim infy—oo An
n—0o0

lim sup ].An = Ly SUp,, o0 An
n—0o0

(=) Suppose A, — A. We have the following
A= lim A, =limsup A,, = liminf A,

n—00 N—00 n—00

]-A(w) = ]-limnﬂgo An (UJ) = ]—lim SUP, o0 An (w) = ]-lim inf, o0 An (w), Vw
lim 14, (w) =limsup1ly,(w) =liminf 1,4, (w), Yw
00 n—00

n n—00

Pack up the equality we have, we got
14(w) = lim 14, (w), Vw

n—0o0

This proves the forward direction.
( <= ) Conversely, suppose 14, — 14 pointwise. Then for every w the limit of
1,4, (w) exists and equals 14(w), so

Liimsup, 4, = limsuply, =14 = liminf 14, = Ly int pointwise

n—oo n—

n—0 An

using the two identities quoted at the start. Since a set is determined by its indicator
function, limsup,,_,,, A, = A = liminf,_,, A, that is, A, — A.

Problem 1.9.14

Suppose that A, are fields satisfying A,, < A, 1. Show that U, A, is a field. (But see
also the next problem.)
Solution: Checking the 3 axioms of a field.

(i) Qe u,A, Since Qe A, for all n (because all A, are fields), thus 2 € U, A,

(ii) Closed under complement Let A € U, A,. Because A,, = A, 1, hence there
exists a ng € Z=1 such that for all m > ng, A € A,,. Because these A,, are fields, hence
MA e A, for all m = ng. Hence, Q\A € U, A,.

(iii) Closed under finite union Let A;,..., Ay € U,A,. Still because A,, < A, 41,
for every ¢ = 1,...,k, there exists a n; € Z=; such that for all m > n;, A; € A,,.
Denote ng = max; n;. Hence, Aq,..., A, € A, for all m > ngy. Because A,,’s are all
fields, we have U¥_ A; € A,, for all m > ng. Hence, UF_|A; € U, A,.
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Problem 1.9.16

Suppose A is a class of subsets of () such that
e Qe A
o Ae A implies A€ A
e A is closed under finite disjoint unions.

Show A does not have to be a field. Hint: Try Q = {1,2,3,4} and let A be the field
generated by two point subsets of €.
Solution: Let A = {Q,@,{1,2},{3,4},{1,3},{2,4},{1,4},{2,3}}. It is clear that
Qe A, and A is closed under complement and finite union of disjoint sets.

However, A is not closed under finite union. Say {1,2} u {2,3} = {1,2,3} ¢ A.
Hence, A is not a field.

Problem 1.9.17

Prove liminf,, . A, = {w: lim, o 14, (w) = 1}.
Solution: Recall that

liminf A, = {w: w e A, for all n except a finite number}

= {w:ZlA%(w) <oo}

Hence, there exists some ng € Zx; such that for all m > ng, 14 = 0. Equivalently,
14, = 1. Hence, for any w € liminf, ., A,, we have lim,,_,,, 14, (w) = 1.

{w:ZlA%(w) <oc} = {w: lim 14 20} = {w: lim 14, = 1}
n—00 n—00

Problem 1.9.18

m

Suppose A is a class of sets containing {2 and satisfying
A BeA = A\B=AB°e A

Show A is a field.
Solution: Check the 3 field axioms.

(i) Qe A. This is given by the sentence “Suppose A is a class of sets containing Q7.

(ii) Closed under complement Let B € A. We know Q2 € A. Then let A = Q and
B =B. Thus Q\B € A.

(iii) Closed under finite union Let A, Be A. WTS Au B € A. By (ii), we have
A¢ B¢ € A. Thus, by assumption, we have AY\B = A n B¢ € A. Hence, again by (ii),
we have Au B = (A° n B°)¢ € A. Hence, we completes the proof.
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3 Homework 3

HW3 (due on 09/18): 1.9 - 21, 22, 31(hard one!), 41.

Problem 1.9.21

Suppose A is a field and suppose also that A has the property that it is closed under
countable disjoint unions. Show A is a o-field.

Proof. Let Ay,..., A,,... € A. Define new sets B; as
131 23141, 132 22/41KJ142, 133 23141 L)142\v1143,..

Under this construction, we have B,, is an increasing sequence of sets. And for every

WIEZZ>1
UB =4
k=1 k=1
Next, we can use disjointification, we have
CH ::1317 C& 22132\Z3h C% ::233\l327"

where C; n C; = @ by construction. Note that each B,, € A because a field is closed
under finite unions, and hence each Cj = By n B_; € A as well, by closure under
complement and finite intersection. Moreover, for every n € Z>,

O Cy = CJ By = O Ay,
k=1 k=1 k=1

Under the assumption that A is closed under countable disjoint union, we have

UAkZUBkZUCkE.A
k=1 k=1 k=1

Hence, we proved A is a g-algebra. O

Problem 1.9.22
Let 2 be a non-empty set and let € be all one point subsets. Show that

o(C) = {A c Q: Ais countable} U{A c ) : A® is countable}
Solution: Here C is defined as
C:={{x}: e}
Note that

P :={AcQ: either A is a countable set, or A° is a countable set}

={A c Q: Ais countable} U{A < Q: A is countable}
8



which we have already proved in lecture that it is a o-field.

Show € € A. Clearly any {z} is countable, hence {z} € & for any {z} € C. Thus,
C < #A. Then by the definition of o(C) being the smallest o-field containing €, we
have o(C) < A.

Let A e . Now two cases. If A is countable, then we can express A as a countable

union of singletons.
A= J{zteo(e)
€A

If A is uncountable, then by definition of %, we have A€ is countable. By the same
reasoning, we can express A¢ as a countable union of singletons.

A= | J{z}eo(©)

TeAC

Since o(C€) is a o-field, it is closed under complement, so A = (A°)° € o(C).
Hence, we conclude Z < o(C).
Thus, we conclude & = o(C).

Problem 1.9.31

Suppose (2 is uncountable and let G be the o-field consisting of sets A such that either
A is countable or A€ is countable. Show G is NOT countably generated.

(Hint: If G were countably generated, it would be generated by a countable collec-
tion of one point sets. )

In fact, if G is the o-field of subsets of €2 consisting of the countable and co-countable
sets, G is countably generated iff {2 is countable.
Solution: Here

G={Ac< Q: cither A is a countable set, or A° is a countable set}

Assume by contradiction that G is countably generated, and let A := {A,, : n € Z1}
be this countable family of sets, i.e.

§=o0({An:neZ:}) =a(A)

By definition of G, we have for each n > 1, either A, is countable or A¢ is countable.

Following the hint, our plan is: let C' < €2 be a countable subset of €2 and show
§ = 0(C) where C = {{z} : © € C}; a singleton outside C' will then produce a
contradiction. Let’s consider a different generating set of §. Define sets another
family of sets B = {B,, : n € Zx1} by

B _ A, if A, is countable
" ASif A, is uncountable

and see that
§=0({An: neZor)) = 0({By i n e Zo})

simply by definition of generated o-field. We choose C' = U, B,,, which is a countable
union of countable sets, so of course still countable.
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WTS: 0(B) = o(C). Take a generating set B,, € o(B). Because it is countable and
B, < C, so we can write it as a countable union of singletons {z} < C.

B, - | o)

r€B),

Hence, B,, € o(€). Conversely, consider {x} € €. Clearly {z} is countable. Hence,
{r} € G = 0o(B). Hence, € < §G. Hence, 0(€C) < § = o(B).

Hence, we have § = o(B) = 0(C).

Consider p € Q\C'. Clearly {p} is countable, hence {p} € G = ¢(€). But the claim
is {p} ¢ 0(C). To see this, we compute o(€) explicitly:

o) ={AcQ:AcC or NAcC}

Indeed, the collection on the right contains every generator {z}, z € C. It is a o-
field: it is closed under complement by the symmetry of the two conditions, and for a
countable union, if every A; < C then | J; A; < C, while if some A;, has Q\A4;, < C
then O\ J, A < Q\A,, = C. And it is the smallest such: any o-field containing €
contains every A € C' (a countable union of generators, since C' is countable), hence
also every A with Q\A < C, as the complement of such a set.

Now take p € Q\C'. Then {p} & C because p ¢ C; and Q\{p} &€ C, since otherwise
2 < C v {p} would be countable while Q is uncountable. So {p} satisfies neither
condition, i.e. {p} ¢ o(C). Hence, a contradiction.

Problem 1.9.41

A monotone class M is a non-empty collection of subsets of €2 closed under monotone
limits; that is, if A, 1 and A,, € M, then lim,_,, A, = U,A, € M and if A,, | and
A, € M, then lim,,_,,, A, = NnA, € M.

Show that a o-field is a field that is also a monotone class and conversely, a field
that is a monotone class is a o-field.
Solution:

Show o-field is a field 4+ monotone class Let A be a o-field. Then clearly A is
a field. It is also clear that A is a monotone class. Let A; € Ay < ... be an increasing
subsets in A. Then

N
A, =An

n=1

Hence,
N 0
i Ax = i A= U Ane 4

Similarly for decreasing sequence of subsets A; 2 Ay 2 .... Because A; € A, then
A¢ € A by axiom of o-field. Hence u,>1AS € A again by axiom of o-field. Lastly, use

the fact that

N
ﬂ A, = Ay
"0



closure under complement again, we have
N 0 0 c
: L B B ¢
Jim A= i (4= (4= (U 4) <4
n=1 n=1 n=1

Hence we proved o-field is a monotone class.

Show field 4+ monotone class is a o-field So let A be a field and monotone class.
Hence A satisfies the first two axioms. We only need to show closure under countable
union.

Let Ay, Ag, ... € A. Define
B,=|JAreA
k=1

Hence, we have
n n
U4 =B
k=1 k=1

which makes B,, an increasing sequence of sets. Then by definition of monotone class,
we have

n—00

o9) 0
L_J‘4k = L,Jlgk = lim 13n e A
k=1 k=1

Hence, it is a o-algebra.

There is another proof using decreasing sequence definition of monotone class. See
that showing U, A, € A is equivalent to show (U,A,)* = N, AS € A by using closure
under complement of a field. Then define

n
B,={)45eA
k=1
which is a decreasing sequence of sets. We have

a0 0
(4. =()Bx=lim B, e A
k=1 k=1

n—o0

which completes the proof.
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4 Homework 4

HW/ (due on 09/25): 1.9 - 33(i), 34, 44; 2.6 - 1(b).

Problem 1.9.33 (The extended real line)

Let R = Ru{—o}u{wo} be the extended or closed real line with the points —oo and oo
added. The Borel sets Z(R) is the o-field generated by the sets [0, ], x € R, where
[—o0,z] = {—o0} U (=00, z]. Show B(R) is also generated by the following collections
of sets

1) [~wo,x),xeR
2) (z,0],zeR
3) all finite intervals and {—oo} and {oo}.

Now think of R = [~00,0] as homeomorphic in the topological sense to [—1,1]
under the transformation

T
€rr— —
1 — |z

from [—1, 1] to [—o0, 0]. (This transformation is designed to stretch the finite interval
onto the infinite interval.) Consider the usual topology on [—1,1] and map it onto
a topology on [—o0,o0]. This defines a collection of open sets on [—o0,00] and these
open sets can be used to generate a Borel o-field. How does this o-field compare with

% (R) described above?

Part 1
Denote
Fo :={[—0,2] : z e R}
F1:={[-0,2) : z e R}
Fy:={(z,0] : z e R}
F3:={[a,b] : a,be R} U {—o0} U {0}

and for J3, we choose the closed bracket, but this can be closed, half-open & half-
closed. The question defines Z(R) as

B(R) := o(F)
Show %(R) is generated by the sets in §; We want to show o(JF;) = o(F;). See
that

[—o0, 2] = ﬂ [—o0,z + %) € o(F1)

n2l e
E?l

and

[—o0, ) = U |—o0, 2 — %] € o(Fo)

n=l e—  —
effo

12



Show %(R) is generated by the sets in 5, We want to show o(JF,) = o(F;). See
that

(x,00] = [—o0,z] € o (Fy)
Fo

and

[—o0, 2] = (z, 0] € 0(F2)
—
63:2

Show %(R) is generated by the sets in 5 We want to show o(JF3) = o(F;). See

that
[—o0,z] = ngl [-n, 2] U {—;)o} e o(F3)
and
1
la,b] = [~o0,b] n [ |(a — =, 0] = [~0,b] " [ ] [-o0,a — =] € o(Fp)
{o0} = Q(n, o] = TQ [—ot;,n] € o(Fo)
{—0} = ,Q [—oo;—n] € a(Fo)

Part 2

The Borel o-fields are clearly not equal. But since there is a homeomorphism between
two topological space, there will be a one-to-one correspondence between Borel sets
from different topological spaces. Hence there is an isomorphism between these two
Borel o-fields induced by that homeomorphism.

