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1 Sets and Events

1.1 Preliminaries

1.1.1 What is this Chapter about?

When we start learning numbers in our previous studies, we learned two things

(i) Operations of numbers.

For example, we learned `,´,ˆ,˜ and a´1 to help us better understand num-
bers.

(ii) Closure properties of those algebraic operations.

This means, for example, we see that if we add two real numbers a, b, the result
we formally denoted as a ` b is still a real number. Then we say real number is
closed under addition. Similarly, if we multiply two real numbers a, b, the result
we formally denoted as a ˆ b is still a real number. Then we say real number is
closed under multiplication. Likewise, if we take inverse of a real number a, the
result which we formally denoted as a´1 is still a real number.

Because we have so many algebraic operations, sometimes we want to focus on
some number of operations, and this motivates the notion of algebraic structure.
For example, suppose we only care about addition and multiplication, then we
look at a set that is closed under both addition and multiplication, we call it has
ring structure. For example, real number R has a ring structure. In addition,
we have groups, fields, and algebras. The meaning of these structures is they
allow us to talk about the ”closure of operations”. For example, we want after
we multiply two real numbers, the result is still a real number. If it is not, then
we may have to invent a new structure.

However, these two things are dealing with the relationship between two points. But
when we work on probability theory, we are no longer only interested in the relationship
between points. Rather, we are interested in relationship between sets. Therefore, we
have to extend all above notions to Set first. Likewise, we used panq to denote a
sequence of real numbers, and we can talk about limit of this sequence. We will use
pAnq to denote a sequence of sets, and we can define the notion of ”limit of sets”.

1.1.2 Least Upper Bound & Greatest Lower Bound of Sets

A subset of R is ”bounded” if it does not stretch off to infinity. So ”boundedness” is
a finite condition.

Definition 1.1 (Upper Bound/Lower Bound). Let E be a non-empty subset of R. An
upper bound for E is a number β such that

x ď β for all x P E

If an upper bound exists for E, then E is said to be bounded above. Similarly, a
lower bound for E is a number β such that

x ě β for all x P E
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If a lower bound exists for E, then E is said to be bounded below. If E is bounded
both above and below, then E is said to be bounded.

A ”least upper bound” for a set is then an upper bound that is as small as possible.

Definition 1.2 (Least Upper Bound/Supremum). Given a non-empty subset E Ď R
that is bounded above. A least upper bound λ for E is the smallest upper bound of
E, i.e. λ has two properties

(i) λ is an upper bound of E,

(ii) If γ P R is another upper bound (x ď γ for all x P E), then λ ď γ.

Least upper bound is also called Supremum of E, and is denoted as

λ :“ supE

In the case that E does not have an upper bound (i.e. not bounded above) or E is
empty, we can still define Supremum for E. The convention is supE “ `8 if E does
not have an upper bound, and sup∅ “ ´8.

There is another characterization of supremum/least upper bound which is not
intuitive but useful for computation purpose. In the rest of this notes, whenever we
have to show something is the supremum, we will use the following characterization.

Theorem 1.3 (Least Upper Bound). Let E be a non-empty subset of R that is bounded
above, and let λ be an upper bound for E. Then λ is the least upper bound for E if
and only if for every ϵ ą 0, there is a y P E such that y ą λ ´ ϵ. Consequently, the
least upper bound is defined via the following two properties:

(i) λ is an upper bound of E.

(ii) For all ϵ ą 0, there is a y P E such that y ą λ ´ ϵ.

Proof. For the forward direction.

• Suppose that λ is the least upper bound of E.

• Let ϵ ą 0.

• Since λ ´ ϵ ă λ, and λ is the smallest upper bound of E, it follows that λ ´ ϵ is
not an upper bound for E.

• This means that E must contain some element of y P E such that y ą λ ´ ϵ.

Conversely.

• Suppose λ is an upper bound for E and for every ϵ ą 0, there is a y P E such
that y ą λ ´ ϵ.

• We want to show that λ is the least upper bound for E.

• Suppose that γ is some upper bound of E. We need to show λ ď γ.
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• Suppose for contradiction that λ ą γ. Then 0 ă λ ´ γ “: ϵ.

• By assumption, there exists a y P E such that y ą λ´ ϵ “ λ´ pλ´ γq “ γ. This
contradicts that γ being an upper bound.

Remark 1.4. The idea of this new characterization can be summarized into following
two properties

(i) λ is an upper bound of E.

(ii) There is no number smaller than λ that is an upper bound.

A ”greatest lower bound” for a set is then an lower bound that is as big as possible.

Definition 1.5 (Greatest Lower Bound/Infimum). Given a non-empty subset E Ď R
that is bounded below. A greatest lower bound µ for E is the greatest lower bound
of E, i.e. µ has two properties

(i) µ is an lower bound of E,

(ii) If γ P R is another lower bound (x ě γ for all x P E), then µ ě γ.

Greatest lower bound is also called Infimum of E, and is denoted as

µ :“ inf E

In the case that E does not have an lower bound (i.e. not bounded below) or E is
empty, we can still define Infimum for E. The convention is inf E “ ´8 if E does not
have a lower bound, and inf ∅ “ `8.

Similar to supremum, there is another characterization of infimum/greatest lower
bound which is not intuitive but useful for computation purpose.

Theorem 1.6 (Greatest Lower Bound). Let E be a non-empty subset of R that is
bounded below, and let λ be a lower bound for E. Then λ is the greatest lower bound
for E if and only if for every ϵ ą 0, there is a y P E such that y ă λ`ϵ. Consequently,
the greatest lower bound is defined via the following two properties:

(i) λ is a lower bound of E.

(ii) For all ϵ ą 0, there is a y P E such that y ă λ ` ϵ.

Proof. The forward direction is easy. The backward direction again use proof by
contradiction. I will not verify the details.

Remark 1.7. The idea of this new characterization can be summarized into following
two properties

(i) λ is a lower bound of E.

(ii) There is no number bigger than λ that is a lower bound.

Lastly, if we have a sequence of real numbers tanu8
n“1. Then we define

lim inf
nÑ8

an :“ sup
NPZě1

inf
něN

an, lim sup
nÑ8

an :“ inf
nPZě1

sup
něN

an (1)
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1.2 Naive Set Theory

1.2.1 Set Builder Notation

Measure-theoretical Probability is build from measure theory, which is a field deal with
theories of sets. So it is important for us to know all basics of sets.

Recall that a Set is a collection of unique objects.

• If A is a set, the notation x P A means element x is in the set A. This reads as

– ”x is an element of A” or,

– ”x is in A” or

– A contains x

• Express the fact that the statement x P A is FALSE by writing x R A. This
reads as

– ”x is not an element of A” or,

– ”x is not in A” or

– A does not contain x

A particular set is defined exactly by its members. We can define a set by the following
ways:

1. Explicitly listing out the elements: for example A “ tdog, cat, pandau, B “

t0, 2, 4, 6, . . .u.

2. Giving a description of the set: for example let B be the set of non-negative even
numbers.

3. Using Set Builder Notation: for example, writing

A “ t x P R | x2 ` 1 ą 37 u

The set of All real numbers Such that This statement is true

Sometimes we can abbreviate set builder notation. For example, for the set

A “ tx P R | there exists k P Z such that x “ kπu

we can write A “ tkπ | k P Zu. This is called Abbreviated Set Builder Notation.
We can read this abbreviated notation part by part:

A “ t kπ | k P Z u

The set of real numbers of this form such that this statement is true
6



1.2.2 Inclusion of sets

There are two simple relations between sets.

1. We say A is a subset of B when every element of A is an element of B. This is
written as A Ď B, and is read as

• ”A is a subset of B” or

• ”A is contained in B” or

• ”B contains A”

By convention, A Ă B means the same thing as A Ď B. (This is unlike ă and
ď). For proper containment it is denoted as A Ĺ B. In terms of logic, A Ď B
means that

x P A ùñ x P B

(the quantifier @x is understood); that is, ”if x is an element of A, then x is an
element of B; that is, all elements of A are elements of B.

2. We say two sets A and B are equal when every element of A is an element of
B and every element of B is an element of A. This is written as A “ B.
Equivalently, A “ B iff A Ď B and B Ď A. In terms of logic, A “ B means that

x P A ðñ x P B

The symbol |S| for a set S means the number of elements of S, it is also called
cardinality of S. If sets A and B are finite, then

A Ď B ùñ |A| ď |B|

The subsets of a set S forms a set, called the power set, or the set of parts of
S. Power set is denoted as PpSq; a popular alternative is 2S. This notation comes
from the fact that the cardinatlity of power set for a finite set S is |PpSq| “ 2|S|.

1.2.3 Basic operations between sets

Previously we have ”operations of numbers”. Now we want to know what are the
”operations of sets” just like `,´,ˆ,˜ for numbers. Here are the basic set operations
that we should know for this subject

• Y: the union

• X: the intersection

• z: the set difference (or set complement)

• △: the symmetric difference
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For those who has not seen symmetric difference, it is defined as

A△B “ pAzBq Y pBzAq

And for union and intersection, it is taken over an index set which we will denoted
as T. The union and intersection over the index set T are defined as

ď

tPT

At :“ tω | ω P At; for some t P Tu

č

tPT

At :“ tω | ω P At; for all t P Tu

However, there are different versions of unions depends on different version of index
set T. There are 3 different cases of index set:

1. T finite: (e.g. T “ t1, . . . , nu) Then we have finite union.

2. T countable: (e.g. T “ N,Z,Q) Then we have countable union.

3. T uncountable: (e.g. T “ R, r0, 1s) Then we have arbitrary union.

Likewise for intersection. Depends on different index set T, we have 1) finite inter-
section, 2) countable intersection, 3) arbitrary intersection.

1.2.4 Indicator functions

There is a very nice and useful duality between sets and functions which emphasizes
the algebraic properties of sets. That is, given a set A, we can define a function called
Indicator Function of A as

1Apωq :“

"

1 if ω P A
0 if ω R A

(2)

This is also called characteristic function by some measure-theorist. Here are two
simple properties of indicator functions

• 1A ď 1B if and only if A Ď B

• 1Ac “ 1 ´ 1A

The big deal of this duality is that, rather than studying sets directly, we can study
function instead. And we will have many tools to study functions.

1.3 Limits of Sets

Lecture 2024-08-31

Just like we can define infimum, supremum and limits for a sequence of numbers,
we can also define the same notion for a sequence of sets. Let An, n ě 1 be a sequence
of sets. We define

• infimum of sets: infkěnAk :“
Ş8

k“nAk
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• supremum of sets: supkěnAk :“
Ť8

k“nAk

• limit infimum of sets: lim infnÑ8 An :“
Ť8

n“1

Ş8

k“nAk “ sup8
n“1 inf

8
k“nAk

• limit supremum of sets: lim supnÑ8 An :“
Ş8

n“1

Ť8

k“nAk “ inf8
n“1 sup

8
k“nAk

The limit of a sequence of sets is defined as follows: if for some sequence Bn of subsets
has

lim sup
nÑ8

Bn “ lim inf
nÑ8

Bn “ B

Then the set B is called the limit of Bn, and we write

lim
nÑ8

Bn “ B or Bn ÝÑ B

Next we give the interpretation of limsup and liminf.

limsup of sets

Let tAn | n ě 1u be a sequence of subsets of Ω. For limsup we have the interpretation

lim sup
nÑ8

An “ tω : ω is in infinitely many of A1
nsu

“ tω : ω P Ank
, k “ 1, 2, . . . for some subsequence nk depending on ωu

“

#

ω :
8
ÿ

n“1

1Anpωq “ `8

+

“ tAn i.o.u

Proof. The LHS is lim supnÑ8 An “
Ş8

n“1

Ť8

k“nAk, and the RHS is any one of the
four. Show LHS in RHS. Pick x P LHS, WTS x P RHS.

1. n “ 1, then x P Ykě1Ak, so there exists n1 such that x P An1 .

2. If n “ n1 ` 1, then x P
Ť

kěn1`1Ak. So there exists n2 ą n such that x P An2 .

3. Let n “ n2 ` 1, then x P
Ť

n2`1Ak, so there exists n3 ą n2 such that x P An3 .

4. And so on.

Show RHS in LHS. Pick ω P RHS. WTS, ω P LHS. Let ω P An1 , An2 , . . . where
n1 ă n2 ă n3 ă . . ..

1. For n “ 1, ω P
Ť`8

k“1Ak “ B1.

2. For n “ 2, ω P
Ť`8

k“2Ak “ B2.

3. For n “ 3, ω P
Ť`8

k“3Ak “ B3.

4. And so on.

5. If we keep doing this, ω P Bn for all n, so ω P X
`8
n“1Bn which is limsup.
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liminf of sets

Let tAn | n ě 1u be a sequence of subsets of Ω. For liminf we have the interpretation

lim inf
nÑ8

An “ tω : ω is in all the A1
ns except finite many of themu

“

#

ω :
8
ÿ

n“1

1Ac
n
pωq ă `8

+

“ tω : there is a n0pωq s.t. ω P An for all n ą n0u

Proof. Show LHS in RHS Pick ω P LHS “ Y
`8
n“1pX8

k“nAkq, WTS ω P RHS.

• There exists n0 such that ω P Cn0 “ X
`8
k“n0

Ak. So ω P Ak for all k ě n0.

Show RHS in LHS

• Pick ω P RHS. WTS, ω P LHS. ω P RHS means there exists n0 such that
ω P An for all n ě n0.

• This implies ω P Cn0 “
Ş`8

k“n0
Ak.

• This again implies ω P
Ť`8

n“1Cn “ lim infnÑ8 An

Example 1.1. Let pfnq8
n“1 be a sequence of functions, and f is also a function. Con-

sider the set of x where fnpxq converge to fpxq (note that only some of x makes fnpxq

converge to fpxq).
tx : fnpxq Ñ fpxq as n Ñ 8u

But this set if too vague. So we consider

An,k :“

"

x : |fnpxq ´ fpxq| ď
1

k

*

Then the above set can be re-written as

tx : fnpxq Ñ fpxq as n Ñ 8u “

8
č

k“1

lim inf
nÑ8

An,k

1.4 Monotone Sequences

Recall that for real numbers, we have monotone non-decreasing sequence of numbers
panq8

n“1 if an ď an`1 for all n P Zě1, and monotone non-increasing sequence of numbers
panq8

n“1 if an ě an`1 for all n P Zě1. They may or may not have a limit. In this section,
we will define the same notion for sets. Let pAnq8

n“1 be a sequence. Then pAnq8
n“1 is

called

1. Monotone non-decreasing sequence of sets: if A1 Ď A2 Ď . . . , we denote
it as An Õ or An Ò
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2. Monotone non-increasing sequence of sets: if A1 Ě A2 Ě . . . , we denote it
as An Œ or An Ó

For a monotone sequence of points, the limit may or may not exist. But for a monotone
sequence of sets, the limit always exists. Next proposition tells us the explicit form of
these limits.

Proposition 1.8 (Limit of Monotone Sequence of Sets). Let pAnqně1 be a monotone
sequence of subsets.

1. If An Õ, then limnÑ8 An :“ Y8
n“1An.

2. If An Œ, then limnÑ8 An :“ X8
n“1An.

Proof. For Case (1), the goal is to show

lim inf
nÑ8

An “

8
ď

n“1

An “ lim sup
nÑ8

An

• Since Ak Ď Ak`1, then An “ XkěnAk.

• Hence,

lim inf
nÑ8

An “

8
ď

n“1

ˆ 8
č

k“n

Ak

˙

“

8
ď

n“1

An

• Likewise,

lim sup
nÑ8

An “

8
č

n“1

ˆ 8
ď

k“n

Ak

˙

Ď

8
ď

k“1

Ak “ lim inf
nÑ8

An Ď lim sup
nÑ8

An

• By sandwich theorem, we have

lim inf
nÑ8

An “

8
ď

k“1

Ak “ lim sup
nÑ8

An

• Hence, we conclude that

lim inf
nÑ8

An “

8
ď

n“1

An “ lim sup
nÑ8

An

For Case (2), the goal is to show

lim inf
nÑ8

An “

8
č

n“1

An “ lim sup
nÑ8

An

By taking the complement, we have Ac
n Õ. Then using the consequence of above

result, we have

lim inf
nÑ8

Ac
n “

8
ď

n“1

Ac
n “ lim sup

nÑ8

Ac
n
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Taking the complement, we have

lim inf
nÑ8

An “

8
č

n“1

An “ lim sup
nÑ8

An

This completes the proof.