Problem 1.9.34

Suppose A is a o-field of subsets of Q2 and suppose A ¢ Z. Show that o(# u {A}),
the smallest o-field containing both #Z and A consists of sets of the form

ABU A°B', BB ec®

Solution: Define
F:= {ABU A°B : B,B € %}

Want to show F = o(Z u {A}).

Show F < o(# u {A}). First of all, it is clear that for any B, B' € %, the set
AB U A°B" € (% U {A}) because AB U A°B’ is a finite union and intersection of
elements in 0(Z# U {A}). Hence, F < o(A U {A}).

13



Show % U {A} € F. Given AB U A°B’, we can easily recover all atoms C' € % and
the set A. For arbitrary C' € 4, choose B = B' = C' € 4. Then

ABUAB = ACUAC=Cn(AUA)=CnQ=C
And for the set A, choose B = Q and B = @. Then
ABUAB = AQuU A0 = A
Hence, we conclude B u {A} < F.

Show ¥ is a o-field By choosing B = B' = Q, we have AQ U AQ = AU A° = Q.
Hence, Q e F.
If ABuU A°B’ € F, then

(AB U A°B') = (AB)° n (A°B')¢ = (A°U B°) n (A U (B)°)
= (An (A°U B)) U ((B) n (A°U B))

—Ape —AC(B’):;BC(B’)C

— AB° U A°(B')° U B¢(B')*
= AB® U A¢(B')° U B*(B')*Q
= AB° U A°(B')° U BY(B')¢(A U A°)
= AB® U A°(B')° U (AB*(B')° U A°B¢(B')°)
— A(B° U BY(B')*) UA® ((B')° U B¢(B')°)

N ~ 2 N ~ 2
ed

If AB,, U ACB € F for n > 1. Consider

U(AB U A°B)) <UAB ) U (UAB,Q)

n=1

eF

Hence, we proved J is a o-algebra.

Conclude F = 0(# u {A}) Because JF is a o-algebra, and F > A u {A}. Hence by
the definition of the smallest o-algebra, we have F 2 o(ZA U {A}). But we also showed
F < o(# u{A}). Hence, we conclude F = o(Z u {A}).

Problem 1.9.44
Let A be a field of subsets of €2 and define
1 ={AcQ:3A,eAand 4, — A}.

Show A — A and A is a field.
14



Show A c A

It is clear that A < A. Let A € A. Then choose A, = A € A, we have A, — A. Thus,
AeA. B B B

And if we can show A < A, then we will have A = A. Thus A is a field because A
is a field.

The stated inclusion A c A is false. That shortcut is not available, because for
a general field A the inclusion A < A fails. Only A — A survives, and the second half
of the exercise has to be proved on its own, as is done in the next subsection.

Here is a counterexample. Take €2 = R and let

A :={AcR: Ais finite, or A is finite}

be the co-finite class, i.e. the class Fy of Problem 2.6.1 below. It is a field: @ is
finite so Q) € A; the defining condition is symmetric in A and A€, so A is closed under
complementation; and if A, B € A then either both are finite, in which case A U B is
finite, or one of them, say A, has A€ finite, in which case (A U B)¢ = A°n B° < A is
finite. Now put

A, ={1,2,...,n} e A, n=1

This sequence is monotone increasing, hence it converges, with

lim A, = liminf A,, = limsup A,, = U Ay =7
n—00 n—oo R ]
So Z=, € A. But Z, is infinite and its complement R\Z-, is infinite too, so Z=; ¢ A.
Hence A ¢ A.
The same thing happens for the field of finite disjoint unions of intervals (a,b] <
(0,1]: there (0,3 — 2] 1 (0,1), and (0, 5) is not a finite union of half-open intervals.
What goes wrong is exactly the passage from finite to countable operations. If A

were a o-field, then for any A, € A with A, — A we would get

A = liminf A, = U ﬂAkeA

n—0o0
n=1k=n

and the inclusion would hold. For a mere field the sets (., Ax need not belong to
A, and the counterexample above shows the conclusion genuinely fails.

So the two assertions that are true, and that are proved here, are A ¢ A above
and “A is a field” next.

Show A is a field.

Auxiliary results 1 (liminf, ., A,) u (liminf, ., B,) € (liminf, ., 4, U B,)

Suppose w € (liminf, , A,) U (liminf, ., B,). It means when n gets larger
and larger, either w € A, eventually keeps happening, or w € B, eventually keeps
happening. This means w € A, u B, will eventually keeps happening. Hence,
w € liminf,, ., A, U B,,.
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Auxiliary results 2 (limsup,,_,., 4,) v (limsup,,_,,, B,) 2 (limsup,,_,, A, U B,,)

Suppose w € limsup,, ,,, A, U B,. Then w € A,, U B,, will happens infinitely often.
Which means either w € A, will happen infinitely often, or w € B, will happens
infinitely often. Hence, w € (limsup,,_,,, A,) v (limsup,,_,, By).

Auxiliary results 3 Iflim,, ., A, = A and lim,, ., B,, = B, then lim,, ., A,uB, =
A U B. Use previous two auxiliary results, we have
AU B = (liminf A,) u (liminf B,)
n—0oo n—aoo

C liminf A, U B,
n—a0

c limsup A,, u B,

n—o0
< (limsup A,,) v (limsup B,,)
n—0oo n—0oo
=AuB

Hence, by “sandwich” theorem, we have

Au B =liminf A, u B, =limsup A4, u B, = lim A, u B,

n—00 N—00 n—00

Proof
e Qe A Because Qe A. If we let A4, = Q € A, then clearly A, — A.

e Let A e A. Then there exists a sequence of sets A,, € A such that lim,,_,., 4,, = A.
And A¢ € A. Then

A = (hm An)
n—00

(hm SUDP,, o0 An> = (ﬂn>1 Ussn Ak> = Uns1 Nesn A% = liminf, o, A

<lim inf, oo A, (Un>1 ﬂ,@n Ak) = ﬂn>1 Ussn Af = limsup,, . A
<= A° =limsup A’ = liminf A} = lim A
N—0 n—00 n—00
— A°c A

o Let A, B € A. Then there exists sequences of sets A,,B, € A such that
lim,, 0 A, = A and lim,, .o, B,, = B .

e Since A is a field, we have A, U B, € A.

e Lastly, since A U B = lim,,_, A, U B,. Hence, we have AU B e A.

Problem 2.6.1

Let 2 be a non-empty set. Let Fy be the collection of all subsets such that either A
or A¢ is finite.
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(a)
Show that F; is a field.

e (O is finite, hence () € F,

e If Ae Fy. Then two cases. (1) A is finite, (2) A is infinite. Case (1) means A° is
infinite, and (A°)¢ = A is finite. Hence A° € F,. Case (2) means A€ finite, hence
Ace ?0.

o If Aj,..., A € Fy. Then two cases. (1) All A; are finite: then U¥ | A; is a finite
union of finite sets, hence finite. (2) At least one of them, say Aj, is infinite.
Then AS is finite. Consider (UF_;A;)¢ = n¥_| AS < AS; a subset of a finite set is
finite, hence (UY_; A;)¢ is finite. Hence U%_| A; € F,.

Information

Define for E € J the set function P by

0, if F is finite
1, if E° is finite

P(E) := {

(b)

If Q is countably infinite, show P is finitely additive but not o-additive.

Show P is finitely additive Let A, B be disjoint sets. Then we have 3 different
cases

1. A, B are both finite.
2. A is finite, and B is co-finite

3. A, B both co-finite
Claim 3: Note that we cannot have both arbitrary disjoint A, B < ()
being co-finite sets. Because suppose by contradiction if they are, i.e. A¢, B¢ < ()

are finite. Hence, A° U B® = (A n B)¢ is finite. But since A, B are disjoint, i.e.
A n B =@. Hence, (A n B)¢ = ) which is infinite. Hence, a contradiction.

Case 1: If A, B are both finite, then A U B is finite. Hence

P(AuB)=0
P(A) =0
P(B) =0

Hence,

P(AUB)=0=0+0=P(A) + P(B)

17



Case 2: If A is finite, and B is co-finite, then A U B is co-finite, since (AU B)¢ =
A€ n B¢ € B¢ is finite. Hence

P(AuB)=1
P(A) =0
P(B) =1

Hence,
P(AuB)=1=1+4+0= P(A) + P(B)
Show P is not o-additive Since (2 is countable, denote elements in 2 be
Q=A{w; :i>1}

Choose A,, = {w,}, n = 1 be a sequence of disjoint subsets of €2, which are clearly in
Fo. Because A, is finite, hence

P(A,) =0
But see that
U A, =Q
n=1
Thus
P<U An) —P(Q) =1
n=1

Thus, not o-additive

(c)

If €2 is uncountably infinite, show P is o-additive on F.

Solution Let A, € Fy, n = 1 be a countable sequence of disjoint elements in JF.
Then we have three cases

1. All A,’s are finite.
2. One of A, is co-finite.

3. More than 2 A,’s are co-finite

Case 1: See that there can be at most finitely many of distinct non-empty A,,’s that
are finite. Because if there are countably many of distinct non-empty finite A,,’s, then
UnA, is a countable union of finite set, which is countable. But (u,A4,)¢ will not be
finite since €2 is uncountable.

The only exception is that if the countably many of non-empty disjoint subsets
stops at most Ay, ..., Ay different non-empty disjoint subsets for some N € Z~4, i.e.
we have UY_| A,,, which is finite. And @ = Ay =....

Then since everything is finite, we have

p(Ua) -0 S-S p(a)
8

n n=1
1



Case 2: If one of A, is co-finite, say A; is co-finite, i.e. A is finite. Then consider

OJAOC:fpﬁcAg

n=1 n=1

will be finite. Hence, we have u,>1A4, € Fy, and

P(QAH) =1= 1+7§:20=P(A1)+T§:2P(An)

Case 3: Because suppose by contradiction if there are more than 2 disjoint A,’s are
co-finite. Let’s just consider n = 2, where A{, AS are finite. Then the proof will be the
same as ) finite case. The induction will fail at n = 2.

In detail: suppose Ay, Ay € Fy are disjoint and both co-finite, i.e. both A{ and A§
are finite. Since A; N Ay = @, De Morgan gives

Q= 2° = (A N Ap)¢ = AS U AS

which is a union of two finite sets, hence finite. This contradicts the standing assump-
tion that €2 is uncountably infinite. So in a disjoint sequence in Fy at most one member
can be co-finite, and Case 3 is vacuous.

Therefore Cases 1 and 2 are exhaustive and P is o-additive on F,. Recall for Case
1 that o-additivity of a set function on a field is only asserted for disjoint sequences
whose union again lies in that field: if infinitely many of the A, were distinct, non-
empty and finite, then U, > A, would be countably infinite, and in an uncountable (2
such a set is neither finite nor co-finite, so it would not lie in ¥, and there would be
nothing to verify.
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5 Homework 5

HWS5 (due on 10/02): 2.6 - 3, 6, 7.

Problem 2.6.3

Let (2, 4, P) be a probability space. Show for events B; — A;, the following general-
ization of subadditivity

P(uiA) = P(UiB) < ) (P(A) — P(B))

Solution: Because B; < A, for all [, we have u;B; € U;A;, and moreover
A B <)
1 1 1

Indeed, if x belongs to some A;, but to no By, then in particular x ¢ By, so x € A;,\By,.
Thus,

P(UA) — P(uB) = P(ud\u B) < P( (AZ\BZ))

<D P(A\B) = > (P( By))

l
Problem 2.6.6
Say events Aq, As, ... are almost disjoint if
P(AiﬁAj>:O, Z#]
Show for such events
P(Uj=14;) = D P(4))

Solution: See that for finite case, we have

P(A; U 4j) = P(4;) + P(4)) — P(4; n 4;) = P(A) + P(4)

Thus, for every n € Z~,, we have

=1

See that B, := ul*,A; is an increasing sequence of events, and B, 1 u_ A, =: A as
n — o0. Then by continuity of probability measure, we have

n 0
P(A) = lim P(B,) = lim P(U_,4;) = lim Y P(4;) = > P(A
n—00 n—00 n—00 &~ el

which completes the proof.
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Problem 2.6.7 (Coupon collecting)

Suppose there are N different types of coupons available when buying cereal; each box
contains one coupon and the collector is seeking to collect one of each in order to win
a prize. After buying n boxes, what is the probability p, that the collector has at
least one of each type? (Consider sampling with replacement from a population of N
distinct elements. The sample size is n > N. Use inclusion-exclusion formula.)

Solution: Let the random variable X! being the number coupons of type i after
buying n > N boxes wherei = 1,..., N. We want to know p,, := P(X! > 1,..., XY >
1). Assume it is equal likely to get each type of box each time, i.e. foralli=1,... N

1 ‘ N -1
- — X =0)= ——
N’ P(Xi =0) N

Here X follows a Bernoulli distribution with probability %, and X! follows a binomial
distribution, i.e. X}, ~ Bin(n, ). Thus

P(X, =0) = (1 - %)n

Then consider the joint distribution (X, X7) for i < j. and
P(X! =0,X] =0) = P(X! =0|X/ = 0)P(X/ = 0)

)
(-3

In fact, the general case follows from a direct count. Fix k distinct types iy < -+ < iy.

P(X] =1)

The event {X1 = 0,..., X* = 0} means that every one of the n independent draws
avoids all k of these types, and a single draw does so with probability % Hence

) ) E\"
Xt=0,...,.X*=0)=(1——
PIXY = 0.0, X = 0) = (1- 1)

(the computation for k = 2 above serves as a consistency check).
Consider the complement

PO {(XF=0)=1-P(X}>1,.... XN >1)

n

Use inclusion exclusion formula, we have
N

P(Up {XE =0} = Y P(xF=0)- Y P(XI=0,X] =0)
k=1 i<j
+ P(X!=0,X]=0,X"=0)—...
i<j<k

+ (=D pXxl=0..., XV =0

n

— ]:fv<1 — %)n— (‘2[) (1 n%)n+...+ (—1)N+1<1 — %)n
SEEHIE
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Thus, combining the complement relation with the inclusion—exclusion computa-
tion,

pm=PX!=>1... . XN>1)= 1_P(LNJ{XS =O}) _ 1_%(_1)“1(2/) (1_%)n

k=1 k=1

which is the required probability.
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6 Homework 6

HWG6 (due on 10/09): 2.6 - 9 (b) (d), 11, 19(a) (b) (c).

Problem 2.6.9

Background: Call two sets A;, Ay € & equivalent if P(A;AAs) = 0. For a set A € A,
define the equivalence class

A* .= {Be % :P(AAB) = 0}
This decompose & into equivalence classes. Write
P (A%) = P(A), VAe A*

In practice we drop #’s; that is identify the equivalence classes with the members.

An atom in a probability space (2, %, P) is defined as (the equivalence class of)
a set A € #A such that P(A) > 0, and if B ¢ A and B € %, then P(B) = 0, or
P(A\B) = 0. Furthermore the probability space is called non-atomic if there are no
atoms; that is, A € Z and P(A) > 0 imply that there exists a B € % such that B < A
and 0 < P(B) < P(A4).

Remark

When we say an atom A € & with P(A) > 0, we mean that for every measurable
B c A, either P(B) = 0 or P(A\B) = 0 (equivalently, P(B) € {0,P(A4)}).

(a)

If @ =R, and P is determined by a distribution function F'(x), show that the atoms
are {x € Q: F(z) — F(z—) > 0}.

Solution: Given a probability space (2, F, P) and a random variable X ~ F. What
this question mean is to consider the push-forward measure of P by this random

variable X, i.e.
F(x) :=P((~o,z]) == (PoX"")((~0,z])

Since 2 = R, we can think X as an identity map. Let x € R, then
P({z}) = F(z) — F(z—)

where F'(z—) is the left-hand limit of F' at x € R. Remember that DF F is right-
continuous. Now we have two cases,

e F is continuous at z, i.e. F(z) — F(z—) = 0. Then P({z}) = 0, which means
{x} is not an atom.

e F has ajump at x, i.e. F(z) — F(z—) > 0. Then P({z}) > 0. So {z} can be an
atom
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For the second case, it is obvious that if B < {z}, either B = {z} or B = @&. Then
P(B) = P({z}) or P(B) = 0. Hence, {z} is an atom.

It remains to show the converse: every atom of P is equivalent to such a singleton.
Let A € #(R) be an atom and write ¢ := P(A) > 0. For each n € Z>,, the dyadic
intervals I, ; := (;—n, 92%1], J € Z, partition R, so

c=P(A) =) P(An1,)

JEZ

Since A is an atom, each term is either 0 or ¢, and since the terms sum to ¢, exactly
one index j, has P(An 1, ;,) = c. Write I,, := I, ;.. The level-(n + 1) dyadic intervals
refine the level-n ones, and the unique level-(n + 1) interval carrying mass ¢ must lie
inside I,,, because the level-(n + 1) intervals contained in I,, already account for all of
P(A n I,) = c¢. Hence the I, are nested, with lengths 27" — 0. By continuity from
above,
P(Am ﬂ]n) =limPANnI,)=c>0
n=1 e

50 ()51 In is non-empty; having diameter 0, it is a single point {z}. Then P({z}) >
P(An{z})=c>0,s0 F(z) — F(z—) = P({z}) > 0, and

P(A\{z}) =P(A) —PAn{z})=c—c=0

so A is equivalent to {z} in the sense of the background above. Hence, up to equiva-
lence, the atoms of P are exactly the singletons in {z € Q : F(x) — F(x—) > 0}.

(b)
If (2,%,P)=((0,1], 8((0,1]), A), where X is Lebesgue measure, then the probability

space is non-atomic.
Solution: Suppose this probability space is atomic. Say A € Z((0,1]) is such an
atom. Then we have A\(A) > 0 and for every measurable B < A, either A(B) = 0 or
A(B) = A(A).

Define f(t) := AM(A n (0,t]) for t € [0,1]. Then f(0) =0, f(1) = A(A) > 0, and f
is continuous, because for s <t

1F(t) = f(s)] = MA N (s,t]) < A((s,t]) =t — s

By the intermediate value theorem there exists t* € (0,1) with f(t*) = =~. Set
B:=An(0,t*] € #((0,1]). Then B < A and

AM4)

0 < A(B) = < \(4)

which contradicts the defining property of the atom A: every measurable subset of A
must have measure 0 or A\(A). Hence, ((0, 1], %((0,1]), A) is non-atomic.
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(c)

Show that two distinct atoms have intersection which is the empty set. (The sets A, B
are distinct means P(AAB) > 0. The exercise then requires showing P(ABA@) = 0.)
Solution: Let A, B € % be two atoms of the probability space. Assume P(AAB) >
0. Want to show P(A n B) = 0. Because A n B < A, B, by definition of atom, we
have either P(An B) =0 or P(A n B) = P(A) together with P(A n B) = P(B).
Let’s say we don’t have P(A n B) = 0. Then we have P(A n B) = P(A). Then

P(A\B) =P(A)—-P(AnB)=0

and
P(B\A) =P(B)—-P(AnB)=0

But this means
P(AAB) =P(A\B)+ P(B\A) =0

which contradicts the assumption P(AAB) > 0.

(d)

A probability space contains at most countably many atoms. (Hint: What is the

maximum number of atoms that the space can contain that have probability at least

1/n?

Solution: Let (2, 4, P) be a probability space, and suppose it contains atoms.
From the hint, consider the collection of sets

8, = {Ae%’:P(A)>l}

n

Consider atoms of the probability space in §,. Because each atom A € 4 can only
have probability P(A) > &, and use the result from Part (c) that two distinct atoms
can only have empty intersection. There can be only at most n distinct atoms of %
sitting inside §,,. Otherwise, if we had n + 1 or more distinct atoms A;,7 > 1, then

n+1 n+1 n+1 1 n+1
i=1 =1

=1

(the A; are pairwise almost disjoint by Part (c), so additivity holds as in Problem

2.6.6), which contradicts
n+1
P(U AZ-) <P(Q) =1
i=1

using monotonicity of probability measure P and U™ 'A; < Q. Furthermore, since
every atom A of the space satisfies P(A) > 0 by definition, the Archimedean property
of R supplies an n € Z>; with P(A) > %, so that A € §,. Hence every atom of
(Q, %, P) lies in at least one of the collections §,,, and by the previous paragraph each
3,, contains at most n distinct atoms.
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Define . .
S=|J8n= U{Ae%:P(A)>l}
n
n=1 n=1

Because each §,, has only n atoms, thus 8 has countable union of finitely many atoms,
which will have countably many atoms.

Overall, we proved the probability space (€2, %,P) can only contain countably
many atoms.

(e)

If a probability space (2, %, P) contains no atoms, then for every a € (0,1] there
exists at least one set A € & such that P(A) = a. (One way of doing this uses Zorn’s
lemma.)

Solution: Throughout we use “non-atomic” in the form stated in the background
above: if A e % and P(A) > 0, then there is a B € % with B < A and 0 < P(B) <
P(A).

Lemma (sets of arbitrarily small positive probability). Let (2, %, P) be non-
atomic, A € # with P(A) > 0, and § > 0. Then there is a D € 4 with D < A and
0<P(D) <é.
Proof. First we halve. Let C' € # with P(C') > 0. By non-atomicity there is B < C'
with 0 < P(B) < P(C), and then
0<P(C)—P(B)=P(C\B) <P(C)

so B and C\B are both measurable subsets of C' of positive probability. Since P(B) +
P(C\B) = P(C), at least one of them has probability at most § P(C); call it h(C).
Thus

h(C) < C, P(h(C)) > 0, P(h(0)) < 1P(0O)

Now set Ag := A and Ayyq := h(Ag), which is legitimate at every stage because
P(A) > 0. Then Ay 2 A; ©...., each P(Ax) > 0, and by induction

P(Ar) < —P(A) — 0 as k — o0

So P(Ay) < ¢ for k large enough, and D := A has the required properties. This
proves the lemma.

Construction of the set of probability a. Fix a € (0,1]. We build an increasing
sequence @ = By € B; € By € ... in & with P(B,,) < a for every n. Suppose B, is
already constructed. Put

spi=sup{P(C): Ce B, C < O\B,, P(B, +P(C)<a}

The collection on the right contains C' = &, so it is non-empty and 0 < s, < 1. Choose

C,, € # with

CocON\B,, P(B,)+P(C,)<a,  P(C,)
26
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which is possible by the definition of a supremum when s, > 0, and by taking C,, = @
when s, = 0. Set B,,;1 := B,, u C,. Since C, is disjoint from B,,

P(Bni1) = P(Bn) + P(Cy) < a

as required.

The limit set has probability exactly a. The sets Cy, (1, ... are pairwise disjoint:
C, € Q\B,,, while C,, € B,,.1 € B,, for every m < n. Let

B::UBn=UC’ne%’

n=0 n=0

By continuity from below, P(B) = lim, ., P(B,) < a, and by c-additivity over the
disjoint C),,

ZP(Cn)zP(B)<a<1<oo — P(C,) —0 asn—> o

n=0

Suppose for contradiction that P(B) < a, and put § := a — P(B) > 0. From
P(B) <a<1weget P(O\B)=1—P(B) > 0, so the lemma applied to Q\B gives a
D e A with

DcO\B, 0<P(D)<d

For every n we then have D < Q\B < Q\B,, and
P(B,) +P(D) <P(B)+P(D)<P(B)+d0=a

so D is one of the competitors in the supremum defining s,. Hence s, = P(D) for
every n, and therefore

n D
%>M>O for every n > 0

P(C,) =
which contradicts P(C,,) — 0. Consequently P(B) = a, and A := B is a set as
required.

Remark The hint suggests Zorn’s lemma, but the exhaustion argument above uses
only countable additivity together with countably many choices, so no maximal-
element argument is needed.

(f)

For every probability space (2, Z,P) and any e > 0, there exists a finite partition of
Q) by A sets, each of whose elements either has probability < € or is an atom with
probability > e.

Solution: Fix € > 0. The idea is to peel off the finitely many “large” atoms, lump
the remaining atoms into one small set, and cut the non-atomic remainder into slices
of size € using Part (e).
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Step 1: a set equivalent to an atom is an atom Let A be an atom and let
A' e B with P(AAA") = 0. Then P(A) = P(A) > 0. Let B e % with B < A'. Since
BA(Bn A) = B\A < A\A, we get P(B) = P(BnA). AsBnAC Aand Ais an
atom, either P(B n A) = 0, and then P(B) = 0, or P(A\B) = 0, and then

P(A\B) < P(A\A) + P(A\B) = 0

So A" is an atom with P(A) = P(A). This is just the statement that being an
atom is a property of the equivalence class, which is the convention announced in the
background of this problem.

Step 2: the atoms can be listed as a disjoint sequence By Part (d) there are
at most countably many atoms. Let A;, As, ... be representatives of the distinct ones
(a finite or an infinite list). By Part (c¢), P(A4; n A4;) = 0 for i # j. Put

G = A\ JAie s

1<j

Then G, Gs, ... are pairwise disjoint, and

1<j 1<j

so by Step 1 each G; is an atom with P(G;) = P(4;), and every atom of the space is
equivalent to one of the Gj.