Corollary 1.9. For any sequences pAnq, we have

• infkěnAk Õ;

• supkěnAk Œ;

Then it follows that

lim inf
nÑ8

An “ lim
nÑ8

ˆ

inf
kěn

An

˙

“ lim
nÑ8

ˆ

č

kěn

An

˙

“
ď

nÑ8

č

kěn

An

lim sup
nÑ8

An “ lim
nÑ8

ˆ

sup
kěn

An

˙

“ lim
nÑ8

ˆ

ď

kěn

An

˙

“
č

nÑ8

ď

kěn

An

1.5 Set Operations and Closures

Lecture 2024-09-07

Remember that the Second motivation of this Chapter is to define the notion of
”closure” of operation for set as an analogue for ”closure” of operations of numbers
(e.g. real numbers R is closed under `,ˆ).

In Section 1.2.3 and Section 1.4, we introduced several set operations. One can
understand this as an analog of `,´,ˆ,˜ and taking limits for numbers (although
taking limits of numbers is not considered as an algebraic operation for numbers).
These are

1. Set Complementation: if A Ď Ω, then the complement is written as ΩzA. When
the ambient set Ω is clear, we can simply use Ac to denote ΩzA.

2. Finite Union: A Y B

Countable Union:
Ť

nPZě1
An “

Ť8

n“1An “ A1 Y ¨ ¨ ¨ Y An Y . . .

Arbitrary Union:
Ť

tPT At for T arbitrary (means can be uncountable).

3. Finite Intersection: A X B

Countable Intersection:
Ş

nPZě1
An “

Ş8

n“1An “ A1 X ¨ ¨ ¨ X An X . . .

Arbitrary Intersection:
Ş

tPTAt for T arbitrary (means can be uncountable).

4. Taking Monotone Limits : if pAnq is a monotone sequence then

lim
nÑ8

An :“

"
Ť8

n“1An if An Õ
Ş8

n“1An if An Œ
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Having all these set operations, we can start to define the ”algebraic structure” for
sets.

To understand what does it mean by ”algebraic structure for sets”, let’s first recall
that, for example, R is a collection of numbers, but it is really a set together with
two operations: pR,`,ˆq (the terminology for this is: R has a field structure, some
people will also use the term algebra). This means `,ˆ are well-defined so that we
don’t have to worry about adding two real numbers will return us a non-real number
(people call this R is closed `,ˆ).

Just like we can have a ”collection of numbers” with certain closure structure, we
can also have a ”collection of sets” with certain closure structures. The main task of
this section is to introduce us some of those structures. Next is a list of structures we
need:

1. Field (Algebra);

2. σ-Field (σ-Algebra);

3. Semi-algebra;

4. Semi-ring;

5. σ-ring;

6. Monotone Class;

7. π-system;

8. λ-system

Some structures that are more important in this subject. These are 1) Field, 2) σ-
Field (they are core of measure space), 6) Monotone Class (it defines limits of sets),
7) π-system and 8) λ-system (they are important because of Dynkin’s π´λ theorem).
We will introduce Field and σ-field here first.

One last remark is that these collections of subsets are under an ambient set which
we denote as Ω.

Before formalizing these structures, here is a motivating example of a collection of
sets with only weak closure properties.

Example 1.2. Consider Ω “ p0, 1s and the set

C :“ tpa, bs : 0 ď a ď b ď 1u

The convention is pa, as “ ∅.

• Claim 1: C is closed under finite intersection.

• Claim 2: C is NOT closed under countable intersection.

e.g. Consider Cn “
`

1
2

´ 1
n`3

, 1
‰

. Then X8
n“1Cn “

“

1
2
, 1
‰

R C.

• Claim 3: C is NOT closed under complement. Obvious.

13



Definition 1.10 (Field/Algebra). A Field (a synonym is Algebra), denoted as A ,
is a non-empty collection of subsets of Ω closed under

1. Complements;

2. Finite union;

3. Finite intersection.

A minimal set of axioms for A to be a field is

(A1) Ω P A ;

(A2) if A P A , then Ac P A ;

(AF3) if A,B P A , then A Y B P A .

Remark 1.11. From all the above axioms, we can deduce the following consequences:

• If A1, A2, A3 P A , then we can first deduce A1 YA2 P A , then we further deduce
A1 Y A2 Y A3 “ pA1 Y A2q Y A3 P A inductively.

• By the same inductive procedure, we can deduce if A1, . . . , An P A , then A1 Y

¨ ¨ ¨ Y An P A .

• By taking complement, we have A1 X ¨ ¨ ¨ X An P A . The chain of deduction is
as follows:

– Ai P A implies Ac
i P A (using axiom (2));

– Ac
i P A implies Y8

i“1A
c
i P A (using axiom (3));

– Y8
i“1A

c
i P A implies pY8

i“1A
c
iq

c P A (using axiom (2));

– X8
i“1Ai “ pY8

i“1A
c
iq

c P A (using de Morgan’s Law);

Next let’s introduce another structure:

Definition 1.12 (σ-Field/σ-Algebra). A σ-Field (a synonym is σ-Algebra), denoted
as B, is a non-empty collection of subsets of Ω closed under

1. Complements;

2. Countable union;

3. Countable intersection.

A minimal set of axioms for B to be a field is

(A1) Ω P B;

(A2) if A P B, then Ac P B;

(A3) if An P B for all n P Zě1, then YnPZě1An P B.

14



Remark 1.13. Then by symmetry proof, we can show Xně1An P B.

Example 1.3 (Field, but NOT σ-Field). Let Ω “ p0, 1s. Suppose A consists of empty
set ∅ and finite unions of disjoint intervals, i.e.

A :“

#

n
ď

i“1

pai, bis : for some n P Zě1, 0 ď ai ď bi ď 1

+

Y ∅

Then the claim is A is a field, but not a σ-field. To show A is a field, DIY. To see
A is not a σ-field, consider the sequence of subsets

"ˆ

0,
1

2

ȷ*

Y

#

ˆ n
ÿ

m“1

1

2m
,
n`1
ÿ

m“1

1

2m

ȷ

| n ě 1

+

Each one of these subsets belong to A . But if we consider the countable union of these
subsets

ˆ

0,
1

2

ȷ

Y

ˆ

1

2
,
1

2
`

1

22

ȷ

Y

ˆ

1

2
`

1

22
,
1

2
`

1

22
`

1

23

ȷ

Y ¨ ¨ ¨ R A

Also, one can argue that An “ p1{2 ´ 1{pn ` 3q, 1s P A , but Xně1An “ r1{2, 1s R A .
Therefore, A is NOT a σ-field.

Example 1.4. The following are some examples of σ-fields.

• B “ PpΩq The largest σ-field over Ω. Any σ-field should be contained in power
set.

• B “ t∅,Ωu The smallest σ-field over Ω. Because any σ-field should contain
∅,Ω.

• Let Ω “ R. Define

B “ tA Ă R : either A is a countable set, or Ac is a countable setu

(A1) Ω P B. Since Ωc “ ∅ is countable

(A2) If A P B. Then two cases. (1) A is countable, (2) A is uncountable. Case
(1) means Ac P B. Case (2) means Ac countable, hence Ac P B.

(A3) If A1, . . . An P B. Then two cases. (1) All An is countable. (2) At least
one of An is uncountable. Case (1) is trivial. Case (2), let’s say A1 is
uncountable. Then Ac

1 is countable. Consider pYně1Anqc “ Xně1A
c
n Ă Ac

1,
subset of countable set is countable, hence pYně1Anqc is countable. Hence
Ť

ně1An P B.

• Consider σ-field generated by a subset of the power set C Ď PpΩq, denoted as
σpC q.

• Borel σ-field and Borel sets on R, denoted as BpRq.

15



1.6 The σ-algebra generated by a Given Class C

Lecture 2024-09-10

Lemma 1.14. Intersection of σ-fields is still a σ-field.

Definition 1.15 (σ-field generated by C Ă PpΩq). The σ-field generated by C Ă PpΩq

is the smallest σ-field containing C, denoted as σpCq, defined as

σpCq “
č

B σ-field,
BĄC

B

1.7 Borel Sets on the real line

Lecture 2024-09-10

There is an important σ-field called Borel σ-field. The reason that it is important
is that it connects topological space to measure space, and having a topological space
allows us to talk about continuous function.

Definition 1.16 (Borel σ-field). Let Ω “ R. Let C “ tpa, bs : ´8 ă a ă b ă `8u,
and we use this collection of sets C to generate the σ-field. Hence

σpC q “: BpRq

is called Borel σ-field. Elements (which are sets) in σpC q is called a Borel set.

There are other definitions of Borel σ-field. All the following definitions are equiv-
alent:

BpRq “ σptpa, bs : ´8 ă a ă b ă 8uq “: C ps

“ σptra, bs : ´8 ă a ă b ă 8uq “: C rs

“ σptra, bq : ´8 ă a ă b ă 8uq “: C rq

“ σptpa, bq : ´8 ă a ă b ă 8uq “: C pq

“ σpopen sets of Rq

Proof. We will only show σpC pqq “ σpC psq.
Show Ď:

• Pick any pa, bq P C pq.

• Note

pa, bq “

8
ď

n“1

ˆ

a, b ´
1

n

ȷ

looooomooooon

PC ps

• Hence, pa, bq P σpC psq because σ-field is closed under countable union. Therefore
σpC pqq Ď σpC psq.

16



Show Ě:

• Pick any pa, bs P C ps.

• Note

pa, bs “

8
č

n“1

ˆ

a, b `
1

n

˙

looooomooooon

PC pq

• Hence, pa, bs P σpC pqq because σ-field is closed under countable intersection.

The following lemma is only a technical tool for the proof of next lemma.

Lemma 1.17. Any open subset of O Ă R, O can be expressed as a countable union of
open intervals. O “

Ť8

i“1pai, biq.

Theorem 1.18 (Open sets generates Borel σ-algebra). Denote

O “ tthe collection of open subsets of Ru

Then
σptpa, bq : ´8 ă a ă b ă 8uq “ σpOq

Proof. We will show σpOq “ σpC pqq.
Show Ď

• Pick any pa, bq P O Ď σpOq.

• So σpOq is a σ-field containing C pq.

• Hence σpOq Ě σpC pqq.

Show Ě

• Pick any O P O.

• By lemma 1.17, we have

O “

8
ď

i“1

pai, biq P C p q
Ă σpC pq

q

• So σpC pqq is a σ-field containing O.

• Hence, σpC pqq Ą σpOq.

Remark 1.19. If Ω is only a topological space (i.e. not R any more), then the Borel
σ-field of Ω can be defined as

BpΩq :“ σpopen setsq

For example, Ω “ Rn. Then

BpΩq :“ σptpa1, b1q ˆ pa2, b2q ˆ . . . ˆ pan, bnquq

17



1.8 Comparing Borel Sets

Lecture 2024-09-12

Motivation

We already know BpRq for Ω “ R. If we take Ω “ p0, 1q, we can say p0, 1q is a
topological space. So we can talk about what is the set generated by all open sets of
p0, 1q:

Bpp0, 1qq :“ σpopen subsets of p0, 1qq

There are several questions we can ask:

1. Is Bpp0, 1qq also a Borel σ-field?

2. What’s the relation between Bpp0, 1qq and BpRq? Do we have Bpp0, 1qq Ă

BpRq?

Main theorem

Theorem 1.20. Let Ω0 Ă Ω be a subset. Then we can claim the following

1. If B is a σ-field of subsets of Ω (i.e. B is a σ-field over Ω). Define

B0 :“ tA X Ω0 : for all A P Bu “: Ω0 X B

Here B0 is a collection of subsets of Ω0. The claim is B0 is a σ-field of subsets
of Ω0. (i.e. B0 is a σ-field over Ω0).

2. If C is a collection of subsets of Ω. Then we can use C to generate the σ-field
and intersect it with Ω0, i.e.

σpCq X Ω0 :“ tA X Ω0 : A P σpC qu

Here σpCq “ B in part (1). By part (1), we know σpCq XΩ0 is a σ-field. On the
other hand, we could consider the notion σpC X Ω0q. This is also a σ-field, but
the whole space is not Ω any more, but is Ω0, because every element in σpCXΩ0q

are subsets of Ω0. The claim is

σpCq X Ω0 “ σpC X Ω0q

Proof. The strategy of showing a collection B0 is a σ-field is to check 3 axioms of
σ-field.
Proof of (1): Need to show B0 is a σ-field over Ω0.

(A1) Check Ω0 P B0. See that Ω0 “ Ω X Ω0 P B0.

(A2) If B P B0, i.e. there exists A P Ω such that B “ A X Ω0. Need to show
Bc “ Ω0zB P B0. But B

c “ Ω0zA “ Ω0 X Ac P B.

18



(A3) If B1, . . . , Bn, . . . P B0. Need to show Yně1Bn P B0. Since Bn P B0, we
have Bn “ An X Ω0 for some An Ď Ω. Hence, Yně1Bn “ Yně1pAn X Ω0q “

Ω0 X pYně1Anq.

Proof of (2): We want to show σpCq X Ω0 “ σpC X Ω0q.

• Show Ě. Using Part (1), we know σpCqXΩ0 is a σ-field. And see that σpCqXΩ0 Ě

C X Ω0. Hence, the σ-field σpCq X Ω0 contains the smallest σ-field containing
C X Ω0. Hence σpCq X Ω0 Ě σpC X Ω0q.

• Show Ď. We have to use σpCq being the smallest σ-field containing C. The
strategy is as follows:

– We define
G :“ tA Ď Ω : A X Ω0 P σpC X Ω0qu

– Suppose we can prove
G Ě σpC q

– Then for any A P σpC q Ď G.

– Then by definition of G, we have

A X Ω0 P σpC X Ω0q

– This means σpC q X Ω0 Ď σpC X Ω0q. Because

σpC q X Ω0 “ tA X Ω0 : A P σpC qu

– Hence, completes the proof.

• So we only left to prove G Ě σpCq.

– First, it is obvious that G Ą C,

– Because for any A P C, we have A X Ω0 P C X Ω0 Ď σpC X Ω0q., * hence
A P G by definition of G.

– Second, we show G is a σ-field of Ω.

(A1) Ω P G. Because Ω X Ω0 “ Ω0 P σpC X Ω0q.

(A2) If A P G, i.e. A X Ω0 P σpC X Ω0q. Then for Ac “ ΩzA, using the fact
that σpC X Ω0q being a σ-field, we have

Ac
X Ω0 “ pΩzAq X Ω0 “ Ω0zpA X Ω0q P σpC X Ω0q

Hence, Ac P G.

(A3) If A1, . . . , An, . . . P G. WTS Yně1An P G. We have AnXΩ0 P σpCXΩ0q.
Then using the fact that σpC X Ω0q being a σ-field, we have

ˆ

ď

ně1

An

˙

X Ω0 “
ď

ně1

pAn X Ω0q P σpC X Ω0q

Hence, we conclude Yně1An P G.
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– Since G is a σ-field, and G Ě C. By construction of σpCq, which is the
smallest σ-field containing C, we have G Ě σpCq.

Corollary 1.21. If Ω0 P σpCq, then

σpC X Ω0q “ tA Ď Ω : A Ď Ω0, A P σpCqu

Remark 1.22. Now, take Ω “ R, let C “ tpa, bq : ´8 ă a ă b ă 8u be the generating
set, and let Ω0 “ p0, 1q. We have

Bpp0, 1qq “ σpC X Ω0q “ tA : A Ă p0, 1q, A P BpRqu
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2 Probability Spaces

2.1 Basic Definitions and Properties

Definition 2.1 (Measurable space). A measurable space is a couple pΩ,Bq where Ω
is the whole space, and B is a σ-field over Ω.