Step 3: what is left over carries no atom Put

N:=\|JG ez
J

Suppose C € 4, C' < N, and C is an atom. By Step 2, C' is equivalent to some G},
so P(C) = P(C n Gj); but C < N is disjoint from G, so P(C) = 0, contradicting
P(C) > 0. Hence no measurable subset of N is an atom of P. If P(N) > 0, then in
the probability space
P() )
N, {Be #:Bc N}, =L

(v b P
a set ' € N is an atom for the normalised measure exactly when it is an atom
for P, since dividing by the constant P(N) > 0 changes neither “P(-) = 0” nor
“P(C\B) = 0”. So this space is non-atomic, and the same is true of any measurable
subset of N of positive probability.

Step 4: only finitely many atoms are kept separate The G; are disjoint, so
>.; P(Gj) <1 < o0. Choose J so large that

2 P(G)) <e

j>J
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(if the list of atoms is finite, take J to be its length and read the tail as @), and put

E:={]G;, PE)<e

3>J

No extra care is needed to catch the atoms of large probability: any G, with 7 > J
satisfies P(G;) < P(E) < ¢, so every atom of probability > € is automatically among
Gy,...,Gy.

Step 5: slicing the non-atomic part If P(V) =0, set M := 1 and H; := N;
then P(H;) = 0 < e. Otherwise let

-

€

and construct Hy, ..., Hys recursively. Suppose disjoint Hy, ..., H; 1 € N with P(H;) =
... = P(H;_1) = € have been chosen, where i < M — 1, and put

Ni = N\(Hlu...uHZ-_l), P(NZ) ZP(N)—(Z—l)E

From M — 1 < P(N)/e and i — 1 < M — 2 we get P(N;) > ¢, so

€

P(NV;)

€ (0,1]
and Part (e), applied to the non-atomic probability space carried by N; (Step 3), yields
H; < N; with P(H;) = e. Finally take

Hy = N\(Hy U ... Hyy), PHy)=P(N)— (M —1)e<e

the last inequality because Me > P(N). Thus Hi,..., Hy; is a finite partition of N
into A sets each of probability at most e.

Conclusion The finite family
{Gla"'7GJ} o {E} v {H17"'7HM}

consists of pairwise disjoint A sets whose union is €2, so it is a finite partition of €2
by % sets (discard the empty members if one insists that the blocks be non-empty).
Every block is of one of the two permitted kinds:

e cach G, with j < J is an atom, so either P(G;) <€, or P(G;) > € and it is an
atom of probability > e;

e P(E)<e
e P(H;))<eforl1<i<M.

This completes the proof.
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(g) (Metric space)

On the set of equivalence classes, define
d(A], AY) = P(A1AAy)
where A; € A? for i = 1,2. Show d is a metric on the set of equivalence classes. Verify
[P(A1) — P(A2)| < P(A1AA,)

so that P* is uniformly continuous on the set of equivalence classes. P is a o-additive

is equivalent to
B>A, | @ implies d(A" %) —0

Solution:  The only hard part of showing d is a metric is triangular inequality.
Consider A" A% A¥. See that

AlAAg - (AlAAQ) U (AQAAE})
Hence by monotonicity and sub-additivity of probability measure, we have

d(AT, AY)

P(AAA)
(A1 AAs) U (AsAAy))
(A1AA) + P((AsAAs))
d(AT, AY) + d(A], AT)

P
P

NN

For any Ay, Ay € A, we have

P(A1) = P(A1 n As) + P(A1\Ag)
P(A2) = P(A1 n As) + P(A2\A1)

Hence, by triangular inequality of absolute value |-|. we have
[P(A1) — P(A2)| = [P(A1\As) — P(A2\A1)| < P(A1\A2) + P(A2\A1) = P(A1AAy)

Suppose & 3 A, | @ . Then by monotone property of probability measure, we
have P(A,) | 0 as n — oo0. Observe that

d(A* &%) = P(A,A2) =P(A,) |0 asn— o

This completes the proof of this part.

Problem 2.6.11
Suppose {B,, : n = 1} are events with P(B,) = 1 for all n. Show

p(N5) -1

n=1
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Solution: We show

It is clear that
P(ﬂ Bn) <P(By)=1 forevery k>1

n=1
Also,
P( Bg) <) PB)=>(1-P(B,)=>,0=0
n=1 n=1 n=1 n=1
—P( Bg) >0
n=1
1- P< Bg) > 1
n=1
P< Bn> > 1
n=1

This completes the proof.

Problem 2.6.19 (Completion)

Let (©,%4,P) be a probability space. Call a set N P-null if N € 4 and P(N) = 0.
Call a set B < () negligible if there exists a P-null set N such that B < N. Notice
that for B to be negligible, it is not required that B be measurable. Denote the set
of all negligible subsets by N. Call # complete (with respect to P) if every negligible
set is P-null.

What if £ is not complete? Define

B ={AuM:Ae B MeN}

(a)

Show that #* is a o-field.
Solution: Check 3 axioms of o-field.

Since empty set @ has P(@) = 0 which is clearly a P-null set. Hence @ € N.
Also, @ € % because £ is a o-field. Choose A = @ € Z and M = @ € N. Thus,
g =0uUTe R

Let Au M € %* where A € 4 and M € N. For the negligible set M € N, there
exists a P-null set N € # such that M < N. Hence, taking complement, we have
M¢ 2 N¢. Consider

(AU M)® = A° A M
— A° A (N© U (N\M))
— (A° A N°) U (A° A (N\M))
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Because A, N € £, then A°n N¢e A. See that A°n(N\M) < N where N is a P-null
set. Hence, A° n (N\M) € N is a negligible set. Overall, (A u M) € %*.

Let A; U M; € &* for i = 1. For each M;, there exists a P-null set N; € 4 such
that M; < N;. Then u;>1M; € U;=1 N;. Observe that U,;>1NV; is also a null set by
sub-additivity of probability measure

P(uiz1V;) < ZP(Ni) = 20 -0

=1 =1

Hence, u;>1 M; € N is also a negligible set. Consider
Uiz1(As U M;) = (Ui>1Ai) Y (Uz‘lei)

where U;s1A4; € A and u;=1 M; € N. Hence, u;=1A; U M; € B*.
This completes the proof of #* being a o-field.

(b)
If A; € 2 and M; € N for i = 1,2 and
A1UM1=A2UM2

then P<A1> = P(AQ)
Solution: To show P(A;) = P(As), we show

P(A) <P(4) and P(A)) = P(A,)

Since M; € N, there exists P-null sets N; € 4 such that M; < N; for each 1 = 1, 2.
Thus we will have the following inclusion relationship

A u My = Ay u My € Ay U Ny, A, uMy=A, oM, < AL uUN;
Now, by monotonicity and finite sub-additivity of measure
P(A1) < P(A2 U Ny) < P(Az) + P(N2) = P(42) + 0 = P(Ay)
By symmetry, we have
P(A2) < P(A1uN) <P(A) +P(N) = P(4) +0=P(4)

Hence, we conclude

(c)
Define P* : #* — [0, 1] by

P (AuM)=P(A), AeAB,MeN

Show P* is an extension of P to &*.
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Solution: We need to first check if P* well-defined, and then check is indeed a
probability measure on #* where P* |4 = P.

Well-definedness of P*. Let A; u My, Ay U My € %* are sets such that
AL u My = Ay u M,
Then from Part (b), we already know P(A;) = P(As). Thus,
P*(A; v M) = P(A1) = P(A42) = P*(Ay U My)

Hence, this set function P* is well-defined.

Extension P*|4 = P. This is pretty clear. For A u M € #*, choose M = &, so
P*(A) =P (Av ) =P(4)

P* is a probability measure on #*. It is clear that P*(@) = P(@) = 0.

Also, for every A € A, M € N we will have P*(A u M) = P(A) = 0 from the fact
that P is a probability measure on Z.

The only non-trivial part is o-additivity. Consider A; v M; € %* be disjoint
sets for ¢ > 1. Note that the A; are then pairwise disjoint as well: A; n A; <
(A v M;)n(Aj u M;) = for i # j.

(Lot ) v (1) )

=1 =1

= P(U AZ) = > P(4)

=1 11

= ZP*(Ai U MZ)

=1

This completes the proof of P* being a probability measure.

(d)
If B Qand A; € B,i = 1,2 and A; € B € Ay and P(A3\A;) = 0, then show
B e #*.
Solution: We want to show there exists A € &4 and N € N such that B = Au N.
Observe that

B=A;u (B\A)

See that
B\Al =Bn Ai{ - AQ N Ai = Ag\Al

where Ao\A; € & has P(A3\A;) = 0. Thus, B\A; € N. Hence, B € #*.
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(e)

Show %* is complete with respect to P*. Thus every o-field has a completion.
Solution: Let A u M € #* where Ae % and M € N be such that P*(Au M) = 0.
We want to show every negligible set of A U M is in #*, i.e. for any F € Au M, we
have F € #*, i.e. E is a #*-measurable set.
Firstly, see that
P(A)=P"(AuM)=0

by assumption.
Since M € N, there exists a P-null set N € 4 such that M < N. Hence, we have

FcAUMCcCAUN
where A U N € 4. Because

P(AUN) = P(A) + P(N) —P(AnN) =0
—— = ~———
=0 =0 <P(N)=0

Hence, E' is also a P-negligible set.
In addition, see that @ < E. And we know @ € Z by definition of a g-algebra.
Thus, we have the following chain of inclusions

gcEcAUN

Also observe that
P(AUN\@)=P(AUN)=0

Thus, by part (d) of this question, we have F € #*. This completes the proof of Z*
being complete.
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7 Homework 7

HW 7 (due on 10/30): 2.6 - 19 (d) (e), 27 (a) (b); 3.4 - 2

Problem 2.6.19 (Completion)

Let (2, Z,P) be a probability space. Call a set N P-null if N € & and P(N) = 0.
Call a set B < () negligible if there exists a P-null set NV such that B € N. Notice
that for B to be negligible, it is not required that B be measurable. Denote the set
of all negligible subsets by N. Call & complete (with respect to P) if every negligible
set is P-null.

What if Z is not complete? Define

B ={AuM:Aec B, MeN}

(a)

Show that #* is a o-field.
Solution: Check 3 axioms of o-field.

Since empty set @ has P(@) = 0 which is clearly a P-null set. Hence @ € N.
Also, @ € % because £ is a o-field. Choose A = @ € Z and M = @ € N. Thus,
T =TuUTe R

Let Au M € %* where A € 4 and M € N. For the negligible set M € N, there
exists a P-null set N € # such that M < N. Hence, taking complement, we have
M¢e 2 N¢. Consider

(AuM)®=A°n M
= A°n (N“U (N\M))
= (A°n N°) U (A°n (N\M))
Because A, N € £, then A°n N¢e A. See that A°n (N\M) < N where N is a P-null
set. Hence, A°n (N\M) € N is a negligible set. Overall, (A u M) e A*.
Let A; U M; € &* for i = 1. For each M;, there exists a P-null set N; € 4 such

that M; < N;. Then u;1M; € ;=1 N;. Observe that ;> N; is also a null set by
sub-additivity of probability measure

P(uiz1 Vi) < ZP(NZ») = 20 -0

i>1 i>1
Hence, u;>1 M; € N is also a negligible set. Consider
Uiz1(As U M;) = (UizlAi) Y (Uz‘lei)

where U1 A4; € B and u;=1 M; € N. Hence, u;=1A; U M; € B*.
This completes the proof of #* being a o-field.
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(b)
If A;e & and M; e N for i =1,2 and

A1UM1:A2UM2

then P(A1> = P(Ag)
Solution: To show P(A;) = P(As), we show

P(A)) <P(4y) and P(A1) = P(As)

Since M; € N, there exists P-null sets N; € &£ such that M; < N, for each i = 1, 2.
Thus we will have the following inclusion relationship

A1 U My = Ay u My < Ay U No, Asu My =A 0 M € AUV
Now, by monotonicity and finite sub-additivity of measure
P(A)) < P(A2 U Ny) < P(Az) + P(N2) = P(42) + 0 = P(Ay)
By symmetry, we have
P(A4:) < P4 uN;) <P(A1) +P(V;) =P(A1) +0=P(4)

Hence, we conclude

(c)
Define P* : #8* — [0, 1] by

P*(AuM)=P(A), AeB MeN

Show P* is an extension of P to %*.
Solution: We need to first check if P* well-defined, and then check is indeed a
probability measure on #* where P* |4 = P.

Well-definedness of P*. Let Ay u My, Ay U My € %* are sets such that
AL UM, = Ay u My
Then from Part (b), we already know P(A;) = P(As). Thus,
P*(A; u M) = P(41) = P(As) = P*(As U My)

Hence, this set function P* is well-defined.

Extension P*|4 = P. This is pretty clear. For A u M € #*, choose M = &, so
P*(A) =P (Au @) =P(A)

P* is a probability measure on #*. It is clear that P*(@) = P(@) = 0.
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Also, for every A € B, M € N we will have P*(A u M) = P(A) = 0 from the fact
that P is a probability measure on Z.

The only non-trivial part is o-additivity. Consider A; U M; € %* be disjoint
sets for 7 > 1. Note that the A; are then pairwise disjoint as well: A; n A; <
(AiUMi)ﬁ(AjUMj) :QfOI'Z?éj

o (o) - () )

=1 =1

= P(U AZ-) = > P(4)

1=1 =1

= > P*(4; U M,)

1>1

This completes the proof of P* being a probability measure.

(d)

If B Qand A, € #,i = 1,2 and A; € B < Ay and P(A3\A;) = 0, then show
B e #*.

Solution: We want to show there exists A € 4 and N € N such that B = A u N.

Observe that
B = Al U (B\Al)

See that
B\Al =Bn Ai - AQ M Ai = AQ\Al

where As\A; € Z has P(A3\A;) = 0. Thus, B\A; € N. Hence, B € %#*.

(e)

Show Z* is complete with respect to P*. Thus every o-field has a completion.
Solution: Let Au M € #* where A e % and M € N be such that P*(A u M) = 0.
We want to show every negligible set of A U M is in $*, i.e. for any F < Au M, we
have E' € #*, i.e. F is a #A*-measurable set.
Firstly, see that
P(A) =P"(AuM)=0

by assumption.
Since M € N, there exists a P-null set N € 4 such that M < N. Hence, we have

EFEcAUMCcCAUN
where A U N € 4. Because

P(AUN) = P(A) + P(N) —=P(AnN) =0
—— ~—— ~——
=0 =0 <P(N)=0

Hence, FE is also a P-negligible set.
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In addition, see that @ < E. And we know @ € Z by definition of a g-algebra.
Thus, we have the following chain of inclusions

g EFEcCcAUN

Also observe that
P(AUN\@) =P(AUN) =0
Thus, by part (d) of this question, we have F € %*. This completes the proof of Z*

being complete.

Problem 2.6.27 (Regular measures)
Consider the probability space (R, Z(R¥), P). A Borel set A is regular if
P(A) = inf{P(G) : G 2 A, G open}

and
P(A) = sup{P(F) : F < A, F closed}

P is regular if all Borel sets are regular. Define € to be the collection of regular sets.

(a)

Show R* € €, @ € C.
Solution:

Show RF € C. Let A := R*. We know R* is both open and closed. See that R is
the only open set that contains A = R*. Thus, we have

P(A) = P(R") = inf{P(G) : G 2 A, G open}
In addition, R¥ is the largest closed set that is contained in A. Hence,
P(A) = P(R*) = sup{P(F) : F < A, F closed}

Thus, we have R € C.

Show @ € C. Denote A = @. We know & is both open and closed. Observe that &
is the only closed set that is contained in A = @&. Hence, we have

P(A) = P(@) =sup{P(F): F < A, F closed}
In addition, @ is the smallest open set that contains A = &. Hence,

P(A) = P(@) = inf{P(G) : G 2 A, G open}
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(b)

Show € is closed under complements and countable unions.
Solution:

Show C is closed under complements. Let A € €. Then we have
P(A) = inf{P(G) : G 2 A, G open}

and
P(A) =sup{P(F): F < A, F closed}

We want to show A¢ € C, i.e.
1) P(A°) = inf{P(G) : G 2 A°, G open}
2) P(A°) =sup{P(F) : F < A, F closed}
Show P(A®) = sup{P(F) : ' < A, F closed}. Let’s first focus on
P(A) = inf{P(G) : G = A, G open}

This means P(A) is the greatest lower bound of P(G) for all open sets G = R* that
contains A. Then for every ¢ > 0, we will have at least one G < R* open such that

P(G) <P(A) +e¢

Consider all open set U < R* that contains A, i.e. U 2 A. Taking the complement,
denote F' = U°. Firstly, F' are all closed sets. Secondly, we are going to have F' =
U°¢ < A°. Hence, by monotonicity of probability measure, we have

P(F) < P(49)

i.e. P(A°) is an upper bound of P(F) for all closed sets F' = U¢ < R that is contained
in A°. This means we obtained all closed sets contained in A°. Thirdly, if we focus on
the closed set G¢, from P(G) < P(A) + ¢, we will have

P(G°) > P(A°) —¢

Thus, P(A°) is the least upper bound of P(U¢) for all closed sets F' = U¢ < RF that
is contained in A¢. Hence, we have

P(A°) = sup{P(F) : F < A°, F closed}
Show P(A¢) = inf{P(G) : G = A°,G open}. Let’s first focus on
P(A) =sup{P(F): F < A, F closed}

This means P(A) is the least upper bound of P(C) for all closed sets C' < R* that is
contained in A. Then for every ¢ > 0, we will have at least one F' < R* closed such
that
P(F)>P(A) —¢
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Consider all closed set C' < R¥ that is contained in A, i.e. C < A. Taking the
complement, denote G = C°. Firstly, G are all open sets. Secondly, we are going to
have G = C° 2 A°. Hence, by monotonicity of probability measure, we have

P(G) = P(A°)

i.e. P(A°) is a lower bound of P(G) for all open sets G = C° € R* that contains A°.
This means we obtained all closed sets contained in A°. Thirdly, if we focus on the
closed set F°, from P(F) > P(A) — ¢, we will have

P(F°) <P(A°) + ¢

Thus, P(A°) is the greatest lower bound of P(C¢) for all open sets G = C° € R* that
contains A¢. Hence, we have

P(A°) = inf{P(G) : G 2 A°, G open}

Show C is closed under countable unions. Let A;,..., A,,... € €. Want to
show U” A, € C, ie.

1) P(UX,A,) =inf{P(G) : G 2 uX_|A,, G open}
2) P(UX_1A,) =sup{P(F): F < ur A, F closed}

Denote A = U, A,.
Show P(U_1A,) = inf{P(G) : G 2 Ur_,A,,G open}. We want to show P(ur_;A,)
is the greatest lower bound of P(U) where U < R* is an open set that contains A, i.e.
U2 A

Let € > 0. For each n € Z=1, there exists an open set U, < R* such that A, < U,

and
€

on
Denote U = u)_,U, which is an countable union of open sets, which is also open.
Then we have U A, < U ,U,. Hence, we have

P(A) = P(QAn)< P(p Un)= PU)

=1

P(U,) <P(4,) +

Observe that

o0 o0
U\A = (U Un>\<U A,

n=1 n=1

(09 (0%)
n=1 n=1

- (O (Un N ﬁ Ag)), by distributive law
n=1 k:IAc
; g

< [ JWnn A
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Then by monotonicity and countable sub-additivity, we have

P(U)—-P(A) =P(U\A) = P((G Un>\<g An)>

n=1

<P( § (UnmA;;))

n=1

< i P(U, n A%)

= > P(U.\A,)

Hence, we get

P(U)<P(A) +¢
This shows P(A) is indeed a greatest lower bound.
Show P(UX_1A,) =sup{P(F) : F < ur_ A, F closed}. Similarly, we want to show
that P(A) is the least upper bound of P(C) where C' € R¥ is a closed set that is
contained in A, i.e. C < A.

Let € > 0. For each n € Z~, there exists a closed set C,, € R¥ such that A, 2 C,

and
€

P(C,) > P(A,) — o

Denote C' = ny_,C),, which is a countable intersection of closed sets, which is also
closed. Then we have u)_ A, 2 n*_,C,. Hence, we have

P(A) = P(Q An)> P(fj Cn> = P(C)

()

An) N C*

Observe that

A\C

0
U (A C° ), by distributive law
—

=1 cCe

c JA,ncy)

0
n=1
0
n=1

3

3
—
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Then by monotonicity and countable sub-additivity, we have

P(A) —P(C) = P(A\C) = ((UA) (ﬁ@))

< P( (A, N C’,ﬁ))
n=1

P(A,nC;)

MS

3
I
—

I
18

P(A\Cy)

i
I

I
[]s
]

N
N

|
~
£

3
I
—

A
Y i
3| o

Hence, we get
P(C)=>P(A) —¢
This shows P(A) is indeed a least upper bound.

(c)
Let F(R*) be the collection of closed subsets of R*. Show
F(RF) c €.

Solution: Let C' € F(R*). Because C is closed, it is clear that C' < C is closed.
Hence,

P(C) =sup{P(F): F < C, F closed}
Now I want to show

P(C) = inf{P(G) : G 2 C,G open}

In particular, we want to show for all € > 0, there is an open set U € R¥ where U 2 C
such that
P(U) <P(C) +e

Show P(K) = inf{P(G) : G 2 K, G open} for K = R* compact. First, let’s show
this statement holds for a compact set K < R¥. For m € Zs, let

- {Z‘ € Rk m}
be the open %—neighborhood of K. Each U,, is open and contains K, the sequence
(Unm)m=1 is decreasing, and (,,o, Uy, = K, because a point at distance 0 from the
closed set K belongs to K. By continuity from above of P,

P(U,) — P(K) as m — oo
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so for every € > 0 there is an open set U := U,, 2 K (for m large enough) such that
PU\K)=P(U)—-P(K) <e¢

Hence, we have

PU)<P(K)+e
Hence, P(K) is a greatest lower bound of P(G) for G € R* open that contains K.
Hence, we have

P(K) = inf{P(G) : G 2 K, G open}

Hence, we will have K € @ for all K < R¥ compact.
Show P(C) = inf{P(G) : G 2 C,G open} for C = RF closed. For C' = R* closed,
consider the intersection with all closed balls. See that

¢ = n B 0)

where B,(0) = {x € R* : d(x,0) < r} is the ball centered at origin of radius r, and
B,.(0) means the closure of this open ball, which will be compact. Then C'n B,.(0) will
be compact. Because we already have showed K € € for all K < R* compact, and we
showed C is a g-algebra. Thus, we know countable union of compact sets will also be
in €. Hence,

C= G(Cm B,(0) €€

(d)

Show %(R*) = C; that is, show regularity.
Solution: Because Borel o-algebra %(R¥) is generated by all open sets of R, i.e.

B(R*) = ¢({U = R* : U open})
Similarly, we can say Borel o-algebra Z(R¥) is generated by all closed sets of R¥, i.e.
B(R*) = 0({C = RF : C closed}) = o(F(R))

Hence, Borel o-algebra %(RF) is the smallest o-algebra that contains F(R*). Because
the set of regular set of R” is also a o-algebra, which we denote as €. Hence we have

BRY) e

(e)
For any Borel set A
P(A) = sup{P(K) : K ¢ A, K compact}

Solution: Pick a closed set. Precisely, let A € Z(RF) and let € > 0. By Part (d) the
set A is regular, so in particular
P(A) =sup{P(F) : F < A, F closed}
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and hence there is a closed set ' < A with

P(F) > P(A) —§

Now exhaust F' by compact sets. For n € Z~, put

K, := F n B,(0), B,(0) := {z e R* : d(2,0) < n}

Each K, is an intersection of two closed sets, hence closed, and it is bounded; so K,
is compact by Heine—Borel, and K,, € F < A. The sequence (K,) is increasing with

JKi=FnlJB.0)=FnR*=F

n=1 n=1

so continuity from below of P gives
P(K,) — P(F) as n — o

Choose n with P(K,) > P(F) — §. Combining the two estimates,
P(K,) > P(F) — % > P(A) — e, K, < A, K, compact

Hence
sup{P(K) : K € A, K compact} > P(A) — ¢

and since € > 0 was arbitrary, the supremum is > P(A). The reverse inequality is
immediate from monotonicity: K < A gives P(K) < P(A), so P(A) is an upper bound
for the set of numbers P(K'). Therefore

P(A) = sup{P(K) : K € A, K compact}

for every Borel set A, which is the assertion.

Problem 3.4.2
Let (©,4,P) = ((0,1],2((0,1]),\) where X is Lebesgue measure. Define

where Q n (0,1] < (0, 1] are the rational numbers in (0, 1]. Note
P(X;=Xo = X3 =0) = 1

and give
o(X;), 1=1,2,3.

Solution:
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Part (1). Show P(X; = Xy = X3 = 0) = 1. Note that the event in question is an
intersection,

{(Xi=Xo=X3=0} ={X; =0} n{Xy =0} n{X;3 =0}

and each of the three events is immediate from the definitions:

{X1=0} =0 =(0,1]

{X; =0} ={we (0,1] : 1y (w) = 0} (0, 1\{1/2}

{X3=0} ={we(0,1]: 1Qm(01 =0} =(0,1\Q
where in the last line Q abbreviates @ n (0, 1]. Since 3 € Q@ (0,1], we have (0,1]\Q =
(0, 1]\{1/2}, so the intersection collapses to

{X1=Xo = X3 =0} = (0,1]\Q

which is a Borel subset of (0, 1], being the complement of a countable set.