Definition 2.2 (Measure space). A measure space is a triple pΩ,B, µq such that

• pΩ,Bq is a measurable space.

• µ is a measure on pΩ,Bq. That is, µ is a set function with domain B such that

(M1) µp∅q “ 0

(M2) µpAq ě 0 for all A P B.

(M3) µ is σ-additive: for An P Bn disjoint, we have µpYně1Anq “
ř

ně1 µpAnq

Definition 2.3 (Probability space). A probability space is a triple pΩ,B,Pq such that
pΩ,B,Pq is a measure space and

(P1) PpΩq “ 1.

Remark 2.4. Most of the time in this course, we deal with probability space. The only
exception is the Lebesgue measure.

Example 2.1. Flip a coin twice. Then

Ω “ tpH,Hq, pH,T q, pT,Hq, pT, T qu

And A “ tpH,Hqu is the event that 1st flip is a head, and 2nd flip is also a head.B “

PpΩq. Then PpAq “ 1{4.

Here are some simple consequences of the definition of a probability measure:

1. PpAcq “ 1 ´ PpAq.

2. PpA Y Bq “ PpAq ` PpBq ´ PpA X Bq.

3. (Monotonicity): If A Ď B, then PpAq ď PpBq.

4. (Subadditivity): Pp
Ť

ně1Anq ď
ř

ně1PpAnq

5. (Continuity)

– If An Ò A with An, A P B. Then PpAnq Ò PpAq.

– If An Ó A with An, A P B. Then PpAnq Ó PpAq.

Proof of (1):

• Let A1 “ A, A2 “ Ac, and A3 “ A4 “ . . . “ ∅.

• Then using countable additivity
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PpΩq “ P

ˆ

ď

ně1

An

˙

“
ÿ

ně1

PpAnq (countable additivity)

“ PpA1q ` PpA2q ` PpA3q ` . . .

“ PpAq ` PpAc
q ` 0 ` . . .

“ PpAq ` PpAc
q

Proof of (2):

• Observe that: A Y B “ pAzBq Y pA X Bq Y pBzAq.

• Then by finite additivity: PpA Y Bq “ PpAzBq ` PpA X Bq ` PpBzAq

• Lastly, use PpAzBq “ PpAq ´ PpA X Bq.

Proof of (3):

• Because B “ pBzAq Y A

• Then PpBq “ PpBzAq ` PpAq ě PpAq

Proof of (4):

• We can decompose arbitrary union Yně1An into disjoint unions

ď

ně1

An “ A1 Y pA2zA1q Y pA3zpA1 Y A2qq Y pA4zpA1 Y A2 Y A3qq Y . . .

• Then by axiom (3) of a measure, we have

P

ˆ

ď

ně1

An

˙

“ PpA1q ` PpA2zA1q
loooomoooon

ďPpA2q

`PpA3zpA1 Y A2q
looooooooomooooooooon

ďPpA3q

` . . . ď
ÿ

ně1

PpAnq

Proof of (5.1):

• Set
B1 “ A1, B2 “ A2zA1, B3 “ A3zA2, . . .

• These Bn are disjoint, and Bn P B.

• Y8
n“1Bn “ Y8

n“1An.

• Also Yk
n“1Bn “ Yk

n“1An for every k ě 1.

• So PpAq “ PpYně1Anq “ PpYně1Bnq “
ř

ně1PpBnq.
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• Then see that

8
ÿ

n“1

PpBnq “ lim
NÑ8

N
ÿ

n“1

PpBnq “ lim
NÑ8

Pp

N
ď

n“1

Bnq “ lim
NÑ8

Pp

N
ď

n“1

Anq “ lim
NÑ8

PpANq

• Hence, PpAq “ limNÑ8 PpANq.

Proof of (5.2):

• If An Ó A, then Ac
n Ò Ac.

• Hence 1 ´ PpAq “ PpAcq Ò PpAc
nq “ 1 ´ PpAnq.

• So PpAnq Ó PpAq.

Next we are going to discuss inclusion-exclusion principle. Recall from combina-
torics that the techniue to count number of elements of union of two finite sets is

|A Y B| “ |A| ` |B| ´ |A X B|

Consider n houses. And a mailman is trying to deliver n mails to these n houses.
Question: What is the probability that this mailman deliver at least one letter cor-
rectly?

Define the sample space as

Ω “ tall permutations of 1, . . . , nu

Hence, |Ω| “ n!.
Let A be the event that at least one letter is correctly delivered.

A “ tp¨, . . . , ¨, i, . . . , ¨q : i “ 1, . . . , nu

Then

PpAq “
# of elements in A

n!
Set Ak “ tp˚, . . . , k, . . . , ˚qu where k is at the k-th spot. Then

A “ Y
n
k“1Ak

Thus

PpAkq “
pn ´ 1q!

n!

PpAi X Ajq “
pn ´ 2q!

n!
...

PpAi1 X . . . X Aimq “
pn ´ mq!

n!
...

PpA1 X . . . X Anq “
1

n!
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PpY
n
k“1Akq “

n
ÿ

k“1

PpAkq ´
ÿ

1ďiăjďn

PpAi X Ajq `
ÿ

1ďiăjăkďn

PpAi X Aj X Akq´

. . . ` p´1q
n´1

ÿ

1ďi1ă...ăinďn

PpAi1 X . . . X Ainq

“

ˆ

n

1

˙

pn ´ 1q!

n!
´

ˆ

n

2

˙

pn ´ 2q!

n!
´

ˆ

n

3

˙

pn ´ 3q!

n!
` . . . `

1

n!

Lecture 2024-09-17

Theorem 2.5 (Fatou’s lemma). 1. For any sequence of sets An we have

Pplim inf
nÑ8

Anq ď lim inf
nÑ8

PpAnq ď lim sup
nÑ8

PpAnq ď Pplim sup
nÑ8

Anq

2. If An has a limit, then

Pp lim
nÑ8

Anq “ lim
nÑ8

PpAnq

Proof of (2): See that if An has a limit, then (1) implies (2). Because having a
limit means

lim inf
nÑ8

An “ lim sup
nÑ8

An “ lim
nÑ8

An

Hence, we have

Pplim inf
nÑ8

Anq “ Pplim sup
nÑ8

Anq “ Pp lim
nÑ8

Anq

By (1) we have a sequence of equalities

Pplim inf
nÑ8

Anq “ lim inf
nÑ8

PpAnq “ lim sup
nÑ8

PpAnq “ Pplim sup
nÑ8

Anq

And if limsup equals liminf, then

lim inf
nÑ8

PpAnq “ lim sup
nÑ8

PpAnq “ lim
nÑ8

PpAnq

Hence, we conclude
lim
nÑ8

PpAnq “ Pp lim
nÑ8

Anq

Proof of (1): See that

Pplim inf
nÑ8

Anq “ PpYně1 XkěnAk
looomooon

“:Bn

q

“ PpYně1Bnq “ Pp lim
nÑ8

Bnq

“ lim
nÑ8

PpBnq, by Bn increasing sequence

“ lim
nÑ8

PpXkěnAkq

ď lim inf
nÑ8

PpAnq, since Xkěn Ak Ď An
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Because XkěnAk Ď An for all n ě 1. So

PpXkěnAkq ď PpAnq @n ě 1

Because the results holds for all n ě 1, so it will also holds when n becomes large.

lim
nÑ8

PpXkěnAnq ď lim inf
nÑ8

PpAnq

The RHS is lim inf is because we we don’t know if PpAnq has a limit or no.
And

Pplim sup
nÑ8

Anq “ PpXně1 YkěnAk
looomooon

“:Cn

q

“ PpXně1Cnq “ Pp lim
nÑ8

Cnq

“ lim
nÑ8

PpCnq, by Cn decreasing sequence

“ lim
nÑ8

PpYkěnAkq

ě lim sup
nÑ8

PpAnq, since Ykěn Ak Ě An

Example 2.2. Look at pΩ,B,Pq. where Ω “ R and B “ BpRq. Set

F pxq :“ Ppp´8, xsq, x P R

Properties of F pxq are

1. F pxq is right-continuous. Hint is: limxnÓx F pxnq “ F pxq.

2. F pxq is non-decreasing

3. If you look at limxÒ`8 F pxq “ 1 and limxÓ´8 F pxq “ 0

Proof of (1): Note that because An :“ p´8, xns is a decreasing sequence of sets
such that An Ó A for A “ p´8, xs. Apply the continuity of probability, we have

lim
xnÓx

F pxnq “ lim
nÑ8

Ppp´8, xnsq “ Pp lim
nÑ8

p´8, xnsq

“ Ppp´8, xsq “ F pxq

Remark 2.6. F pxq is in general not left continuous. Counter-example is because

Yně1p´8, xns “ p´8, xq

here we have p´8, xq not p´8, xs.

Example 2.3 (Non-example). Consider

An “

"

r0, 1
2
s when n odd

r1
2
, 1s when n even

and let P to be Lebesgue measure. Then

PpAnq “
1

2
ÝÑ

1

2

But An does not have a limit.
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2.2 Dynkin’s π ´ λ Theorem

Lectures 2024-09-19, 2024-09-21

Recall from the previous section the function attached to a probability measure P
on pR,BpRqq,

F pxq :“ Ppp´8, xsq

and its three properties: F pxq is right-continuous, F pxq is non-decreasing, and F pxq Ò

if x Ò 8 and F pxq Ó if x Ó ´8.

Definition 2.7 (Distribution Function). If F pxq is a function satisfying the above
three properties. Then we say F pxq is a distribution function (DF).

Last time, we have shown starting from a probability measure P on a measurable
space pR,BpRqq, we can always get a distribution function by setting

F pxq :“ Ppp´8, xsq

Later we will see that starting from a DF F pxq, we can always construct a probability
measure P on pR,BpRqq such that F pxq “ Ppp´8, xsq.

This is a one-to-one correspondence between the following

P ÐÑ F pxq

Recall that σpCq the σ-field generated by C is the smallest (minimal) σ-field con-
taining (or generated by) C.

Definition 2.8 (Minimal structure). The minimal structure S generated by a collection
of sets C is a non-empty structure such that

1) S will contain C, i.e. S Ě C

2) If there is another structure S
1

containing C, then S
1

also contains S, i.e. S
1

Ě S

Remark 2.9. The minimal structure generated by C is obtained by taking intersection
of all structures

č

S
1
is a structure,

S
1
ĄC

S
1

Definition 2.10 (π-system). A π-system P is a collection of subsets of Ω that is closed
under finite intersections. That is

if A,B P P ùñ A X B P P

Definition 2.11 (λ-system). A λ system L is a collection of subsets of Ω such that

old new
p1q Ω P L Ω P L

p2q if A,B P L and A Ă B if A P L

then BzA P L then Ac P L

p3q if An Ă L and An Ò, suppose An P L and
Ai X Aj “ ∅ for i ‰ j

then Y8
n“1 An P L then Y8

n“1 An P L
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Remark 2.12. • old ðñ new

• A σ-field is always a λ-system

Theorem 2.13 (Dynkin’s π ´ λ theorem). (a) If P is a π-system and L is a λ-
system such that P Ď L. Then σpPq Ď L.

(b) If P is a π-system. Then σpPq “ λpPq.

If P is a π-system, then we can use this π-system to generated a σ-field. We can
also use this π-system to generated a λ-system. I.e. σpPq is a σ-field, and λpPq is a
λ-system. And we have

σpPq “ λpPq

Remark 2.14. This theorem means what keep λ-system from being a σ-field is closure
under finite intersection.

Application of Dynkin

Proposition 2.15. Suppose P1 and P2 are two probability measures on pΩ,Bq. Let

L :“ tB P B : P1pBq “ P2pBqu

Then this is a λ-system.

Proof. 1. Ω P L because P1pΩq “ P2pΩq “ 1

2. If A P L, then Ac P L. Because P1pA
cq “ 1 ´ P1pAq “ 1 ´ P2pAq “ P2pA

cq

3. If An P L and pairwise disjoint. Then YnAn P L. Because by σ-additivity of
probability measure and P1pAnq “ P2pAnq, we have

P1pYnAnq “
ÿ

ně1

P1pAnq “
ÿ

ně1

P2pAnq “ P2pYnAnq

Corollary 2.16 (Corollary of Dynkin). Suppose we have two probability measures P1

and P2 on the same measurable space pΩ,Fq. Suppose P is a π-system such that

P1pBq “ P2pBq, for all B P P

Another way to say above statement is P1 “ P2 on P. Then P1 “ P2 on σpPq.

Proof. Set
L :“ tB P F : P1pBq “ P2pBqu

By proposition, L is a λ-system. By the assumption, L contains P, i.e. L Ą P. By
Dynkin’s theorem, L Ą σpPq.
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Corollary 2.17 (Corollary of Corollary). Suppose we have two probability measures

P1 and P2 are two probability measures on pR,BpRqq such that they corresponds to
the same distribution function. That is, for following two DFs

F1pxq “ P1pp´8, xsq, F2pxq “ P2pp´8, xsq

we have F1pxq “ F2pxq. Then

P1 ” P2 on BpRq

Proof. Set
P :“ tp´8, xs : x P Ru

Claim: P is a π-system. Obvious.
Claim: Two probability measures P1 and P2 are the same on this π-

system P. This is by assumption.
Hence, P1 “ P2 on σpPq “ BpRq.

Proof of Dynkin’s π-λ theorem

Proof (a) ùñ (b): Assume part (a) is true. First note that

• σpPq is a λ-system

• σpPq Ą P

Then σpPq Ě λpPq.
Second,

• λpPq is a λ-system

• λpPq Ě P

Hence, we have λpPq Ě σpPq.
In order to prove Dynkin’s theorem, we only need to prove (a).

Lemma 2.18. If L is both a λ-system and a π-system, then it is a σ-field.

Proof. All we have to show is, for An P L an arbitrary sequence of sets (not necessarily
disjoint), we have YnAn P L.

The strategy is to use disjointification. Set

B1 :“ A1

B2 :“ A2zA1 “ A2 X Ac
1

B3 :“ A3zpB1 Y B2q “ pA3zB1qzB2 “ A3 X Bc
2 X Bc

1

...

Bn :“ AnzpY
n´1
k“1Bkq “ An X pX

n´1
k“1B

c
kq

...
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Then under this construction, all Bn’s are pairwise disjoint. And we have

n
ď

k“1

Ak “

n
ď

k“1

Bk

We have L is a π-system, hence Bn P L for each n because each Bn is a finite inter-
section of sets in L. Lastly, by definition of λ-system, Y8

k“1Bk P L. Hence, L is a
σ-field.

Remark 2.19. This lemma tells us what prevent a λ-system from being a σ-algebra.
The thing is λ-system is not closed under finite intersection.

Definition 2.20. For each A P λpPq, define

GA :“ tB P λpPq : A X B P λpPqu

to be the collection of sets in λ-system λpPq that is closed under finite intersection.

Proof of (a): It suffices to show that λpPq is a π-system. Because if it is true, then
by the Lemma, λpPq is a σ-field. Hence,

σpPq Ď λpPq Ď L

Prove λpPq is a π-system.

Claim 2.21. If A P λpPq, then GA is a λ-system.

We check 3 axioms of λ-system

1. Ω P GA. Because A X Ω “ A P λpPq

2. If B P GA, i.e. A X B P λpPq. We need to show A X Bc P λpPq. See that
A X Bc “ AzB “ AzpA X Bq P λpPq, because A,A X B P λpPq and A X B Ď A,
and we use axiom 2 of the old version of λ-system.

3. If B1, . . . , Bn, . . . P GA and all pairwise disjoint. We want to show YnBn P GA.
Which means pYnBnq X A P λpPq. See that

ˆ

ď

n

Bn

˙

X A “

8
ď

n“1

pBn X Aq P λpPq

because Bn X A are all pairwise disjoint. Hence by axiom 3 of new version of
λ-system, we conclude this set is in λpPq.

Claim 2.22. If A P P, then GA Ě λpPq.

This claim is equivalent to the statement: For any A P P and B P λpPq, we have
A X B P λpPq.

First note that if A P P, then GA Ě P. Because for any B P P, and we consider
A X B P P by definition of π-system. Hence A X B P λpPq. By claim 1, GA is a
λ-system. Hence, we conclude GA Ě λpPq.
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Claim 2.23. If A P λpPq, then GA Ě λpPq.

This claim is equivalent to the statement: For any A P λpPq and B P λpPq, we
have A X B P λpPq. Which is equivalent to say λpPq is a π-system.

• Take A P λpPq. Note by claim 2, for any B P P, we have A X B P λpPq.

• So GA Ě P.

• By claim 1, GA is a λ-system.

• By definition of generated λ-system of P being the smallest λ-system contains
P, we have GA Ě λpPq.

2.3 Two Constructions

Lecture 2024-09-24

There are two cases.

Case 1

Suppose that the sample space Ω “ txn : n P Zě1u is discrete/countable. In this case,
we don’t have to worry about σ-field, because we can always set it to be the power set
PpΩq, i.e. Set

B :“ PpΩq

We can assign measures on pΩ,Bq as follows: For any sequence P1, P2, . . . , Pn, . . . such
that

1. Pi ě 0 for all i.

2.
ř8

i“1 Pi “ 1

We can assign Pi to xi. Then for any A Ă Ω, we have

PpAq “
ÿ

xiPA

Pi

Example 2.4. Let A “ tx5, x6, x10u. Then PpAq “ P5 ` P6 ` P10. This gives us a
probability measure on pΩ,Bq.

Check P is a probability measure. We only check σ-additivity. Let An Ă Ω
be disjoint sequence of sets. Then we want to show PpY8

n“1Anq “
ř8

n“1PpAnq. Let’s
check

PpY
8
n“1Anq “

ÿ

xiPY8
n“1An

Pi

“

8
ÿ

n“1

ÿ

xiPAn

Pi, can change order of summation because all Pi ě 0

“

8
ÿ

n“1

PpAnq
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Example 2.5 (Change of the order of summation matters). Consider summation of
harmonic series

1 ´
1

2
`

1

3
´

1

4
` . . . “ logep2q

But the sum of positive part sums to 8, and sum of negative parts sums to ´8.

Example 2.6. Consider flip a coin n-times. The the sample space will be

Ω :“ tp˚, . . . , ˚q
looomooon

n of them

: ˚ “ H or Tu

We assign probability as follows

pω1, ω2, . . . , ωnq ÐÑ ppω1q1´ω1q . . . ppωnq1´ωnq “

n
ź

k“1

pωkq1´ωk

where ω “ 0 or 1, where 1 Ø H and 0 Ø T. We want

PpHq “ p, PpT q “ 1 ´ p “ q, 0 ă p ă 1

To see this indeed gives us a probability measure, we only need to show

ÿ

pω1,...,ωnqPΩ

n
ź

k“1

pωkq1´ωk “ 1

Compute this, we have

ÿ

pω1,...,ωnqPΩ

n
ź

k“1

pωkq1´ωk “
ÿ

ωk“0 or 1;k“1,...,n

n
ź

k“1

pωkq1´ωk

“
ÿ

ωk“0 or 1;k“1,...,n´1

ÿ

ωn“0 or 1

ˆn´1
ź

k“1

pωkq1´ωk

˙

ppωnq1´ωnq

“
ÿ

ωk“0 or 1;k“1,...,n´1

n´1
ź

k“1

pωkq1´ωkpq ` pq

“
ÿ

ωk“0 or 1;k“1,...,n´1

n´1
ź

k“1

pωkq1´ωk

“
... (repeat this procedure)

“ 1

Case 2

Suppose that the sample space Ω is continuous/uncountable.

Example 2.7. Consider the sample space to be Ω “ R. Suppose F pxq is a DF. Then
how to construct a probability measure on pR,BpRqq such that

Ppp´8, xsq “ F pxq

The question is, starting from the DF F pxq, how do we construct a probability measure

P?
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Example 2.8. Flip a coin infinitely many times. Then the sample space is

Ω :“ tpω1, . . . , ωn, . . .q : ωi “ 0 or 1u

we want

PpHq “ p, PpT q “ q “ 1 ´ p

Then see that
pH,H, . . .q ÐÑ p ¨ p ¨ . . . “ 0

We need some need way to assign probability measures.

Example 2.9. Consider Ω “ p0, 1s. This probability Pp˚q “ 0 for any ˚ P p0, 1s.

2.4 Constructions of Probability Spaces

Lectures 2024-09-24, 2024-09-26, 2024-09-28, 2024-10-01, 2024-10-03, 2024-10-05

Definition 2.24 (σ-additive set function). Suppose G Ă PpΩq is a collection of subsets
of Ω. Consider a set function

P : G ÝÑ r0, 1s

We say that P is σ-additive if for any sequence of disjoint subsets An P G and Y8
n“1An P

G. We have

PpYně1Anq “
ÿ

ně1

PpAnq

Remark 2.25. Suppose An Ă Ω is a sequence of subsets. We will use

ÿ

ně1

An for An are disjoint

Definition 2.26 (Extension of set functions). Consider two collections of subsets
G1,G2 Ă PpΩq, where G1 Ă G2. Also consider two set functions

P1 : G1 ÝÑ r0, 1s

P2 : G2 ÝÑ r0, 1s

We say P2 is an extension of P1 and write

P2 |G1 “ P1

if

P2pAq “ P1pAq for all A P G1
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General construction of measures

Definition 2.27 (Semi-algebra). Let S Ă PpΩq be a collection of subsets of Ω. We
say S is a semi-algebra if

1. ∅,Ω P S

2. Closed under finite intersection.

3. If S P S. Then Sc “
řn

i“1 Si which means Sc can be written as a finite disjoint
union of Si P S.

Example 2.10. Consider S “ tpa, bs : ´8 ď a ď b ď 8u. There are several
conventions

• pa, as “ ∅

• pa,8s “ pa,8q

Then
pa, bsc “ p´8, as Y pb,8q “ p´8, as Y pb,8s

Example 2.11. As an example of the general construction. Consider a DF F pxq. We
want to construct a Probability Measure on the measurable space pR,BpRqq such that

Ppp´8, xsq “ F pxq

Then

Pppa, bsq “ F pbq ´ F paq

Lemma 2.28. Suppose S is a semi-algebra. Then the Algebra generated by this semi-
algebra S, which is denoted as ApSq is defined as

ApSq :“

#

ÿ

iPI

Si : Si P S and I is a finite index set

+

Note that the sets in ApSq are finite disjoint unions of sets in S.

Proof. Denote the RHS of above by Λ, i.e.

Λ “

#

ÿ

iPI

Si : Si P S and I is a finite index set

+

We check this is an Algebra/Field.

1. ∅ P Λ because ∅ P S Ă Λ.

2. Closed under finite intersection. Because A1, A2 P Λ where Ai “
ř

k S
i
k, we have

A1 X A2 “

ˆ n
ÿ

k“1

S1
k

˙

X

ˆ m
ÿ

l“1

S2
l

˙

“
ÿ

k

ÿ

l

S1
k X S2

l P Λ
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3. If A P Λ. Then Ac P Λ because if consider A “
ř

i Si. Then

Ac
“

ˆ n
ÿ

k“1

Sk

˙c

“

n
č

i“1

Sc
i “

n
č

i“1

ˆ m
ÿ

j“1

Sij

˙

P Λ

because we know Si P S, hence Sc
i “

řm
j“1 Sij for some Sij P S. Also see that

Sc
i P Λ because it is a disjoint union of sets in S. Using (2), Λ is closed under

finite intersection, and we conclude Ac P Λ.

Show Λ Ě ApSq. Hence, we showed and know

• Λ is a field (showed)

• Λ Ą S (know)

Hence, Λ Ě ApSq by definition of the smallest Algebra/Field.
Show Λ Ď ApSq. Next, we want to show Λ Ď ApSq. For any

ř

i Si P Λ. It is trivial
that

ř

i Si P ApSq. Because each Si P S Ă ApSq and ApSq is a field. Hence it is closed
under finite union.

Definition 2.29 (Probability measure). Let C Ď PpΩq be a collection of subsets of Ω.
We say P is a Probability Measure on C if P is a set function of C, i.e. P : C Ñ r0, 1s

such that the following holds

1) PpΩq “ 1

2) PpCq ě 0 for all C P C

3) (σ-additivity) For disjoint C1, . . . , Cn, . . . P C with Yně1Cn P C, then

PpYiě1Ciq “
ÿ

iě1

PpCiq

Theorem 2.30 (First extension). Suppose P is a probability measure on a Semi-
algebra S. There is a unique extension of P to a probability measure P

1

on a bigger
domain ApSq. And for any

A “
ÿ

iPI

Si P ApSq

we define P
1

as

P
1

pAq “
ÿ

iPI

PpSiq

Theorem 2.31 (Second Extension). Suppose P is a Probability Measure on an Alge-
bra/Field A. Then there is a unique extension of P to a probability measure P

1

on the
σ-algebra (σ-field) generated by A, which is denoted as σpAq.

Example 2.12. Consider pΩ,Bq “ pR,BpRqq. Consider the semi-algebra

S “ tpa, bs : ´8 ď a ď b ď `8u
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For any DF F pxq. Set

Pppa, bsq :“ F pbq ´ F paq

By First extension, we can extend P to a probability measure P
1

on ApSq.
By Second extension, we can further extend P

1

on ApSq to a probability measure

P
2

on σpApSqq “ σpSq “ BpRq.
In particular, P

2

is an extension of P, so

P
2

ppa, bsq “ Pppa, bsq :“ F pbq ´ F paq

Take a “ ´8, we have

P
2

pp´8, bsq “ F pbq

Proof of First Extension: Mostly we need to show P
1

is a Probability measure on
ApSq.

First thing we need to show is P
1

is a well-defined set function, i.e. we need to show
that no matter which disjoint union decomposition of a set A we use, we will always
have the equality. So suppose we have two different disjoint union decomposition of A

A “
ÿ

j

S
1

j “
ÿ

i

Si

then we want
ÿ

j

PpS
1

jq “
ÿ

i

PpSiq

See that

ÿ

j

PpS
1

jq “
ÿ

j

PpS
1

j X Aq

“
ÿ

j

PpS
1

j X Aq

“
ÿ

j

PpS
1

j X p
ÿ

i

Siqq

“
ÿ

j

Pp
ÿ

i

pS
1

j X Siq
looomooon

PS

q

“
ÿ

j

ÿ

i

PpS
1

j X Siq

35



Similarly,

ÿ

i

PpSiq “
ÿ

i

PpSi X Aq

“
ÿ

i

PpSi X Aq

“
ÿ

i

PpSi X p
ÿ

j

S
1

jqq

“
ÿ

i

Pp
ÿ

j

pS
1

j X Siq
looomooon

PS

q

“
ÿ

i

ÿ

j

PpS
1

j X Siq

Hence, we conclude

ÿ

j

PpS
1

jq “
ÿ

i

PpSiq “
ÿ

i

ÿ

j

PpS
1

j X Siq

We need to show P
1

is a probability measure, i.e. need to check 3 axioms of
probability measure. The first two are trivial, we only need to check σ-additivity.
Suppose An P ApSq and disjoint, and Yně1An P ApSq. Need to show

P
1

pYně1Anq “
ÿ

ně1

P
1

pAnq

Since An P ApSq, thus

An “

k
ÿ

j“1

Snj for some Snj P S

Denote A “ Yně1An P ApSq. Then A has the decomposition

A “
ÿ

k

Sk

Let’s first do the LHS,

P
1

pAq “
ÿ

k

PpSkq

Here

Sk “ Sk X A “ Sk X

ˆ

ÿ

ně1

An

˙

“ Sk X

ˆ

ÿ

ně1

ÿ

j finitely many

Snj

˙

“
ÿ

ně1

ÿ

j

pSnj X Skq
loooomoooon

PS
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Hence, by σ-additivity of P, we have

P
1

pAq “
ÿ

k

PpSkq

“
ÿ

k

ÿ

ně1

ÿ

j

PpSnj X Skq

“
ÿ

ně1

ÿ

j

ÿ

k

PpSnj X Skq

Also, see that
ÿ

k

Snj X Sk “ Snj X
ÿ

k

Sk “ Snj X A “ Snj

Hence,

P
1

pAq “
ÿ

ně1

ÿ

j

ÿ

k

PpSnj X Skq

“
ÿ

ně1

ÿ

j

PpSnjq

“
ÿ

ně1

PpAnq

The last equality is by definition of P
1

. This completes the proof.

Lemma 2.32. If two sequences An, Bn are both monotone increasing sequences in A,
and Yně1An Ă Yně1Bn. Then

lim
nÑ8

PpAnq ď lim
nÑ8

PpBnq

Also, if Yně1An Ą Yně1Bn, then we have

lim
nÑ8

PpAnq ě lim
nÑ8

PpBnq

Proof. In the first case, note An X Bm Ò An as m Ñ 8. Then

lim
mÑ8

PpAn X Bmq “ PpAnq

On the other hand, Bm Ą An X Bm for all n P Zě1. Then

lim
nÑ8

PpAn X Bmq ď PpBmq

Hence, if we send n to 8, we will have

lim
nÑ8

PpAnq “ lim
nÑ8

lim
mÑ8

PpAn X Bmq ď lim
mÑ8

PpBmq

This completes the proof
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Proof of Second Extension:
Step 1. We extend P to a set function π on G, so that π is a probability measure
on G. (Here, G is not a σ-field/algebra).
Define G. Set

G :“ tY
8
i“1Ai : Ai P Au ”

!

lim
nÑ8

Ò Bn : Bn P A, Ò means increasing limit
)

By the first definition, we have G Ą A. Because of the second definition, the sequence
Bn will be called an approximating sequence of an element in G.

For any G P G, define the set function π as

πpGq “ lim
nÑ8

PpBnq

Using Lemma above, π is a well-defined set function.
Properties of π on G:

1. If G1 Ă G2. Then πpG1q ď πpG2q.

2. π is an extension of P. This means

πpAq “ PpAq, for any A P A

In particular, πp∅q “ 0 and πpΩq “ 1.

3. If G1, G2 P G, then G1 X G2, G1 Y G2 P G. Moreover,

πpG1 X G2q ` πpG1 Y G2q “ πpG1q ` πpG2q

Proof of 3. Define

G1 :“ lim
nÑ8

Ò An, An P A

G2 :“ lim
nÑ8

Ò Bn, Bn P A

By the definition of Algebra A, we have An X Bn P A for all n P Zě1. And

An X Bn Ò G1 X G2 P G

Also, we have An Y Bn P A for all n P Zě1. And

An Y Bn Ò G1 Y G2 P G

Next, note

PpAn Y Bnq ` PpAn X Bnq “ PpAnq ` PpBnq

Send n to 8, we have

πpG1 Y G2q ` πpG1 X G2q “ πpG1q ` πpG2q
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The next lecture adds two more properties of π and G:

4) Since G1 X G2 “ ∅, then

πpG1 Y G2q “ πpG1q ` πpG2q

5) If Gn P G and Gn Ò G, Then G P G and πpGq “ limnÑ8 πpGnq

Proof of the last property. Consider an increasing sequence G1., G2, . . . , Gn, . . . P G

where Gn Ò G. Then for each Gi, it has its own approximating sequence Bi,k Ò Gi as
k Ñ 8.

G1 G2 G3 . . . Gn . . . Gm . . .
...

...
...

...
...

...
...

...
Bn,1 Bn,2 Bn,3 . . . Bn,n . . . Bm,n . . .

...
...

...
...

...
...

...
...

B3,1 B3,2 B3,3 . . . B3,n . . . B3,n . . .
B2,1 B2,2 B2,3 . . . B2,n . . . B2,n . . .
B1,1 B1,2 B1,3 . . . B1,n . . . B1,n . . .

Define

Dm :“ Y
m
i“1Bi,m

...

Dn :“ Y
n
i“1Bi,n

...