It remains to compute its Lebesgue measure. The set Q n (0, 1] is countable, say
Qn(0,1] = {¢; : ¢ = 1}, and each singleton is Lebesgue null, A({¢;}) = 0. By countable
sub-additivity,

AQn (0,1]) < ) A{ai}) =

=1

Hence
P(X) = Xz = X3 = 0) = A((0, 1NQ) = A((0,1]) ~ @~ (0,1]) = 1 -0 = 1
Part (2). First see that each X, is a function
X;: (2, %,P) — (R, B[R),P =PoX;")
Find o(X;). See that for any B € Z(R), we have

_ Q, 0eB
Xll(B)Z{@ 0¢ B

Hence, (X)) := X; " (B(R)) = {Q, 2}.
Find o(X5,). See that for any B € Z(R), we have

Q, 0eB,1€B
oo 0¢ B, 1¢ B
X (B) =9 (1)), 0¢B. 1cB

(0,1\{1/2}, 0e B, 1¢ B

Hence, o(X2) = X; ' (B(R)) = (2,2, {1/2}, (0, 1]\{1/2}}.
Find o(X3;). See that for any B € Z(R), we have

Q, 0eB, 1€eB
, 0¢ B, 1¢B
Qn(0,1], 0¢B, 1B
(0,1\Q, 0eB, 1¢B
Hence, 0(X3) := X3 {(ZB(R)) = {Q,2,Q n (0, 1], (0, 1]\Q}.
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8 Homework 8

HWS (due on 11/06): 3.4 - 4, 5, 6, 17.

Problem 3.4.4
Suppose X : 2 — R has a countable range R. Show that X € #/%(R) if and only if

X '({z}) e &, VreR

Solution:

—

Suppose X € Z/%A(R). Then the claim is R < ZA(R). It is clear that for any
x € R, {z} € B(R) because {x} = R is a closed set. Then by X € #B/A(R), we have
X 1{z}) e B.

<

Suppose for all z € R, X! ({x}) € 8. Want to show X € B/B(R),i.e. X H(B(R)) =
AB. Let Ae B(R). Because of A is a o-algebra (which means it is closed under count-
able union), then we have

XA =X"'RnA) = (] X '({a}) e
——

zeANR B

Thus, we conclude X € /% (R).

Problem 3.4.5

If F(z) = P(X < z) is continuous in z. Show that Y = F(X) is measurable and that
Y has a uniform distribution

PY <y) =uy, 0<y<l1

Solution:

Measurability of Y. Consider the map between measurable spaces

Y=FX): (,2) — RZBR)) — ([0,1],2([0,1]))
w — Xw) F(X(w))

Want to show Y~1(%([0,1])) = #B. We already showed composition of measurable
functions is measurable. So we only need to show F~(%([0,1])) = B(R).

Denote T([0,1]) be the set of open sets of [0, 1], and T(R) be the set of open sets
of R. We know a(T([0,1])) = #([0,1]), and o(T(R)) = Z(R). Because if we want to
show

o(F~H(T([0,1]))) = F~H(e(T([0,1]))) = F~(£([0,1])) = Z(R)

using the definition of the smallest o-algebra, it suffices to show F~1(T([0,1])) = B(R).
Let A e T([0,1]). Because F is continuous at x, thus

F1A) e TR) c o(T(R)) = BR)
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Hence, we conclude F~}(T([0,1])) < #(R). Thus, F~1(%([0,1])) =« Z(R). This

completes the proof.
Distribution of Y. We need to show
PY <y =y,  Vyel01]

Fix y € (0,1) and set
z, :=sup{te R: F(t) <y}

which is finite because F'(t) — 0 as t — —c0 and F(t) — 1 as t — +c0. By continuity
of F' we have F(z,) = y: indeed F(t) <y for all t < z,, gives F(z,) <y by continuity,
while F'(t) > y for all t > z, gives F'(z,) = y. Moreover

{V <y} ={F(X) sy} = {X <}

because X < z, implies F(X) < F(z,) = y by monotonicity, while X > xz, implies
F(X) > y by the definition of the supremum. Then

P(Y<y):P(X<xy>:F($y):y

For the endpoints: P(Y < 1) = 1 trivially. For y = 0, note {Y < 0} = {F(X) = 0} =
{X € Sy} where Sy := {t : F(t) = 0} is closed by continuity; if Sy = @ the event is
empty, and otherwise Sy is bounded above (since F' — 1) with maximum ¢, € Sy, so

PY <0)=P(XeS) <P(X <ty =F(t) =0

Either way P(Y < 0) = 0, completing the verification.

Problem 3.4.6

If X is a random variable satisfying P(|X| < o) = 1, then show that for any ¢ > 0,
there exists a bounded random variable Y such that

P(X#Y)<e
(A random variable Y is bounded if for all w
Y(w)| < K

for some constant K independent of w.)
Solution: Let ¢ > 0. Because P(|X| < ) = 1. There exists a large constant K > 0
such that

P(X|>K)<e

Define Y as the truncation of X at K.
Y = X1x<k
Clearly Y is bounded. See that
{(X #Y} ={|X|> K}

Then
PX#Y)=P(X|>K) <e
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Problem 3.4.17

Functions are often defined in pieces (for example, let f(z) be 2® or 7! as x = 0 or
x < 0), and the following shows that the function is measurable if the pieces are.
Consider measurable spaces (Q, %) and (Q,%) and amap T : Q — Q. Let
Ay, Ag, ... be a countable covering of Q by Z sets. Consider the o-field %, = {A :
Ac A,,Ae B} in A, and the restriction T,, of T' to A,,.
Show that T is measurable %/%” iff T,, is measurable %n/%/ for each n.
Solution:

1

_—
Suppose T € %/% . Choose an arbitrary n. Let B € %'. We want to show
T.Y(B) € #,. See that

T-YB)=T"YB)n A, €%,
— =
ch €X

. >
-~

cAp

This completes the proof.

<

Suppose T;, € %,/% for all n. We want to show T7(%) c %. Let B e #.
Because (A, )n>1 is a ZB-cover of ), observe that

T-YB)=T"YB) n (U An> - T "B n A = T, (B) e 2
— - — —~ ————
n=1 n=1 1\ (B) n=1 BB

This completes the proof.
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9 Homework 9

HW9 (due on 11/13): 3.4 - 18, 22; 4.6 - 1, 3.

Question 3.4.18 (Coupling)
If X and Y are random variables on (02, %), show

sup|P(X e A) —P(Y e A)| < P(X #Y)
Ae#

Solution: Observe that for any A € %,

PXeA)-PYed)=PXeAX=Y)+P(XeAX#Y)
—PYeAX=Y)-PYeAX#Y)
=PXeAX=Y)-PYeA4AX=Y)

v~

=0

+P(XeAX#Y)-PYeAX#Y)
=PXeAX#Y)-PYeAX#Y)

Hence, for any A € £, we have

P(XeA) -PYeA)|=PXeAX#Y)-PYeAX#Y)|
<max{P(X e A X #Y), PYeAX#Y)}<P(X#Y)
because for non-negative a, b we have |a—b| < max{a, b}, and both events {X € A, X #
Y} and {Y € A, X # Y} are contained in {X # Y}, so both probabilities are at most
P(X #Y).
Since this bound holds for every A and its right-hand side does not depend on A,
taking the supremum over A gives

sup|P(X e A) —P(Y e A)| <P(X #Y)
A

which is the claim.

Question 3.4.22 (First up-crossing time)

Suppose {X,, : n > 1} are random variables on the probability space (€2, %Z,P) and
define the induced random walk by

So=0, Sp=> Xin>1
i=1

Let
7:=inf{n >0:S, > 0}

be the first upgoing ladder time. Prove 7 is a random variable. Assume we know
T(w) < o for all w € 2. Prove S; is a random variable.
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Solution:

Show 7 is a random variable. Want to show 771(%(R)) < 4. Consider the event
(—oo,n] € Z(R) where n > 0 is arbitrary. Consider

7 ((~0,n]) = {weQ:7(w) e (—w,n]} = {we Q:7(w) <n}

= | Jlwe:7(w) = ¥}

= knl({Sm <0 for all m < k} n {Sy > 0})
k=1

_ Q(ﬁ{sm <0} A {8 > 0})

_ Q(’fj{gxigo}m{imo})

Now the claim is i
{ZXigo}e@, {ZXi>O}e%
i=1 1=1

Because finite sum of random variable is still a random variable. (This is obvious for
simple random variables. And the general random variable is the closure of set of
simple random variables €). Hence, we conclude

D) = U= <ﬂ7’;_11{221 X; <0} n {Zf:1Xi > 0}) €eB, n>0

a, n<0

7 ((—o0,n

This determines 771 ((—o0, x]) for every real z as well: since 7 takes valuesin {1,2,...}u
{+o0}, we have {1 < z} = {7 <|z|}, so 77! ((—0, z]) € £ for all x € R. The collection
{(—o0,x] : x € R} generates Z(R), so by the test for measurability we conclude 7 is
measurable.

Show S, is a random variable. Observe that

o0
S = ; Sn]-{rzn}

Here S,, is a finite sum of random variables, hence is also a random variable.

e On the other hand, {r = n} = {T < n}\{r < n —1} € B. Hence, 1{,_,) is a
measurable function.

e Product of measurable functions is a measurable function. This is obviously true
for simple measurable functions. So we can find an approximating sequence of
the product. Under this construction, product will be a measurable function.
Hence, S, - 1{7—p} is a measurable function.

20



e Countable sum of measurable functions is a measurable. Because the partial

sum
N
Z Sn]-{T:n}
n=1

will be measurable. We proved limit of measurable functions (if exists) is mea-
surable. Hence, S, = Zle Splir—pn) is measurable. This finishes the proof.

Question 4.6.1
Let By,..., B, be independent events. Show

n

PQQBOzzL—rﬂl—PGM)

i=1

Solution: See that by independence of events, we have

e(()) lp(gq&y)
Sop())

=1- H P(By), independence

Question 4.6.3

If {A, :n > 1} is an independent sequence of events, show

Solution: Denote

Then see that
o0 o0
(A =()B.=B
n=1 n=1

and {B,, : n > 1} is a decreasing sequence of events.



Then by continuity of probability along the decreasing sequence (By), and by
independence of the finite collections Ay, ..., Ay, we have

P<ﬁA)

P(ﬁ BN) = lim P(By)

N=1
N N
- &%P(ﬂ An) = Jim [ [P(4)

= H P(4,)
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10 Homework 10

HW10 (due on 11/22 Friday): 4.6 - 8, 18, 17(a).

Exercise 4.6.8

If X and Y are independent random variables and f, g are measurable and real valued,
why are f(X) and ¢g(Y') independent? (No calculation is necessary.)
Solution: Here, the compositions of the maps are

(Q,2,P) =5 (R, 2R) —14 (R, Z(R))

Suppose X, Y are independent. That means o(X) = X 1(Z(R)) and o(Y) = Y (A(R))
are independent. This means for all events A € o(X) and B € o(Y), A and B are

independent.
Because f,g € Z(R)/%A(R) are measurable. Hence,

fHBR) « BR), g (BR) c B(R)
Thus,

o(foX)=(foX) (Z[R) =X (f(BR))) < o(X),
o(goY)=(goY) (Z(R) =Y (g7 (B(R))) < oY)

Thus, any A € o(f o X) and any B € o(g oY) are independent. Thus, o(f o X) and
o(g oY) are independent, which means f(X) and g(Y') are independent.

Exercise 4.6.13

Let {X,, : n > 1} be iid with P(X; = 1) = p = 1 —P(X; = 0). What is the probability
that the pattern 1,0, 1 appears infinitely often?
Hint: Let
Ap = {X =1, Xpy1 = 0, Xpp0 = 1}

and consider Ay, Ay, A7, ...
Solution: We want to show the event A, will happen infinitely often. Because X,,’s
are 11D, then

P(Ak> = P(Xk: = 17Xk+1 = Oan+2 = 1)
=P(Xy = 1) P(Xps1 = 0)P(Xpy2 = 1)
=p*(1 —p)

Still, because X,,’s are independent, then events A; 3, for & > 1 are independent.