D3 :“ Y
3
i“1Bi,3

D2 :“ Y
2
i“1Bi,2

D1 :“ B1,1

From this definition, we know

• Dn P A for each n

• Dn is an increasing sequence because pBi,nqně1 is an increasing sequence in n for
all i.

• Bn,m Ă Dm Ă Gm for m ě n

• Send m to 8, we have Gn Ă limmÑ8 Dm Ă G

• Send n to 8, we have G Ă limmÑ8 Dm Ă G

• Thus, limmÑ8 Dm “ G.

• Hence, G P G by definition of G.
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From Bn,m Ă Dm Ă Gm, since π and P agree on A and π is monotone on G, we have

PpBn,mq ď PpDmq ď πpGmq

Send m to 8, we have the following inequalites for each n P Zě1:

πpGnq ď lim
mÑ8

PpDmq ď lim
mÑ8

πpGmq

Send n to 8, we have

πpGq “ lim
nÑ8

πpGnq ď lim
mÑ8

PpDmq ď lim
mÑ8

πpGmq “ πpGq

Thus,
lim
mÑ8

PpDmq “ πpGq

Remark 2.33. π is σ-additive on G because for any sequence Gn P G disjoint, by G

being closed under finite union, we have for G
1

n “ Yn
k“1Gk P G where pG

1

nqně1 is an
increasing sequence of sets. By the continuity of π on G, we have

πpY
8
n“1Gnq “ πp lim

nÑ8
G

1

q “ lim
nÑ8

πpG
1

nq

“ lim
nÑ8

πpY
n
k“1Gkq

“ lim
nÑ8

n
ÿ

k“1

πpGkq

“

8
ÿ

k“1

πpGkq

So π is a probability measure on G. But G is not a σ-field, because G is not necessarily
closed under complement.

Step 2. Further extend the set function π to another set function π˚ that is defined
on the power set PpΩq. (Here, the problem is π˚ is NOT a probability measure on
PpΩq).

For any A Ă Ω (i.e. A P PpΩq). Define a new set function π˚ on the power set
PpΩq as

π˚
pAq :“ inftπpGq : A Ă G P Gu

Properties of π˚:

1) π˚|G “ π

2) For any A1, A2 P PpΩq, we have

π˚
pA1 Y A2q ` π˚

pA1 X A2q ď π˚
pA1q ` π˚

pA2q

3) If A1 Ă A2. Then π˚pA1q ď π˚pA2q.
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4) If the sequence of sets An Ò A. Then we have continuity of π˚

π˚
pAq “ π˚

p lim
nÑ8

Anq “ lim
nÑ8

π˚
pAnq

Remark 2.34. Property (2) is actually the issue of π˚ that prevent it from being a
probability measure on PpΩq. It is not finite additive.

Proof of (2). For any ϵ ą 0, we can find G1, G2 P G such that

πpG1q ď π˚
pA1q ` ϵ, πpG2q ď π˚

pA2q ` ϵ

[Board figure omitted: two overlapping sets G1 Ą A1 and G2 Ą A2, with G1 Y G2 and
G1 X G2 indicated]

By additivity of π, we have

πpG1 Y G2q ` πpG1 X G2q “ πpG1q ` πpG2q

Because G1 Y G2 Ą G1, G2 resp. Ą A1, A2 resp., we have

πpG1 Y G2q ě π˚
pA1 Y A2q, πpG1 X G2q ě π˚

pA1 X A2q

Thus, we have

π˚
pA1 Y A2q ` π˚

pA1 X A2q ď πpG1 Y G2q ` πpG1 X G2q “ πpG1q ` πpG2q

ď π˚
pA1q ` π˚

pA2q ` 2ϵ

Since ϵ ą 0 is arbitrary and the left-hand side does not depend on ϵ, we have

π˚
pA1 Y A2q ` π˚

pA1 X A2q ď π˚
pA1q ` π˚

pA2q

Proof of (3). See that by definition of π˚pA1q, π
˚pA2q,

π˚
pA1q “ inftπpGq : A1 Ă G P Gu

π˚
pA2q “ inftπpGq : A2 Ă G P Gu

If A1 Ă A2, then G Ą A2 that contains A2 will also contains A1, i.e. G Ą A2 Ą A1.
Hence every G admissible in the infimum defining π˚pA2q is also admissible in the
infimum defining π˚pA1q; the infimum over a larger collection can only be smaller, so
π˚pA1q ď π˚pA2q.

The obstruction that motivates the next step is the following. From property (2),
if A1 X A2 “ ∅, then

π˚
pA1 Y A2q ď π˚

pA1q ` π˚
pA2q

And if A1 “ Ω and A2 “ ∅, we have

1 “ PpΩq “ π˚
pΩq “ π˚

pA Y Ac
q ď π˚

pAq ` π˚
pAc

q
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So we try to restrict π˚ to a smaller collection of sets.
Step 3. Restrict π˚ to D where σpAq Ă D Ă PpΩq, so that D is a σ-field (σ-algebra)
and π˚|D is a probability measure on D. If we are successful, then π˚|D will also be a
probability measure on σpAq.

The question is how to define this set D. The subquestion is, how to make

π˚
pAq ` π˚

pAc
q “ 1

So we define
D :“ tA : A Ă Ω such that π˚

pAq ` π˚
pAc

q “ 1u

Here, we have to show two things:

1) D is a σ-field.

2) π˚|D is a probability measure on D.

Claim 2.35. D is a σ-field.

Step 3.1.1. First, we show D is a field.

1) ∅ P D. Because π˚p∅q ` π˚pΩq “ Pp∅q ` PpΩq “ 1

2) If A P D, then by definition of D, Ac P D. Because by the choice of A, π˚pAq `

π˚pAcq “ 1. Want to show π˚pAcq ` π˚ppAcqcq “ 1, but pAcqc “ A. Hence we
are done.

3) Let D1, D2 P D. Then by property of π˚, we have π˚pD1 YD2q `π˚pD1 XD2q ď

π˚pD1q ` π˚pD2q. By closure under complement, we have Dc
1, D

c
2 P D. Hence

π˚pDc
1 Y Dc

2q ` π˚pDc
1 X Dc

2q ď π˚pDc
1q ` π˚pDc

2q. We add LHS & RHS of these
two equalities together.

2 ě π˚
pD1q ` π˚

pD2q ` π˚
pDc

1q ` π˚
pDc

2q

ě π˚
pD1 Y D2q ` π˚

pD1 X D2q ` π˚
pDc

1 Y Dc
2q ` π˚

pDc
1 X Dc

2q

“ π˚
pD1 Y D2q ` π˚

ppD1 Y D2q
c
q

looooooooooooooooooomooooooooooooooooooon

ě1 by a property of π˚

` π˚
pD1 X D2q ` π˚

ppD1 X D2q
c
q

looooooooooooooooooomooooooooooooooooooon

ě1 by a property of π˚

ě 2

Hence, by sandwich theorem, every inequality we have used should be an equality.
In particular,

π˚
pD1 Y D2q ` π˚

ppD1 Y D2q
c
q “ 1

π˚
pD1 X D2q ` π˚

ppD1 X D2q
c
q “ 1

π˚
pD1 Y D2q ` π˚

pD1 X D2q “ π˚
pD1q ` π˚

pD2q

Hence, we showed D1 Y D2 P D and D1 X D2 P D. And, π˚ is additive on D.
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Step 3.1.2. To finish the proof of Claim 1, we show D is a monotone class. Since D
is closed under complement, we only need to show D is closed under increasing limit.
That is, Dn P D and Dn Ò. Then limnÑ8 Dn “ Yně1Dn P D.

We want
1 ď π˚

pYně1Dnq ` π˚
pXně1D

c
nq ď 1

Here,
π˚

pYně1Dnq ` π˚
pXně1D

c
nq ď 1

is not obvious. First recall by continuity of π˚, we have

π˚
p lim
nÑ8

Ò Dnq “ lim
nÑ8

π˚
pDnq

For the other term, note that sinceDn is an increasing sequence, thusDc
n is a decreasing

sequence. Hence
π˚

pXně1D
c
nq ď π˚

pDc
nq for any n

Thus,
π˚

pXně1D
c
nq ď lim

nÑ8
π˚

pDc
nq

Hence,

π˚
pYně1Dnq ` π˚

pXně1D
c
nq ď lim

nÑ8
π˚

pDnq ` lim
nÑ8

π˚
pDc

nq

“ lim
nÑ8

pπ˚
pDnq ` π˚

pDc
nqq

looooooooooomooooooooooon

“1

“ 1

Hence, we have
1 ď π˚

pYně1Dnq ` π˚
pXně1D

c
nq ď 1

Thus, by sandwich theorem, we have

π˚
pYně1Dnq ` π˚

pXně1D
c
nq “ 1

Thus, limnÑ8 Dn “ Yně1Dn P D. Thus, we completes the proof that D is a monotone
class.
Step 3.1.3. Now we have D is a field and it is a monotone class. Hence, D is a
σ-field.

Claim 2.36. π˚|D is a probability measure on D.

Step 3.2.1. Show π˚|DpΩq “ 1 and π˚|DpDq ě 0 for all D P D. DIY
Step 3.2.2. We focus on showing π˚ is σ-additive on D, that is if we have a disjoint
sequence of sets Dn P D, then

π˚
pY

8
n“1Dnq “

8
ÿ

n“1

π˚
pDnq
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Consider

π˚
pYně1Dnq “ π˚

p lim
NÑ8

Y
N
n“1Dnq

“ lim
NÑ8

π˚
pY

N
n“1Dnq, by Monotone Convergence Thm

“ lim
NÑ8

N
ÿ

n“1

π˚
pDnq, by finite additivity of π˚

“

8
ÿ

n“1

π˚
pDnq

Step 3.2.3. To conclude, since π˚|D satisfies all 3 axioms of probability measure on
D, it is a probability measure on D.
Wrap up. Note that σpAq Ă D because A Ă D, and D is a σ-field. Thus, σpAq Ă D.
Thus, π˚|D is a probability measure on the σ-field σpAq.

Overall, we extended the probability measure P on A to a probability measure
π˚|D on σpAq.
Proof of uniqueness: Suppose we have two extensions P1 and P2 of P, i.e.

P1 |A “ P2 |A

which means P1 ad P2 agrees on A.
Recall the corollary of Dynkin’s π ´ λ theorem, we have proved that if P is a

π-system and P1 “ P2 on P. Then P1 “ P2 on σpPq.
Apply this corollary to P1 and P2 and P “ A, we conclude that P1 “ P2 on σpAq.

2.5 Measure Constructions

Lectures 2024-10-05, 2024-10-02

Two important examples

Example 2.13. Consider the measurable space pΩ “ p0, 1s,B “ Bpp0, 1sqq. Consider
the Lebesgue measure Pppa, bsq “ b ´ a which measure the length of the interval.

Let the set function P defined on a semi-algebra

S “ tpa, bs : 0 ď a ď b ď 1u

by

Pppa, bsq “ b ´ a

If we can show P is a probability measure on S, then we can use two extension theorems
to obtain a probability measure in the following way:

• By first extension, we get a probability measure on ApSq

• By second extension, we get a probability measure on σpApSqq “ σpSq “ Bpp0, 1sq.

44



Now we show P is a probability measure. Usually the first two axioms are trivial.
The only non-trivial axiom is the σ-additivity. That is for the event

pa, bs “
ÿ

iě1

pai, bis

Want to show
b ´ a “ Pppa, bsq “

ÿ

iě1

Pppai, bisq “
ÿ

iě1

pbi ´ aiq

The problem of doing a countable summation of positive numbers, things can really
go wrong. For example, this summation may goes to infinity. You don’t know if this
countable sum will converge or not.
Step 1: show b ´ a ď

ř8

i“1pbi ´ aiq. What we will do is to fix a small ϵ ą 0. And
we will make the interval pa, bs a bit smaller by looking at the interval ra ` ϵ, bs. In
addition, we will make the intervals pai, bis slightly bigger by looking at pai, bi ` 1

2i
ϵq.

Then we have

ra ` ϵ, bs Ă pa, bs “
ÿ

iě1

pai, bis “

8
ď

i“1

ˆ

ai, bi `
1

2i
ϵ

˙

By compactness of the interval ra`ϵ, bs, every open cover has a finite subcover. Hence,
there exists N such that

ra ` ϵ, bs Ă

N
ď

i“1

ˆ

ai, bi `
1

2i
ϵ

˙

So by monotonicity of probability measure

b ´ pa ` ϵq “ Ppra ` ϵ, bsq ď P

ˆ N
ď

i“1

ˆ

ai, bi `
1

2i
ϵ

˙˙

“

N
ÿ

i“1

pbi `
1

2i
ϵ ´ aiq

“

N
ÿ

i“1

pbi ´ aiq ` ϵ
N
ÿ

i“1

1

2i

ď

8
ÿ

i“1

pbi ´ aiq ` ϵ
8
ÿ

i“1

1

2i

“

8
ÿ

i“1

pbi ´ aiq ` ϵ

Thus,

b ´ a ď

8
ÿ

i“1

pbi ´ aiq ` 2ϵ

Since ϵ is arbitrary, we send ϵ to 0, we get

b ´ a ď

8
ÿ

i“1

pbi ´ aiq
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Step 2: show b ´ a ě
ř8

i“1pbi ´ aiq. Next we show

b ´ a ě

8
ÿ

i“1

pbi ´ aiq

Note

pa, bs “

8
ÿ

i“1

pai, bis Ą

N
ÿ

i“1

pai, bis, for any N P Zě1

Then by the monotonicity of probability measure, we have

b ´ a “ Pppa, bsq ě Pp

N
ÿ

i“1

pai, bisq “

N
ÿ

i“1

pbi ´ aiq

Send N to infinity, we have

b ´ a ě

8
ÿ

i“1

pbi ´ aiq

Example 2.14. Consider the set of rational numbers Q on p0, 1s, i.e. QX p0, 1s. The
Lebesgue measure on Q X p0, 1s will be zero, i.e.

PpQ X p0, 1sq “ 0

Because Q X p0, 1s is a countable collection of numbers, i.e. we can enumerate its
elements as Q X p0, 1s “ ta1, a2, . . .u. Fix ϵ ą 0 and look at

Ii :“

ˆ

ai ´
ϵ

2i`1
, ai `

ϵ

2i`1

ȷ

X p0, 1s

so that ai P Ii, and Ii is an interval of length at most ϵ
2i
. Then see that

Q X p0, 1s Ă

8
ď

i“1

Ii

by subadditivity of probability measure, we have

PpQ X p0, 1sq ď PpY
8
i“1Iiq

ď

8
ÿ

i“1

PpIiq

ď

8
ÿ

i“1

ϵ

2i

“ ϵ

Since ϵ ą 0 is arbitrary, we conclude PpQ X p0, 1sq “ 0.
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Example 2.15. Consider the measurable space pΩ,Bq “ pR,BpRqq. Start from a DF
F pxq. How to construct a probability measure on pR,BpRqq so that

F pxq “ Ppp´8, xsq

So for semi-algebra
S “ tpa, bs : ´8 ď a ď b ď 8u

Set

Pppa, bsq “ F pbq ´ F paq

If we can show P is a probability measure on S, then by two extension theorems, we
get a probability measure on σpSq “ BpRq. The σ-additivity of P on S is verified right
below this example.

Verification of σ-additivity for this example (From the midterm review, Lecture

2024-10-02.)

(3.1.2) Show P satisfies monotone class theorem. Let tAnu Ă S be such that
An Ó ∅ as n Ñ 8. (For example, An “ pa, a ` 1

n
s).

Step (3.1.2.1). Let’s first assume that there exists n ă 8 such that An is bounded.
WLOG, we can assume A1 is bounded (otherwise, we discard all Ai before n and can
only consider the sequence starting from n). A1 is bounded means there exists N P Zě1

such that for all n ě 1,
An Ă r´N,N s

The goal is to show PpAnq Ó 0 as n Ñ 8. Fix an ϵ ą 0.
Observe that for all n ě 1, there exists some Bn P S such that Bn Ă An (here Bn

means closure of Bn) and

PpAnzBnq “ PpAnq ´ PpBnq ď ϵ
1

2n

To see such Bn exists, suppose An “ pan, bns and Bn “ pan,k, bns where an,k Ó an as
k Ñ 8. Then

Pppan,k, bnsq “ F pbnq ´ F pan,kq ÝÑ F pbnq ´ F panq “ Pppan, bnsq, as k Ñ 8

Because Bn Ă An for all n ě 1, hence

8
č

n“1

Bn Ă

8
č

n“1

An “ lim
nÑ8

An “ ∅

Take the complement, we get

8
ď

n“1

Bn
c

“

ˆ 8
č

n“1

Bn

˙c

“ R

Here for each n ě 1, Bn
c
are complement of closed sets, hence are open sets. Thus,

tBn
c
uně1 is an open cover of R. In particular, tBn

c
uně1 is an open cover of the compact

set r´N,N s, i.e.
8
ď

n“1

Bn
c

Ą r´N,N s
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(Remark: the compactness comes from the fact that r´N,N s is closed and bounded,
and Hausdorff. Thus, by Heine–Borel theorem, this is equivalent to (quasi-)compactness).
By (quasi-)compactness, every open cover has a finite sub-cover. Hence, there exists
some n0 such that

n0
ď

n“1

Bn
c

Ą r´N,N s

On the other hand,
Şn0

n“1Bn Ă
Şn0

n“1An “ An0 Ă r´N,N s; taking complements,

n0
ď

n“1

Bn
c

Ą r´N,N s
c

Combining this with the finite subcover
Ťn0

n“1Bn
c

Ą r´N,N s obtained above, we get
Ťn0

n“1Bn
c

“ R. Equivalently, X
n0
n“1Bn “ ∅. Hence, we get

B̃n0 :“
n0
č

n“1

Bn “

n0
č

n“1

Bn “ ∅

Now, consider PpAn0q.

PpAn0q “ PpAn0 X B̃c
n0

q ` PpAn0 X B̃n0q
looooooomooooooon

“Pp∅q“0

“ PpAn0 X B̃c
n0

q “ P

ˆ

An0 X

ˆ n0
ď

n“1

Bc
n

˙˙

“ P

ˆ n0
ď

n“1

pAn0 X Bc
nq

˙

ď P

ˆ n0
ď

n“1

pAn X Bc
nq

˙

, because An0 Ă An

ď

n0
ÿ

n“1

P

ˆ

An X Bc
n

˙

loooooomoooooon

“PpAnzBnqď ϵ
2n

, sub-additivity

“

n0
ÿ

n“1

ϵ
1

2n
“ ϵ

n0
ÿ

n“1

1

2n

ď ϵ
8
ÿ

n“1

1

2n
“ ϵ

Lastly, since ϵ ą 0 is arbitrary and we know for all k ě n0, PpAkq ď PpAn0q. We
conclude

PpAnq ÝÑ 0 as n Ñ 8

Step (3.1.2.2). If we lift the assumption of A1 being bounded, we can still truncate
An by choosing a N ą 0 such that Ppp´N,N scq ă ϵ, and define Cn “ An X p´N,N s.

Then

PpAnq “ PpAn X p´N,N sq
loooooooooomoooooooooon

ďPpAnXr´N,Nsq

`PpAn X p´N,N s
c
q

loooooooooomoooooooooon

ďPpp´N,Nscq

ď PpCnq ` ϵ
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Apply Step (3.1.2.1) to PpCnq, we see that there exists some n0 P Zě1 such that

PpCn0q ă ϵ. Hence, we get

PpAnq ă 2ϵ

Again, since ϵ ą 0 is arbitrary, we obtain the claim.

Remark 2.37. The measure on Bpp0, 1sq we get from two extension theorems is called
Lebesgue measure on p0, 1s.

Remark 2.38. Most of the time, we are dealing with Lebesgue measure on R instead
of just an interval.

The way to construct Lebesgue measure on R from Lebesgue measure on interval is
by taking the translate p0, 1s to p1, 2s and so on.

[Board figure omitted: the real line cut into consecutive unit intervals pn, n ` 1s,
n P Z, obtained by translating p0, 1s]

So we get Lebesgue measure on all the unit intervals. pn, n ` 1s for n P Z. On the
point n P Z, we can measure the length on two intervals separately and add them up.
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3 Random Variables, Elements, and Measurable

Maps

3.1 Inverse Maps

Lecture 2024-10-08

For this map X : Ω Ñ Ω
1

, we can define for every A
1

Ă Ω
1

,

X´1
pA

1

q :“ tω P Ω : Xpωq P A
1

u

This is called the preimage of X.
From this definition of preimage, we can define a map

X´1 : PpΩ
1

q ÝÑ PpΩq

A
1

ÞÝÑ X´1pA
1

q

Several important properties of this map X´1 are, it commutes with all set operations:

1. X´1p∅q “ ∅.

2. X´1pΩ
1

q “ Ω

3. X´1pΩ
1

zA
1

q “ ΩzX´1pA
1

q

4. X´1pYtPTA
1

tq “ YtPTX
´1pA

1

tq

5. X´1pXtPTA
1

tq “ XtPTX
´1pA

1

tq

Some notation

For a C
1

Ă PpΩ
1

q. Its pre-image is

X´1
pC

1

q “ tX´1
pC

1

q : C
1

P C
1

u

Theorem 3.1. If B
1

is a σ-field of Ω
1

, then X´1pB
1

q is also a σ-field.

Proof. Because X´1p∅q “ ∅. Hence ∅ P X´1pB
1

q.
If B P X´1pB

1

q, then ΩzB P X´1pB
1

q. Because B “ X´1pB
1

q for B
1

P B
1

, then
ΩzB “ ΩzX´1pB

1

q “ X´1pΩ
1

zB
1

q.
If B1, B2, . . . P X´1pB

1

q then Y8
n“1Bn P X´1pB

1

q. Because Bn “ X´1pB
1

nq where
B

1

n P B
1

And Y8
n“1Bn “ Y8

n“1X
´1pB

1

nq “ X´1pY8
n“1B

1

nq and Y8
n“1B

1

n P B
1

.

Theorem 3.2. Let C
1

Ă PpΩ
1

q. Then

X´1
pσpC

1

qq “ σpX´1
pC

1

qq

Proof. By the previous theorem, we have X´1pσpC
1

qq is a σ-field. Hence, we conclude

X´1
pσpC

1

qq Ě X´1
pC

1

q
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Hence, by the definition of σpX´1pC
1

qq being the smallest σ-field contains X´1pC
1

q, we
conclude

X´1
pσpC

1

qq Ě σpX´1
pC

1

qq

For the other direction, we consider all sets in A
1

P σpC
1

q such that X´1pA
1

q P

σpX´1pC
1

qq.
G :“ tA

1

P σpC
1

q : X´1
pA

1

q P σpX´1
pC

1

qqu

Then it suffices to show

1. G is a σ-field

2. G Ą C
1

.

For the 2nd one, it is trivial. Because if C
1

P C
1

, we have X´1pC
1

q P X´1pC
1

q Ă

σpX´1pC
1

qq.
We focus on proving G is a σ-field.

1. ∅ P G because X´1p∅q “ ∅ P σpX´1pC
1

qq.

2. If A
1

P G, then Ω
1

zA
1

P G, because

X´1
pΩ

1

zA
1

q “ ΩzX´1
pA

1

q

and X´1pA
1

q P σpX´1pC
1

qq. Hence, ΩzX´1pA
1

q P σpX´1pC
1

qq.

3. If A
1

n P G, then Yně1A
1

n P G Because

X´1
pYně1A

1

nq “ Yně1X
´1

pA
1

nq

and X´1pA
1

nq P σpX´1pC
1

qq for all n ě 1. Hence Yně1X
´1pA

1

nq P σpX´1pC
1

qq.

Remark 3.3. This theorem says X´1 and the operation of taking σ commutes.

3.2 Measurable Maps, Random Elements, Induced Probabil-
ity Measures

Lectures 2024-10-08, 2024-10-10, 2024-10-12, 2024-10-15

Definition 3.4 (Measurable map). Let pΩ,Bq and pΩ
1

,B
1

q are two measurable spaces.
Let X : Ω Ñ Ω

1

is a map. If X´1pB
1

q Ď B, then we say X is a measurable map with
respect to B and B

1

, write X P B{B
1

.
Sometimes, we just say X is a measurable map.

Definition 3.5 (Random Variable). In particular, let Ω
1

“ R,B1

“ BpRq, and X P

B{BpRq, then we say X is a random variable.

Remark 3.6. Why measurability X P B{BpRq is required to define a random variable
X where

X : pΩ,B,Pq ÝÑ pR,BpRqq

We are interested in compute PpX P Aq for some A P BpRq. But what does PpX P Aq

mean? It means

PpX P Aq “ PpX´1
pAqq “ Pptω P Ω : Xpωq P Auq
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Induced measure by a measurable map

Suppose we have two measurable spaces pΩ,Bq and pΩ
1

,B
1

q. We also have a measur-
able map

X : Ω ÝÑ Ω
1

which we will denote this map as X P B{B
1

. Here X induces a probability measure
on pΩ

1

,B
1

q as follows: for any B
1

P B
1

define a set function P
1

as

P
1

pB
1

q “ PpX´1
pB

1

qq

This gives us a probability measure on pΩ
1

,B
1

q.
The only hard axiom of probability measure to check is σ-additivity, that is for

disjoint sets B
1

1, . . . , B
1

n, . . . P B
1

such that Yně1B
1

n P B
1

we want

P
1

pYně1B
1

nq “
ÿ

ně1

P
1

pB
1

nq

Let’s do it

P
1

ˆ

ď

ně1

B
1

n

˙

“ P

ˆ

X´1
p
ď

ně1

B
1

nq

˙

“ P

ˆ

ď

ně1

X´1
pB

1

nq

˙

“
ÿ

ně1

PpX´1
pB

1

nqq

“
ÿ

ně1

P
1

pB
1

nq

Definition 3.7 (Random Variable). In particular, if we consider a RV X P B{BpRq

which is the measurable map

X : pΩ,B,Pq ÝÑ pR,BpRq,P
1

“ P ˝X´1
q

For any Borel set B
1

P BpRq, evaluate P
1

at B
1

P
1

pB
1

q “ PpX´1
pB

1

qq “ Pptω P Ω : Xpωq P B
1

uq

The event tω P Ω : Xpωq P B
1

u means the random variable X will take values in the
set B

1

.

Example 3.1 (Distribution Function). For example, if B
1

“ p´8, xs, then

P
1

pp´8, xsq “ Pptω P Ω : Xpωq P p´8, xsuq “ PpX ď xq

Hence, P
1

gives the distribution function of the RV X.

Example 3.2 (Toss a dice twice). The sample space will be

Ω :“ tpi, jq : 1 ď i, j ď 6u

Then the probability of p1, 2q P B “ PpΩq will be Ppp1, 2qq “ 1
6

¨ 1
6

“ 1
36

where the
σ-algebra is defined as B “ PpΩq.

Suppose X means the sum of the two outcomes.
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[Board figure omitted: the map X sending the 6 ˆ 6 grid of outcomes pi, jq to the set
of possible sums t2, 3, . . . , 12u]

Then the Ω
1

“ t2, 3, . . . , 12u, and P
1

“ P ˝X´1. For example,

P
1

pt2uq “ PpX “ 2q “ PpX´1
pt2uqq “

1

36

Another example, we have

PpX “ 4q “ P
1

pt4uq “ PpX´1
pt4uqq “ Pptp1, 3q, p2, 2q, p3, 1quq “

3

36

Another example,

PpX P r0, 1sq “ P
1

pr0, 1sq “ PpX´1
pr0, 1sqq “ Pp∅q “ 0

Another example,

PpX P r1, 2.5sq “ P
1

pr1, 2.5sq “ PpX´1
pr1, 2.5sqq “ Pptp1, 1quq “

1

36

Example 3.3 (Construction of Gaussian Random Variable). Given a DF F pxq with

F pxq “
1

?
2π

ż x

´8

e´ z2

2 dz

How do we know we have a RV X with DF F pxq? We mean the induced measure

P
1

“ P ˝X´1 evaluate at the set p´8, xs where P
1

pp´8, xsq “ F pxq with F pxq will be
of the form of above.

We need to construct a probability space pΩ,B,Pq and a random variable X such
that

P
1

pp´8, xsq “ F pxq

To start, we just choose
pΩ,Bq “ pR,BpRqq

By the one-to-one correspondence between P and F pxq, for any given DF F pxq, we
can construct a probability measure P on pR,BpRqq such that

Ppp´8, xsq “ F pxq

But we still need to construct a map

X : pR,BpRq,Pq ÝÑ pR,BpRqq

We choose X “ id to be the identity map, so that we define P
1

“ P. Under this choice
of P

1

, we have

Ppp´8, xsq “ F pxq
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Test measurability

Proposition 3.8. Suppose we have a map

X : pΩ,Bq ÝÑ pΩ
1

,B
1

q

Suppose B
1

“ σpC
1

q for some generating set C
1

Ă B
1

, and X´1pC
1

q Ă B. Then
X P B{B

1

.

Proof. Consider the inverse map X´1 on B
1

X´1
pB

1

q “ X´1
pσpC

1

qq “ σpX´1
pC

1

qq

where X´1pC
1

q Ă B, and use σpX´1pC
1

qq being the smallest σ-field that contains
X´1pC

1

q. So we will have

X´1
pσpC

1

qq “ σpX´1
pC

1

qq Ă B

which proves measurability of X.

Corollary 3.9. If we have a map

X : pΩ,Bq ÝÑ pR,BpRqq

If for any x P R, we have X´1pp´8, xsq P B, then X is a random variable.

Proof. Choose C
1

“ tp´8, xs : x P Ru, then apply the previous proposition, we have
X P B{BpRq.

Proposition 3.10 (Composition of measurable maps). Consider the following com-
position of measurable maps

pΩ,Bq
X

ÝÝÝÑ pΩ
1

,B
1

q
Y

ÝÝÝÑ pΩ
2

,B
2

q

where X P B{B
1

and Y P B
1

{B
2

. The conclusion is Y ˝ X P B{B
2

.

Proof. Observe that

pY ˝ Xq
´1

pB
2

q “ X´1
˝ Y ´1

pB
2

q “ X´1
pY ´1

pB
2

q
looomooon

ĂB1

q Ă B

Hence, we have the result.

Measurability and continuity

Example 3.4 (Euclidean Space). Consider Rn. Let x “ px1, . . . , xnq, y “ py1, . . . , ynq P

Rn. Their (Euclidean) distance is defined as

dpx, yq “
a

px1 ´ y1q2 ` . . . ` pxn ´ ynq2

Definition 3.11 (Metric space). In general, for a metric space S, the distance function
dpx, yq is a function satisfies the following axioms
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1. (Positivity) dpx, yq ě 0 for all x, y P S, and dpx, yq “ 0 if and only if x “ y.

2. (Symmetric) dpx, yq “ dpy, xq

3. (Triangle inequality) dpx, zq ď dpx, yq ` dpy, zq

Definition 3.12 (Continuous function, convergence). On a metric space S, a function
is said to be continuous if xn Ñ x (pointwise convergence), which is equivalent to
dpxn, xq Ñ 0, then

fpxnq Ñ fpxq, for all x P S

Definition 3.13 (Continuous function). Let pS, dq be a metric space. Another equiv-
alent definition of continuity of a function f : S Ñ Rn is that preimage f´1pOq is an
open subset of S for any open subset O Ă Rn, i.e.

f´1
pOq Ă S is open @O Ă Rn open

Definition 3.14 (Borel measurable function). Recall for any topological space, the
Borel σ-field is the σ-field generated by the collection of open sets. Now we look at a
continuous function

f : S ÝÑ Rn

We have

1. Preimage of open set is open, i.e. f´1pOq Ă S is open for any open set O Ă Rn

2. The collection of open sets of S and Rn generate the corresponding Borel σ-fields,
i.e. BpSq “ σpopen sets of Sq and BpRnq “ σpopen sets of Rnq. Hence, f is
measurable with respect to f P BpSq{BpRnq.