Consider
o0

P(Aisr) = ) p°(1—p)

k=1 k=1



Because lim,, ., p*(1 — p) = p*(1 — p), so by the divergence test, this series diverges
for p € (0,1). Thus, by Borel-zero-one law, we have

It remains to consider the endpoint cases. If p = 0 or p = 1, then P(A4) = p*(1—p) =0
for every k, so >, P(A;) < o and the Borel-Cantelli lemma gives P(A; i.0.) = 0;
indeed the pattern 1,0, 1 requires both a 1 and a 0, which is impossible when the X,
are almost surely constant. Hence

. v |1, pe(0,1)
P(A; i.0.) = { 0. pefo 1)
Exercise 4.6.17
Review Example 4.5.2

Exercise 4.6.17 (a)

Suppose {X,, : n > 1} are iid random variables and suppose {a,} is a sequence of
constants. Show

‘ B 0 iff ZnP(Xl > an) < 00,
P({X, > ay} io.) = { 1 it X}, P(Xy > a,) = o,

Solution: Because X,,’s are IID RVs, thus the event A,, := {X,, > a,} are indepen-
dent. By Borel-zero-one law, we know

‘ 0, if Zf:l P(Ay)
P (A, i0.) :{ 1, if Y P(A4,)

A

0
0
Consider the part >, P(X; > a,) < c. Suppose Y, P(X; > a,) < o is true.

Then lim,,_,, P(X; > a,) = 0. Because X,,’s are IID, hence P(X; > a,) = P(X,, >
ay,). Thus, we will have

Z P(A,) = Z P(X, >a,) = 2 P(X| >a,) <o

Then by Borel zero-one law, we have the statement.
On the other hand, use contradiction. Suppose P(A4, i.0.) = 0, but we have
>, P(Xi1 > a,) = w. By IID, we have

o0 = iP(Xl > a,) = iP(Xn > ay)

Then by Borel zero-one law, we have P({X,, > a,} i.0.) = 1, which contradicts the
statement P (A, i.0.) = 0.
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Consider the part ), P(X; > a,) = c. Suppose Y, P(X; > a,) = c. Then by
IID, we have

Then by Borel zero-one law, we have P({X,, > a,} i.0.) = 1.
The other direction, still use contradiction. Suppose P(A,, i.0.) = 1, but we have
>, P(X1 > a,) < co. By IID, we have

oo>ZPX1>an i (Xn > ay)

n=1
P(Xn>an)

Then by Borel zero-one law, we have P({X,, > a,} i.0.) = 0, which contradicts the
statement P (A4, i.0.) = 1.
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11 Midterm 1

Problem 1. (4 points)

For any € < P(Q2), show that 0(€) = o((€)). Here o7 (%) is the algebra generated
by €.
Solution: We show

1) o(%) € (A (7))
2) o(€) 2 o(A(¥))

(1)

This is easy direction. Because € < &7 (%), hence € < o(o/(¢)). By the definition
of the smallest o-algebra, we have 0(%) < o( (%))

(2)

We want to show &/ (¢) < o(%). Clearly algebra generated by % is contained in
o-algebra generated by %. Because any sets in /(%) is constructed by taking set
complement, set difference, finite union, finite intersection of sets in ¥. On the other
hand, (%) is constructed by taking set complement, set difference, countable union,
and countable intersection of sets in €. So clearly &/ (¢) < o(%¢). When taking
countable unions of sets in &7 (%), we can take non-empty A,..., A, € € and @ =
Ani1 = Apyo = ... Then under this construction, Uy_; Ay = Uy A, € 0(¢). This
shows any set in &7 (%) will also be in ¢(%). Hence, we complete the proof.

Problem 2. (4 points)

Let A € 0(%), where € is an uncountable collection of subsets of 2. Then there exists
a countable subset %; of € such that A € 0(%p).

Solution:  The statement says for any A € o(%), there exists a countable sub-
collection %y < € such that A € 0(%)). If this statement is true, then this o-algebra
is going to be union of all o-algebras generated by some countable sub-collection C,

1.e.
o(¢) = U o)
%o % countable
Define
H = {6y S € : 6, is countable}
and denote

= |J @)= ] 0%

$oC¢ countable GoeH

We want to show . = ¢(%’). We will do this in the following steps:
1. Show . < 0(%)

2. Show € < .&.
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3. Show . is a o-algebra.

If we can show Step 2 and 3, then we can conclude o(%) < . by the definition of the
smallest g-algebra. Then it completes the proof.

(1)
It is clear that . < o(%).

e Because 6y & %, hence 6, < o(%).

e Hence, by the definition of the smallest o-algebra generated by %,, we have
(o) < o(¥).

e Since this is true for all 6 € 5, hence . := Ug,cnro(6o) < o(F).

(2)

To show € < .. Let A € €. Then there will be a countable sub-collection of sets
%y < € such that A € %,. (For example, 4y = {A} which only contains a single
element). Thus, A € o(%)) for some €, € . Hence, A € .¥ = Ug,ero(6y). This
completes the proof of ¥ < .&.

(3)

Because 0(%) is a o-algebra for all €, € 5, hence 2 € 0(%)). Hence, Q2 € Ug,c o (6o) =
.

Let A € .. Then there exists at least one 6, €  such that A € 0(%)). Because
0(%o) is a o-algebra, which means it is closed under complement. Hence A° € o(%)).
Hence, A€ .7.

Let Ay,...,A,,... € .. Then for each A,, there exists %, € # such that A, €
0(%,). Define a set

Because %, is a countable union of countable sets, hence % is also countable.
Hence, o(%p) < - by construction of ..

And because 6,, < % for all n € Z,, we have 6,, < (%)) for all n € Z;.

Hence, by the definition of the smallest o-algebra, we have 0(%,,) < o(%)) for all
ne ZZl'

e Hence, we conclude A, € 0(%,) < 0(%) for all n € Z,.
e Because 0(%)) is a o-algebra, we conclude U¥_, A, € 0(%)) < ..

This completes the proof of . being a o-algebra.
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Problem 3. (4 points)

Let F(z) be a distribution function. Set . = {(a,b] : —00 < a < b < +0}, with
the convention that (a,0] = (a,00). Define a set function P on . by P((a,b]) =
F(b) — F(a). Show that P is a probability measure on .7

Solution:

(1) Show P(Q2) =1

The whole set in this case is 2 = [—o0, ®0]. Then

P([_Oovoo]):F(OO)—F(—oo)zl_Ozl

(2) Show P(A) >0 for all Ae.”

Also because a distribution function is non-decreasing, hence for all a < b, we will
have F(a) < F(b). Thus, for any (a,b] < 2, we will have

P((a,b]) = F(b) = F(a) = 0

Note that we can evaluate F'(x) at x = a because distribution function is right-
continuous.

(3) Show countable additivity

(3.1) Step 1: Show finite additivity of P

Let (an,b,] < Q where n = 1,2,..., N be pairwise disjoint intervals such that
U (an,b,] € . Then the only possibility that can let their union sit in .7 is
we have b, = a,,, for all n = 1. Let’s consider the finite-additivity first. See that
{UN_(an,bu]}n>1 is an increasing sequence of N, and inf, a, = a; and sup,, b, = by.

Thus,
o ()t - F(suot) - (i) - Pl - Pl

n=1

Do the telescoping, we have

P(Q(an,bn]) — F<sgp bn) - F(i%fan> — F(by) — F(ay)

= F(by) — F(b1) +F(b1) — F(a1)
=F(a2)
(bN) — F(CZN) + F(bel) — F(aN,l) + ...+ F(bl) — F(CLl)

Il
T

I
M=

(F'(bn) — F(an))

3
Il
—

I
M=

P((anvbn])

3
Il
—
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Thus, this set function P satisfies finite additivity.

(3.2) Step 2: Show countable additivity
Let (an,b,] € Qwheren = 1,2,. .. be pairwise disjoint intervals such that U_, (a,, b,] €
<. WLOG, let’s order them as —o0 < a1 < by < ag < by < ... < 400. More precisely,
the union will be of the form .
U (any bn] = (CL, b]

n=1
where a = inf, a,, and b = sup,, b,.
Want to show

P(b) — F(a) = = 2 P((ab]) = 2 (P a;))

The problem of doing a countable summation of positive numbers, things can really
go wrong. For example, this summation may goes to infinity. You don’t know if this
countable sum will converge or not.

(3.2.1) Step 1: show F(b) — F(a) < Y7, (F(b;) — F(a;))

=1
What we will do is to fix a small € > 0. And we will make the interval (a,b| a bit

smaller by looking at the interval [a + €,b]. In addition, we will make the intervals
(a;, b;] slightly bigger by looking at (a;, b; + €;) where €; > 0 is a small positive number
such that

P((CLZ‘, bl + q]\(ai, bz]) = P((CLZ‘, bz + 61]> - P((ai, bz]) = F(bl + 61) - F(b) < E%

Such interval (a;, b; + €;) exists because of the right-continuity of F. See that if we let
€; | 0. Then the CDF will be

€40

Thus, taking limit of probability difference will become

lim(P((a, i + &) = P((a, b)) = m(F (b + ) = F(b)) = F(b) = F(b) = 0

Hence, we can choose some ¢; > 0 such that the desired property holds. Then we have
[a+e,b]c(a,b]=Z a;,b U(az,b —I—el>
i>1 -1

By (quasi-)compactness of the interval [a + €,b], every open cover has a finite
subcover. Hence, there exists IV such that

<ai, bz + Gi)
i=1
Hence, we have

N
(a+eblcla+eb]c Ugl,b +el>c

=1

[a +€,b]

Cz

-

(ai, bz + Ei:|
1

1



So by monotonicity of probability measure and finite additivity of P,

F(b)— F(a+e€) =P((a+¢0b]) < P<C[J(ai, b; + ei]) = i P ((% bi + ei])

=1 i=1

= Z (F(bi +€) — F(ai)>

Since € is arbitrary, we send € to 0, we get

o]

F(b) = F(a) < ) (F(bi) — F(a:))

i=1
where in the last step we use right-continuity of F', where lim._,o F'(a + €) = F(a).

(3.2.2) Step 2: show F(b) — F(a) = >~ (F(b;) — F(a;))
Next we show

Note

ee}

N
(a,b] = Z(az’, bi] = Z(ai, bi], for any N €Zz,
i=1

i=1

Then by the monotonicity of probability measure, we have

F(b) — Fa) = P((a,b]) > P (Zmi, bz-]) = S(F(by) — Fa))

i=1 i=1

Send N to infinity, we have
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Problem 4. (4 points)

Prove the “Inclusion-Exclusion” formula (Formula (2.2) on Page 30 of the textbook).
Recall: The inclusion-exclusion formula is of the form

P<£J1Ak>=§P(Ak)— DI PAinA)+ D PAnA N A -

I<i<g<n I<i<j<k<n

+(=D" D P4y N0 A

I<i1<...<ipn<n

For example, in the matching problem, where P(A4; n---nA4;,) = (";!k)!, this evaluates

()t () ()52 e

Solution: Use proof by induction.

Base case, n = 2.

Because A; U Ay = A;\Ay + A; n Ay + A5\ Ay, then finite-additivity of probability
measure,

P(A; U A) =P(A1\A2) + P(A1nA) + P
=P(A1\A2) + P(A1 n A) + P

= (P(A1\A2) + P(A1 n Ay)) +

=P(A) +P(4y) —P(A1 n Ay

AQ\Al) + P<A1 M Ag) - P(Al M Ag)
P(A\A)) + P(A; n Ay)) — P(A; n Ay)

which completes the proof of base case.

Induction case

Suppose the formula is true for all £ < n case, we want to verify it is also true for
k =n + 1 case. See that by apply n = 2 case to the following, we have

o([n) () -o((0) v o(({) o0

k=1

See that by applying distributive law to the sets in the last term, we get

((NRE(Te

Applying the induction hypothesis to P(uj_; Ax) and P(Uj_;(Ar N Aniq)). We get

P(U Ak) = Z P(Ax) — Z P(4;4;) + Z P(AiA;Ax) —
k=1 k=1 1<i<j<n I<i<j<k<n

+ (=) tP(A; ... A))
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and

P(Utdn 4] = NP = T Pl (4)400)

=1 k=1 I<i<j<n

—
=P(AiA;An11)

+ Y PU(AAn ) (A An) (ArAn)) —

J

1<i<j<k<n -
=P(A;A; A Any1)

+ (=1t P((A1An+1) . (AnAnH)z

:P(AlAnAn+1)

Note that

P((AiAn1)(AjAn)) = P(AiAj A1)
P((AAn11)(AjAn)(ArAnir)) = P(AAArAn i)

P((Aidrs) . (Andres) — P(Ar . Andy )
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Plug all of these back into the original equation, we get

(U] - () sri-p((Y) o)

ip — D PAA)+ D P(AAAL) -

= k=1 1<i<j<n 1<i<j<k<n
+(-1D)"P(A .. A
+ P(An-l—l)
Z Ak n+1 Z P((AzAn+1)(AJAn+1))
k=1 1<i<an\ ~ g
=P(A;AjAny1)

D PUAA) (A A (AAnn)) —

1<i<j<k<n v
- =P(A;A;ApAny)

+ (_1)n72 Z P(Au N...NMN Ai”_l M An+1)

1<i1<..<ip—1<n

+ (=1)"P((A1Ans1) - .. (AnAnH)Z

[\

~-
=P(A1---AnAn+1)

— ZP(Ak) — ( 2 P(AAj) + ZP(AkAn+1>>

. J/
v~

:Z1<i<j<n+1 P(AiAj)

+( Y PAAA)+ )] PAAAn+1)>

1<i<j<k<n I<i<jsn

(. J
h

:21<i<g‘<k<n+1 P(AiA; Ay)

— (=) (P(Al A)+ ) P(A .Ain_lAn-i-l))

I<ii1<..<ip—1<n

o J
"

:21<i1<.u<in<n+1 P(Ai1 ~~~Ain)

+(=1)"P(A;... A An)

n+1
= Y PA) - D PAA)+ D P(AAAL) -
k=1 I<i<jsn+1 I<i<j<k<n+l1

+ (=1)"P(Ay... A1)

Hence, we completes the proof by induction.