Remark 3.15. Again the conclusion is, a continuous function is always a measurable
map with respect to the corresponding Borel σ-field.

Corollary 3.16. Suppose X is a random vector, that is X P B{BpRnq, i.e.

X : pΩ,B,Pq ÝÑ pRn,BpRn
qq

We can denote random vector X as X “ pX1, . . . , Xnq where each Xi is a vector
component of X, which is a random variable.

Proposition 3.17. Suppose g is a continuous function of n variables, i.e.

g : Rn
ÝÑ R, continuous

Then gpXq is a random variable.

pΩ,B,Pq pRn,BpRnqq

pR,BpRqq

X

gpXq
g
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Example 3.5. Consider the function

g : Rn ÝÑ R
px1, . . . , xnq ÞÝÑ gpx1, . . . , xnq “ xk

This is the projection map, hence continuous. Then

gpXq “ gpX1, X2, . . . , Xnq “ Xk

Hence Xk is a random variable.

Proposition 3.18. Suppose X1, X2, . . . , Xn are n random variables. Then

X “ pX1, . . . , Xnq : pΩ,B,Pq ÝÑ pRn,BpRn
qq

is a random vector, that is
X P B{BpRn

q

Proof. Consider collection of sets

C :“ tpa1, b1q ˆ pa2, b2q ˆ . . . ˆ pan, bnq : ai, bi P R; ai ď biu

What special about this collection of sets is it has σpCq “ BpRnq.
Then for any element I from C, its preimage under X will be

X´1
pIq “ tω P Ω : Xpωq P Iu

“ tω P Ω : pX1pωq, . . . , Xnpωqq P Iu

“ tω P Ω : Xipωq P pai, biq; i “ 1, . . . , nu

“

n
č

k“1

tω P Ω : Xkpωq P pak, bkqu

“

n
č

k“1

X´1
k ppak, bkqq

loooooomoooooon

PB

P B

So X´1pCq Ă B. Hence,

X´1
pBpRn

qq “ X´1
pσpCqq “ σpX´1

pCqq Ă B

Example 3.6. If X1, . . . , Xn are n random variables. Then

X “ pX1, . . . , Xnq

is a random vector. Then for a continuous function g, the composition of g and X

gpXq “ gpX1, . . . , Xnq

is a random variable. More explicitly,

pg ˝ Xqpωq “ gpXpωqq “ gpX1pωq, . . . , Xnpωqq

is a random variable.
To summarize, this means for g being a continuous function and f being a mea-

surable function. The composition function of g ˝ f is a measurable function.
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Measurability and limit

Proposition 3.19. Suppose we have a sequence of random variables X1, X2, . . . , Xn, . . ..
We will have the following results.

1. Suppose psupně1Xnqpωq is finite for all ω P Ω. Then the supně1Xn will be a
random variable.

2. Suppose pinfně1Xnqpωq is finite for all ω P Ω. Then the infně1Xn will be a
random variable.

3. Suppose plim supnÑ8 Xnqpωq is finite for all ω P Ω. Then the lim supnÑ8 Xn will
be a random variable.

4. Suppose plim infnÑ8 Xnqpωq is finite for all ω P Ω. Then the lim infnÑ8 Xn will
be a random variable.

5. Suppose plimnÑ8 Xnqpωq exists, for all ω P Ω. Then limnÑ8 Xn is a random
variable.

6. The set
tω P Ω : lim

nÑ8
Xnpωq existsu

is a measurable set, i.e. it lies in B.

Proof. (1) Consider supn Xn: Recall that each Xk : pΩ,B,Pq Ñ pR,BpRqq is
a measurable function into Borel measurable space, and Borel measurable space is
generated by the sets of the form p´8, xs. Hence, we consider the pre-image

ˆ

sup
n

Xn

˙´1

pp´8, xsq “

"

ω P Ω : sup
n

Xnpωq ď x

*

“ tω P Ω : Xnpωq ď x for all n P Zě1u

“

8
č

n“1

tω P Ω : Xnpωq ď xu

“

8
č

n“1

X´1
n pp´8, xsq

looooooomooooooon

PB

P B

(2): This time consider
ˆ

inf
n
Xn

˙´1

prx,`8qq “

!

ω P Ω : inf
n
Xnpωq ě x

)

“ tω P Ω : Xnpωq ě x for all n P Zě1u

“

8
č

n“1

tω P Ω : Xnpωq ě xu

“

8
č

n“1

X´1
n prx,`8qq

looooooomooooooon

PB

P B
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Proof of (3), (4): Use the definition of limsup, we have

lim sup
nÑ8

Xn “ inf
ně1

sup
měn

Xm

We have proved supměnXm is a random variable. Let Yn “ supměnXm. Also, we have
proved infně1 Yn is a random variable. Hence, lim supnÑ8 Xn is a random variable.

By symmetry,
lim inf
nÑ8

Xn “ sup
ně1

inf
měn

Xm

is a random variable. Here we define Zn “ infměnXm. Then use the above argument.
Proof of (5): Consider the set

!

ω P Ω : lim
nÑ8

Xnpωq exists
)

“

"

ω P Ω : lim sup
nÑ8

Xnpωq “ lim inf
nÑ8

Xnpωq

*

“

$

’

’

&

’

’

%

ω P Ω : lim sup
nÑ8

Xn

loooomoooon

“Y

pωq ´ lim inf
nÑ8

Xn
loooomoooon

“Z

pωq “ 0

,

/

/

.

/

/

-

“ tω P Ω : Xpωq “ Y pωq ´ Zpωq “ 0u

“ tω P Ω : Xpωq “ 0u

“ X´1
pt0uq

P B

Because Y, Z are both random variables, their difference X “ Y ´ Z is also a random
variable. More precisely, it is a random variable X P B{BpRq.

Remark 3.20. Consider the extended real line, we have

BpRq Ą BpRq

Later, when we look at random variables, we actually look at the map

X : pΩ,B,Pq ÝÑ pR,BpRqq

which means X P B{BpRq. That means, we do allow random variables to take `8

and ´8 as their values.
If X P B{BpRq and X ‰ ˘8 (so that X takes values in R), then X P B{BpRq.
In probability, we can not avoid a random variable taking ˘8 as its value.

Example 3.7. Let Xn “ n. Then limnÑ8 Xn “ `8.

3.3 σ-algebras Generated by Maps

Lectures 2024-10-15, 2024-10-17
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Setup 1

Consider a measurable map

X : pΩ,Bq ÝÑ pR,BpRqq

which we mean X P B{BpRq.

Definition 3.21 (σ-field generated by X). The σ-field generated by X is defined as

σpXq :“ X´1
pBpRqq

Here, X P B{BpRq means X´1pBpRqq Ă B.

Remark 3.22. If X, Y are both random variables, then

σpXq “ X´1
pBpRqq Ă B

σpY q “ Y ´1
pBpRqq Ă B

This means if the domain of a random variable is the measurable space pΩ,Bq, then
all information of this random variable comes from this σ-algebra B. Thus, B is an
“ambient event set” of preimage of BpRq under the random variable.

Hence, the σ-algebra σpXq contains all the information relates to X.

Example 3.8. Consider the set

tω P Ω : Xpωq P p1, 2qu “ X´1
pp1, 2qq P σpXq

In general, for any B P BpRq, we have

tω P Ω : Xpωq P Bu “ X´1
pBq P σpXq

Remark 3.23. In probability theory, σ-algebra will change all the time as the random
variable changes. In contrast, in real analysis, once we define the measurable map, the
σ-algebra is usually not important any more.

Setup 2

Consider the measurable map

X : pΩ,Bq ÝÑ pΩ
1

,B
1

q

which we mean X P B{B
1

.

Definition 3.24. The σ-field generated by X is defined as

σpXq :“ X´1
pB

1

q

Here, X P B{B
1

means X´1pB
1

q Ă B.

Definition 3.25 (measurable with respect to a sub-σ-algebra F Ă B). For a sub σ-
field F of B, we say X is measurable with respect to F and writes X P F if σpXq Ă F.
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Example 3.9. Let pΩ,B,Pq be a probability space. Let A P B. Look at the indicator
function X “ 1A. Then what is σpXq? There are only four situations.

[Board figure omitted: the indicator 1A on Ω, with Ω split into A and Ac, and the
four possible preimages X´1pBq marked]

Consider the preimage X´1pBq, there are only four situations.

X´1
pBq “

$

’

’

&

’

’

%

Ac if 0 P B, 1 R B
A if 0 R B, 1 P B
∅ if 0 R B, 1 R B
Ω if 0 P B, 1 P B

Thus,
σpXq “ X´1

pBpRqq “ t∅,Ω, A,Ac
u

Definition 3.26 (Simple random variable). A random variable is said to be a simple
random variable if the values of X can take is a finite set ta1, a2, . . . , anu. Thus,

X “ a11A1 ` . . . ` an1An

where Ak P B. In particular, Ak is a partition of Ω, meaning

• Yn
k“1Ak “ Ω

• Ai X Aj “ ∅ for i ‰ j.

Thus, the σ-algebra generated by X is of the form

σpXq “ σptA1, . . . , Anuq “ tYiPIAi : I Ă t1, 2, . . . , nuu

which is all possible combination (i.e. union) of different atomic pieces.

Proposition 3.27. If X is a random variable. Let C be a collection of subsets of R
such that

σpC q “ BpRq

Then the σ-field generated by X is

X´1
pBpRqq “ σpXq “ σpX´1

pC qq “ X´1
pσpC qq

Remark 3.28 (about σ-field). The σ-field generated by a random variable X is the
collection of information related to X. Later in STAT 502 will look at a (discrete
time) stochastic process pXnqně1 which can be thought as a random system evolve
dynamically.

Example 3.10. Let Xn be the number of customer goes to a store at time n. We will
denote

Fn “ σpX1, X2, . . . , Xnq “ σ

ˆ n
ď

i“1

σpXiq

˙

That is σ-field generated by n random variables. It can be interpreted as the collection
of information relates to X1, . . . , Xn. (This is all information up to time n).

Remark 3.29 (Fair game (Martingale)). A fair game means given all information up
until now, we play one more game, then we are not supposed to win or lose. In terms
of conditional expectation, we will have

EpXn`1|Fnq “ Xn
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4 Independence

4.1 Basic Definitions

Lectures 2024-10-17, 2024-10-19

Definition 4.1 (Independence of events). Two events A and B are independent if

PpA X Bq “ PpAqPpBq

Remark 4.2. If A and B are independent, then the question is do we have Ac and Bc

independent? As well as A and Bc, Ac and B. The answer is yes. First let’s consider
do we have

PpA X Bc
q “ PpAqPpBc

q

Because

PpA X Bc
q “ PpAzBq “ PpAq ´ PpA X Bq

“ PpAq ´ PpAqPpBq “ PpAqp1 ´ PpBqq

“ PpAqPpBc
q

Similarly, Ac, B are also independent. Lastly, for Ac and Bc:

PpAc
X Bc

q “ PppA Y Bq
c
q “ 1 ´ PpA Y Bq

“ 1 ´ PpAq ´ PpBq ` PpA X Bq

“ 1 ´ PpAq ´ PpBq ` PpAqPpBq

“ 1 ´ PpAqp1 ´ PpBqq ´ PpBq

“ p1 ´ PpBqqp1 ´ PpAqq

“ PpAc
qPpBc

q

Definition 4.3. 1) Let A1, . . . , An are n events. They are independent if

P

ˆ n
č

i“1

Ci

˙

“

n
ź

i“1

PpCiq

where Ci “ Ai or Ac
i .

2) The above statement is equivalent to

P

ˆ n
č

i“1

Bi

˙

“

n
ź

i“1

PpBiq

where
Bi “ Ai or Ω

Another way to phrase this is the following

P

ˆ

č

iPI

Ai

˙

“
ź

iPI

PpAiq

for all I Ă t1, . . . , nu.
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Definition 4.4 (Pairwise independence). If A1, . . . , An are events. We say they are
pairwise independent if

PpAi X Ajq “ PpAiqPpAjq

for all i ‰ j.

Remark 4.5. But pairwise independent does not implies independence.

Example 4.1 (Non-example). Consider four pairwise disjoint events C1, C2, C3, C4

(e.g. a partition of Ω into four equally likely pieces) where

PpCiq “
1

4

Define

A1 “ C1 Y C2

A2 “ C2 Y C3

A3 “ C1 Y C3

See that A1, A2, A3 are pair-wise independent. But

PpA1 X A2 X A3q ‰ PpA1qPpA2qPpA3q

Remark 4.6. If two events A, B are disjoint, they must be dependent with each other.
Because for PpAq ą 0 and PpBq ą 0, we will have

PpA X Bq “ 0

but

PpAqPpBq ‰ 0

Definition 4.7 (Independence of collection of sets). If we have n collection of subsets
of Ω, C1, . . . ,Cn Ă PpΩq. We say that they are independent if any choice of C1 P

C1, . . . , Cn P Cn, we have C1, . . . , Cn are independent.

Definition 4.8 (Independence of an arbitrary collection of events). Suppose T is an
arbitrary index set. For each t P T , Ct is a collection of events. We say tCt : t P T u

are independent if for any finite set I Ă T , tCt : t P Iu are independent.

Remark 4.9 (FDD). The name FDD refers to the finite dimensional distribu-
tions of a stochastic process. A stochastic process (random process) is a collec-
tion of random variables tXt : t P T u indexed by an arbitrary set T (e.g. T “ Zě1

or T “ r0,8q), all defined on the same probability space. For a finite subset I “

tt1, . . . , tnu Ă T , the joint distribution of the random vector pXt1 , . . . , Xtnq is called a
finite dimensional distribution of the process. The definitions above follow the same
pattern: independence of an arbitrary collection is defined through its finite subcollec-
tions, i.e. through finite dimensional objects.
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4.2 Independent Random Variables

Lectures 2024-10-17, 2024-10-19

Definition 4.10 (Independence of random variable). Let X1, . . . , Xn be random vari-
ables. We say that they are independent if σpX1q, . . . , σpXnq are independent.

Lemma 4.11. Let C1, . . . ,Cn Ă PpΩq. Suppose

1) Ci is a π-system for i “ 1, . . . , n.

2) C1, . . . ,Cn Ă PpΩq are independent

Then σpC1q, . . . , σpCnq are independent.

Proof. Read the book.

Proposition 4.12. Let X1, . . . , Xn be random variables. They are independent if and
only if

PpX1 ď x1, . . . , Xn ď xnq “

n
ź

i“1

PpXi ď xiq

for all xi P R for i “ 1, . . . , n.

Proof. Forward direction ùñ . If X1, . . . , Xn are independent. Then the following
will hold

PpX1 ď x1, . . . , Xn ď xnq “

n
ź

i“1

PpXi ď xiq

Because

PpX1 ď x1, . . . , Xn ď xnq “ P

ˆ n
č

i“1

X´1
i pp´8, xisq

˙

“

n
ź

i“1

PpX´1
i pp´8, xisqq

“

n
ź

i“1

PpXi ď xiq

Backward direction ðù . Suppose now the converse holds, i.e. we have

PpX1 ď x1, . . . , Xn ď xnq “

n
ź

i“1

PpXi ď xiq

We are trying to show X1, . . . , Xn are independent. Set

Ci :“ ttXi ď xiu : xi P Ru

Obviously, Ci is a π-system, because

tXi ď xiu X tXi ď x̃iu “ tXi ď mintxi, x̃iuu P Ci
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Hence, the assumption

PpX1 ď x1, . . . , Xn ď xnq “

n
ź

i“1

PpXi ď xiq

just means Ci’s are independent. So the previous lemma implies

σpC1q, . . . , σpCnq

are independent.
The last thing to show is that σpCiq “ σpXiq. See that

σpCiq “ σptX´1
i pp´8, xisq : xi P Ruq

“ σpX´1
i ptp´8, xis : xi P Ruqq

“ X´1
i pσptp´8, xis : xi P Ruqq

“ X´1
i pBpRqq

“ σpXiq

Corollary 4.13. In the case of discrete random variables X1, . . . , Xn are discrete, that
is the values it can take is a countable set (e.g. Xi P Z). Then they are independent if
and only if the following is true.