Problem 5 (4 points)

Let (2, Z,P) be a probability space. A set A € .# of positive measure is called an
atom of P if P(B) = 0 or P(B) = P(A) for every subset B € .# of A. A measure is
called non-atomic if it does not have atoms. Suppose that P is a non-atomic measure

63



in this problem. Show the following is true: Fix any set A € .% of positive measure, i.e.
P(A) > 0. For arbitrary small € > 0, there is a subset B of A such that 0 < P(B) <e.
Solution: Fix an arbitrary small € > 0. Fix a set A € % with P(A) > 0. Because
P is non-atomic, there exists a B € .% such that B < A and 0 < P(B) < P(A). Then
inductively, let’s do the same thing on B.

For convenience, let’s denote A = A;. Then because P is non-atomic, there exists
Ay € Z such that Ay < Ay and 0 < P(Ay) < P(A;). Keep going, there exists Az € %
such that A3 < Ay and 0 < P(A43) < P(A42). And so on.

Because the inequality is < not <. There will be some N > 1 such that Ay < Ay_;
and 0 < P(An) < e. We define this B = Ay.

Remark

Last answer is wrong because although P(A,,) might be decreasing, its limit might not
be zero. The counter-example is

Refinement: Use prove by contradiction. Suppose

inf P(B)=c¢

BcA,P(B)>0

for some € > 0.
Denote By = A and ¢y = €. Now define

o ¢; = infpcp, pB)=0 P(B). Since By = A, this is the same infimum as the one
defining €, so €; = €.

e Pick B; © By such that ¢; < P(By) < ¢ + 1.

Next, we define inductively that
1) Define €, = infgcp, , ps)=0 P(B). Then clearly by construction €, > €,_1 > €.
2) Pick B,, € B, such that €, < P(B,) < €,-1 + %

We have that the two sequences produced by this construction are monotone in
opposite directions.

e (¢,) is non-decreasing. Indeed B, < B, _1, so the infimum defining €,,; ranges
over a sub-collection of the one defining ¢,, and an infimum over a smaller col-
lection is at least as large. Moreover P(B,_1) = €,-1 = € > 0, so B,_; is itself
admissible in the infimum defining €, and €, < P(B,_1) < 1. A non-decreasing
sequence bounded above converges, say €, 1 €, € [€, 1].

e (P(B,)) is non-increasing, since B,, € B,,_1, and bounded below by €, > ¢ > 0.
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The only consequence of 2) used below is the two-sided estimate

1 1
EnéP(Bn><€n—1+_<€n+_
n n
the last step being the monotonicity just recorded. (A set B, meeting this weaker
requirement always exists, straight from the definition of ¢, as an infimum.) Squeezing
and using €, 1 €y,

lim P(B,) = ¢

n—a0

Now put
B:=(\B,eF

n=0

The B,, decrease, so continuity from above of P gives

P(B) = lim P(B,) =€, =2 €¢>0

n—a0

and B € By = A. Since P is non-atomic and P(B) > 0, the set B is not an atom, so
there is a C' € % with C' < B and

0<P(C) <P(B) = ¢

On the other hand C' < B < B,,_; and P(C) > 0, so C is admissible in the infimum
defining ¢,, i.e.
P(C) = ¢, for every n > 1

Letting n — oo gives P(C) = €4, contradicting P(C') < €.

Hence the assumption that the infimum is positive is untenable, and

inf  P(B)=0
BCA,P(B)>0

The collection over which this infimum is taken is non-empty, because A itself belongs
to it. So by the definition of an infimum, for every § > 0 there is a B € % with B< A
and

0<P(B)<d

which is exactly what the problem asks for.
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12 Midterm 2

Problem 1. (5 points)

Let (2, %) be a measurable space and X a r.v. taking values in R. Let o(X) be the
o-field generated by X and Z#(R) the Borel o-field on R.

Problem (1.1)

Show that if f : R — R is a Borel measurable function, then Z = fo X : Q) — R is
o(X)/%(R) measurable.
Solution: If f: R — R is Borel measurable, it means f~!(Z(R)) < B(R).

Since X is a random variable. So o(X) = X 1(%4(R)) < 4.

Because f~1(%(R)) < B(R), thus

Z(AR)) = (fo X) (Z(R)) =X (f(#R)) c X (BR)) =0(X)c #
Hence, we do have Z = f o X is 0(X)/Z(R) measurable.

Problem (1.2)

Show that, conversely, for any Z : Q@ — R which is o(X)/Z(R) measurable, there
exists a Borel measurable function f : R — R such that Z = f o X. (Hint: start with
indicator functions and approximate an o(X)/%(R) function by simple functions.)
Solution:

Step 1: Let Z = 1, for some A€ o(X)
Because Z is 0(X)/%(R)-measurable, we have Z 1 (Z(R)) < o(X) = X 1 (Z(R)).
Because A € o(X), it means A = X~ (B) for some B € %(R). Hence,

Z = ]_A = 1X71(B) = ]—BOX
Hence, we may choose f = 1p. Because B € Z(R), so f is clearly Borel measurable.

Step 2: Let Z = )"  a;14, € € be a simple function

The result will just extend by linearity. Because each A; = X~ (B;) for some
B; € B(R).

Thus,

7 = iailAi = iailxq(gi) = iailBi oX = (iailBi) oX
i=1 i=1 =1 i=1

Hence, we may choose f = Z?:l a;ilp,.

Step 3: Let Z > 0 be a non-negative o(X)/%(R)-measurable function
For Z > 0 and o(X)/%(R)-measurable, we can pick an approximating sequence
0 < Z, 1 Z. Note that in this case
Z = lim Z, =sup Z,
n—o0 n
From Step (2), we know for each Z,, € &, there is a Borel measurable f,, € Z(R)/%(R)

such that Z, = f, o X.
Now the issue is we don’t know
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e if lim, . f, exists or no (from the construction, there is no monotone behaviour
of f,, so we don’t know if f,, converge or not).

But sup,, f,, will exist because following from construction from Step (2), we see that
each f, is a simple function, so each one of them is finite. Hence, it makes sense to
define sup,, f,. Hence, define

fi=sup fr

This f is again Borel measurable. Observe that
7 = sup Z, = sup(f 0 X) = (supfn) oX = foX

Step 4: General o0(X)/%(R)-measurable RV Z
Separate Z using the trick
Z=7"-7"

where Z* = max{Z,0} > 0 and Z~ = —min{Z,0} > 0. From Step (3), we know there
are Borel measurable functions f1, fo € B(R)/Z(R) such that

Z+:f10X7 Z_:fQOX

Hence,
Z=7"-7" =fioX—-froX=(fi—fa)oX =foX

where we define f := f; — f5. This is clearly Borel measurable.
This completes the proof.

Problem 2 (5 points)

Let (2, %, 1) be a probability space, and f > 0 such that {;, fdu = 1. Define a set
function v on (£, %) by

u(B)szdu, V Be &

Problem (2.1)

Show that v is a probability measure.
Solution:

Show v(Q2) =1
See that by our assumption, we have

V(Q)ZJ;]fd,u:l

Show if A € #, then v(A) = 0.
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Let A € #. Using the property X > Y then EX > EY, we have

V(A)szduzLiA/]L dp =0

=0

Show o-additivity
Let Ay, ..., A,,... € A be disjoint and A = U’ A, € . Want to show v(A) =
Yo V(An).

y(A) = Lf dp = L 1af dy :f 1o a,f dp

Q

s} N
:LZlAnf du:LJ&ngAnfdu
n=1 n=1
MCT ol
£ g | X as do

N
= lim Z J 14, f dpu, by linearity of integral
n=1Y8

N—0

- X [ rdu= Y

This completes the proof.

Problem (2.2)

Show that for any random variable X > 0, we have

| xav = | xsan

Hint: Start with indicator functions for X
Solution:

Step 1: Indicator functions
First, let’s assume X = 14 for some A € 4, and show above is true for indicator
function. Simply observe that

JQ 1adv =v(A) = JA fdu = JQ 1afdu

Hence, the statement is true for indicator functions.

Step 2: Simple functions
Next, let’s assume X = 2?21 a;14, where a; € Ry and A;’s is a partition of €.
Then we have

Xdl/zf a;la,dv = aif 14,dv
J;l Q; 4 ; Q 4
=Y [ taddi = [ Satagan = [ (Soaa) i | xran
=1 YO Q=1 Q Q

i=1
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where we applied linearity of integral in the process. Hence, we have done the simple
function part.

Step 3: Non-negative function.
Denote € be the collection of simple functions. If X > 0, and X,, € € (with X, > 0)
is an (increasing) approximating sequence of X, i.e. X, 1 X as n — 0.

Then
f Xdv = J lim X, dv
Q Q n—0o0

= lim | X,dv, by MCT

n—ao0 Q
= lim | X, f du, using Step (2)
n—a0 [}
=Jlianfd,u=fod,u, by MCT
Qn® Q

Here, we applied Monotone Convergence theorem twice. First time is easy. The second
time is because, if X,, 1 X, then X,,f 1 X f. Hence, it is valid to apply MCT. Thus,
we complete the proof.

Problem 3. (5 points)

Suppose X and Y are independent random variables. Show that for any measurable
function f,g: R — R we have that f(X) and g(Y) are independent.
Solution: Here, the compositions of the maps are

(Q,2,P) -5 (R, 2R) —14 (R, Z(R))

Suppose X, Y are independent. That means o(X) = X 1(Z(R))and o(Y) =
are independent. This means for all events A € 0(X) and B € o(Y), A a

independent.
Because f, g € B(R)/%(R) are measurable. Hence,

fH(#R) « ZR), g (#R) < BR)

H(#A(R))

nd B are

Thus,
o(foX)=(foX)"(Z(R)) =X (fT(BR))) < o(X),
o(goY)=(90Y) (Z(R)) =Y (g (Z([R)) = oY)

Thus, any A € o(f o X) and any B € o(goY) are independent. Thus, o(f o X) and
o(g oY) are independent, which means f(X) and g(Y') are independent.

Problem 4. (5 points)

Let (Q, %, P) be a probability space and X € L!(R) a random variable. Show that for
any fixed € > 0, there always exists a § > 0 such that for all B € # with P(B) < ¢,
we have
f | X|dP < €
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Solution: X € L'(R) means {,|X(w)|dP(w) < . Suppose for contradiction that
there exists an € > 0 such that for all § > 0, there exists a B € 4 with P(B) < § but

f|X|dP>e
B

Because the above statement is for all § > 0, let’s construct a sequence d,, = 2% for
n € Z=1. Then for each §,, there exists a B, € & with P(B,,) < d,, such that

fuwpze
Then integrate | X| over B,
J | X|dP = f [ X1(1qx12n) + L(x|np)d P = J | X1 xj<nyd P +f X |1 x>nd P
Bn Bn B, B,
<nP(B) + | PX1xomdP
Bn
1
Sngy | XxendP
Q
Because { |X|dP > ¢, hence we have
1
€ < f | X|dP < n2—n —&-J |X|1{\X|>n}dP
n Q

Now let n — o0. See that

I. 5 > 0asn— .

2. | X|1{x=n} | 0 almost surely as n — o because X € L'(R).
To see that the second term tends to 0, define

In = X xisy — X[ Lgxisny, n=1

Since 1y x|>n} < 1yx|>1y for n > 1, each g, > 0; the g, are non-decreasing in n, and
by 2. above g, 1 |X|1{x|>1; almost surely. By the Monotone Convergence Theorem,

E g, 1 E[|X[1yx>1] < E[X| < ©
and therefore

J I X|1(x=mdP = E[|X|1gxj=1}] —Egn — 0  asn—
Q

(the subtraction is legitimate because E[|X |1 x|>1;] is finite). Hence

1
Q

n—0o0

This is a contradiction.
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