PpX1 “ x1, . . . , Xn “ xnq “

n
ź

i“1

PpXi “ xiq, @xi P R

This is joint PMF and marginal PMFs.

Proof. If independent, then the condition

PpX1 “ x1, . . . , Xn “ xnq “

n
ź

i“1

PpXi “ xiq, @xi P R

will hold.
All we need to show is, if the condition

PpX1 “ x1, . . . , Xn “ xnq “

n
ź

i“1

PpXi “ xiq, @xi P R

holds, then we will have independence.
So basically we are trying to show, if we have

PpX1 “ x1, . . . , Xn “ xnq “

n
ź

i“1

PpXi “ xiq, @xi P R

then we will have

PpX1 ď x1, . . . , Xn ď xnq “

n
ź

i“1

PpXi ď xiq, @xi P R
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Since each Xi is discrete, write its possible values as taij : j P Zě1u. Let’s look

PpX1 ď x1, . . . , Xn ď xnq

PpX1 ď x1, . . . , Xn ď xnq “
ÿ

j1,...,jn:
aijiďxi for i“1,...,n

PpX1 “ a1j1 , . . . , Xn “ anjnq

“
ÿ

j1,...,jn:
aijiďxi for i“1,...,n

n
ź

i“1

PpXi “ aijiq

“
ÿ

j2,...,jn:
aijiďxi, iě2

ÿ

j1: a1j1ďx1

ˆ n
ź

i“2

PpXi “ aijiq

˙

PpX1 “ a1j1q

“

ˆ

ÿ

j2,...,jn:
aijiďxi, iě2

n
ź

i“2

PpXi “ aijiq

˙ˆ

ÿ

j1: a1j1ďx1

PpX1 “ a1j1q

˙

looooooooooooooomooooooooooooooon

PpX1ďx1q

“

ˆ

ÿ

j2,...,jn:
aijiďxi, iě2

n
ź

i“2

PpXi “ aijiq

˙

PpX1 ď x1q

“
...

“

n
ź

i“1

PpXi ď xiq

where in the middle, we just keep repeating the same trick. This finishes the proof.

Definition 4.14 (Independence of an arbitrary collection of random variables). Sup-
pose T is an arbitrary index set. For each t P T , Xt is a random variable. We say
tXt : t P T u are independent if for any finite I Ă T , the collection of random variables
tXt : t P Iu are independent.

Example 4.2. Consider a sequence of random variables tXi : i P Nu “ tX1, . . . , Xn, . . .u.
We say they are independent if any finite collection of them are independent.

Remark 4.15. If X1, . . . , Xn are independent. Then any sub collection of them are
independent. For example X1, X2 are independent; X2, X3, X4, Xn are independent,
and etc.

4.3 Two Examples of Independence

Lectures 2024-10-19, 2024-10-22

Example 4.3 (10-nary expansion). Consider 0.91. This means we divide an unit
interval p0, 1s evenly into ten parts, and look at where does 0.91 lies in. Then further
divide that interval into another ten parts. So it is

0.91 “
9

10
`

1

102
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Another example

0.891 “
8

10
`

9

102
`

1

103

Thus in general, we will have
8
ÿ

i“1

ai
10i

Example 4.4 (Dyadic expansion of uniform random variables, Binary expansion).
Consider a probability space pΩ,B,Pq “ pp0, 1s,Bpp0, 1sq, λq where λ is Lebesgue mea-
sure. Then for any ω P p0, 1s we have the so-called dyadic expansion of ω which is
defined as following:

ω “

8
ÿ

i“1

ai
2i

“ 0.a1a2a3 . . . , ai “ 0 or 1

This is just a binary expansion of a number in p0, 1s.

[Board figure omitted: the unit interval p0, 1s repeatedly halved, showing how the
digits a1, a2, a3, . . . locate ω]

Example 4.5. For 1
2
, the convention for finite expansion is

1

2
“ 0.1

and the convention for infinite expansion is

1

2
“ 0.011111 . . .

Observation

From this expansion

ω “

8
ÿ

i“1

ai
2i

“ 0.a1a2a3 . . . , ai “ 0 or 1

we get a sequence of functions on Ω,

a1pωq, a2pωq, . . .

We then have the following claims:

• Claim I: Each aipωq is a random variable.

• Claim II:Ppai “ 0q “ 1
2
, andPpai “ 1q “ 1

2
, which means all aipωq are identically

distributed

• Claim III: they are independent.
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So we just construct a sequence of maps in a special way, and it turns out that they
are IID sequence.

Proof of Claim I. Several observations. Let’s look at the map a1pωq. Consider the
event

tω P Ω : a1pωq “ 0u “ t0.0 ˚ ˚ . . . : ˚ “ 0 or 1u “ t0.000 . . . , . . . , 0.01111 . . .u “ p0, 1
2
s

Consider a different event

tω P Ω : a1pωq “ 1u “ t0.1 ˚ ˚ . . . : ˚ “ 0 or 1u “ t0.100 . . . , . . . , 0.11111 . . .u “ p1
2
, 1s

Since a1 takes only the two values 0 and 1, for any B P BpRq the preimage a´1
1 pBq is

one of the four sets
∅, p0, 1

2
s, p1

2
, 1s, Ω

according to whether 0 P B and whether 1 P B; all four lie in Bpp0, 1sq. Hence a1 is a
random variable. The same argument works for every an: the sets a´1

n p0q and a´1
n p1q

are finite unions of dyadic intervals (written out under Claim II below), hence lie in
Bpp0, 1sq, and an is a random variable.

The expansion is unique if we pick the expansion that has infinitely many 1’s.

Proof of Claim II.

Look at a2.

[Board figure omitted: the four dyadic subintervals of p0, 1s of length 1{4, marked
according to whether a2 “ 0 or a2 “ 1 on them]

Consider the event

a´1
2 p1q “ tω P Ω : a2pωq “ 1u

“ tp0. ˚ 100 . . . , 0. ˚ 111 . . .su

“ p0.0100 . . . , 0.0111 . . .s Y p0.1100 . . . , 0.1111 . . .s

P Bpp0, 1sq

Also,

a´1
2 p0q “ tω P Ω : a2pωq “ 0u

“ tp0. ˚ 000 . . . , 0. ˚ 011 . . .su

“ p0.0000 . . . , 0.0011 . . .s Y p0.1000 . . . , 0.1011 . . .s

P Bpp0, 1sq

Look at an in general. Consider the event

a´1
n p0q “ tω P Ω : anpωq “ 0u

“ the union of 2n´1 disjoint intervals of length
1

2n
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and similarly,

a´1
n p1q “ tω P Ω : anpωq “ 1u

“ the union of 2n´1 disjoint intervals of length
1

2n

Thus,

Ppan “ 0q “
1

2n
ˆ 2n´1

“
1

2
, Ppan “ 1q “

1

2

Proof of Claim III. We are trying to prove ai’s are independent. This gives us an
IID sequence of Bernoulli random variables. We need to show

Ppa1 “ u1, . . . , an “ unq “

n
ź

i“1

Ppai “ uiq “
1

2n

for all ui “ 0 or 1 and all n ě 1. Consider the event

tω P Ω : a1pωq “ u1, . . . , anpωq “ unu “ p0.u1u2 . . . un00 . . . , 0.u1u2 . . . un11 . . .s

“

ˆ n
ÿ

i“1

ui

2i
,

n
ÿ

i“1

ui

2i
`

8
ÿ

i“n`1

1

2i

ȷ

Since the probability of an interval is its length,

Ppa1 “ u1, . . . , an “ unq “

ˆ n
ÿ

i“1

ui

2i
`

8
ÿ

i“n`1

1

2i

˙

´

n
ÿ

i“1

ui

2i

“

8
ÿ

i“n`1

1

2i
“

1

2n
“

n
ź

i“1

Ppai “ uiq

which is exactly the required factorization.

4.4 More on Independence: Groupings

Lecture 2024-10-22

Lemma 4.16 (Grouping). Suppose tBt : t P T u is an independent family of σ-fields,
where T is an index set. Let S be an index set, and suppose for each s P S we are
given a subset Ts Ă T such that the collection tTs : s P Su is pairwise disjoint. Set

BTs :“ σpBt : t P Tsq “ σ

ˆ

ď

tPTs

Bt

˙

Then tBTs : s P Su are independent.

Example 4.6. Consider a sequence of independent σ-fields

B1,B2, . . . ,Bn, . . .

Let S “ t1, 2, 3, . . .u. Consider the σ-fields generated by finitely many of σ-fields above
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1. σpB1,B2q where T1 “ t1, 2u

2. σpB3,B4,B7q where T2 “ t3, 4, 7u

3. σpB6,B8q where T3 “ t6, 8u

Because T1, T2, T3 are all disjoint. Thus, the above three σ-fields are independent.

Example 4.7. Consider a sequence of independent random variables

X1, X2, X3, . . .

Then consider the following σ-fields

1. σpX1, X5q

2. σpX2, X7, X100q

3. σpX13, X14q

4. σpX101, X102, . . .q

The claim is, applying grouping lemma, these σ-fields are independent. First,

Bk “ σpXkq

Let T “ t1, 2, 3, . . .u and S “ t1, 2, 3, 4u. Then

1. T1 “ t1, 5u Ă T

2. T2 “ t2, 7, 100u Ă T

3. T3 “ t13, 14u Ă T

4. T4 “ t101, 102, . . .u Ă T

Under this new setting, we have

1. BT1 “ σpX1, X5q

2. BT2 “ σpX2, X7, X100q

3. BT3 “ σpX13, X14q

4. BT4 “ σpX101, X102, . . .q

Because index sets T1, T2, T3, T4 are all disjoint. Thus by the grouping lemma, these
σ-fields are independent. Which means random variables are independent.

Question. Are

X1 ` X5, pX2
2 ` X3

7 qX100, X13 logpX14q, lim sup
nÑ8

Xn

are independent?
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The claim is continuous manipulation of independent random variables are still
going to be independent.

Because
X1 P σpX1q Ă σpX1, X5q, X5 P σpX5q Ă σpX1, X5q

Hence apply a continuous manipulation to X1, X5, we have

X1 ` X5 P σpX1, X5q

In addition, we define

1. BT1 “ σpX1, X5q

2. BT2 “ σpX2, X7, X100q

3. BT3 “ σpX13, X14q

4. BT4 “ σpXn : n ě 101q

Each of the four random variables in the question is measurable with respect to
the corresponding σ-field: X1 ` X5 P BT1 as shown above, and in the same way
pX2

2 ` X3
7 qX100 P BT2 and X13 logpX14q P BT3 , being continuous manipulations of

the generating variables; and lim supnÑ8 Xn P BT4 , because the limsup does not de-
pend on any finite initial segment of the sequence, so it is measurable with respect
to σpXn : n ě 101q. The index sets T1 “ t1, 5u, T2 “ t2, 7, 100u, T3 “ t13, 14u,
T4 “ t101, 102, . . .u are pairwise disjoint, so by the grouping lemma the four σ-fields
are independent, and therefore so are the four random variables. This answers the
question affirmatively.

4.5 Independence, Zero-One Laws, Borel-Cantelli Lemma

Lectures 2024-10-22, 2024-10-24, 2024-10-26, 2024-10-29

Lemma 4.17 (Borel-Cantelli Lemma). Suppose An’s is a sequence of events such that

8
ÿ

n“1

PpAnq ă 8

Then

PpAn happens i.o.q “ P

ˆ

lim sup
nÑ8

An

˙

“ P

ˆ 8
č

n“1

8
ď

k“n

Ak

˙

“ 0

Example 4.8. Suppose An is the event that the light breaks on day n. Let’s say

PpAnq “
1

2n

This means when time evolves, the technology gets better and better so that the proba-
bility of the light breaks is getting lower and lower. Then

PpAn i.o. q “ 0
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This means with 0 probability that An happens infinitely often. If we look at the com-
plement where

tAn i.o.uc “

ˆ

lim sup
nÑ8

An

˙c

“ lim inf
nÑ8

Ac
n

Its probability is going to be

PptAn i.o.ucq “ 1

That means for some n0, A
c
n will keep happening for n ě n0. That means, take any

ω P lim infnÑ8 Ac
n, there exists n0 such that ω P Ac

n for all n ě n0. (It means there is
a certain day such that after that day, the light does not break any more).

Proof. Consider the following probability

PpAn i.o. q “ P

ˆ

lim sup
nÑ8

An

˙

“ P

ˆ 8
č

n“1

8
ď

k“n

Ak

˙

“ lim
nÑ8

P

ˆ 8
ď

k“n

Ak

˙

ď lim
nÑ8

8
ÿ

k“n

PpAkq

“ 0

where we use continuity of probability and countable sub-additivity of measure. The

8
ÿ

k“1

ak “

n´1
ÿ

k“1

ak `

8
ÿ

k“n

ak

Send n Ñ 8, then
8
ÿ

k“1

ak “

8
ÿ

k“1

ak ` lim
nÑ8

8
ÿ

k“n

ak

Theorem 4.18 (Borel zero-one law). If An is a sequence of independent sets. Then

PpAn i.o.q “

"

0, if
ř8

n“1PpAnq ă 8

1, if
ř8

n“1PpAnq “ 8

Proof. The first part is by Borel Cantelli lemma. The only part we need to show is
the second part, i.e. if

ř8

n“1PpAnq “ 8, then we have

PpAn i.o.q “ 1
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Observe that

PpAn i.o. q “ P

ˆ

lim sup
nÑ8

An

˙

“ P

ˆ 8
č

n“1

8
ď

k“n

Ak

˙

“ 1 ´ P

ˆ

lim inf
nÑ8

Ac
n

˙

“ 1 ´ P

ˆ 8
ď

n“1

8
č

k“n

Ac
k

˙

“ 1 ´ lim
nÑ8

P

ˆ 8
č

k“n

Ac
k

˙

, by continuity of probability

“ 1 ´ lim
nÑ8

8
ź

k“n

PpAc
kq, by independence

“ 1 ´ lim
nÑ8

8
ź

k“n

p1 ´ PpAkqq
loooooomoooooon

ďe´ PpAkq

, by the fact 1 ` x ď ex with x “ ´PpAkq

ě 1 ´ lim
nÑ8

8
ź

k“n

e´PpAkq

“ 1 ´ lim
nÑ8

e´
ř8

k“n PpAkq
loooooomoooooon

“e´8

, by assumption

“ 1 ´ lim
nÑ8

0 “ 1

Since a probability is never larger than 1, the inequality forces PpAn i.o.q “ 1. This
completes the proof.

Example 4.9 (Borel-Cantelli). Consider Xn are IID unit exponential random vari-
ables Xn „ Expp1q. That is

PpXn ą xq “ e´x, x ě 0

Then

P

ˆ

lim sup
nÑ8

Xn

logepnq
“ 1

˙

“ 1

Mathematically, we get a new sequence of random variables Yn “ Xn

logepnq
. Taking limsup

of this new sequence and set it equal to 1.
The heuristics is, we sampling this Xn’s. This get a sequence of dots on the plane.

[Board figure omitted: a scatter of the sampled values Xn against n, with the curve
log n traced through the highest dots]

We want to see what is the curve from starting point to the highest dots. The statement
says that this curve is almost surely (means with probability 1) a log function logpnq.

This is a consequence of Borel zero-one law.
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Proof. What is the meaning of the event

"

ω P Ω : lim sup
nÑ8

Xnpωq

logpnq
“ 1

*

It means for any ϵ ą 0, we should have the following two cases

1) If we look at the point 1 ` ϵ on the real line R, there will be only finitely many

points Xnpωq

logpnq
to the right of this point 1 ` ϵ. This means

Xnpωq

log n
ď 1 ` ϵ for all large n

2) If we look at the point 1 ´ ϵ on the real line R, there will be infinitely many

points Xnpωq

logpnq
to the right of this point 1 ´ ϵ. This means

Xnpωq

log n
ą 1 ´ ϵ for infinitely many n

For fixed ϵ, ω P

!

ω P Ω : lim supnÑ8

Xnpωq

logpnq
“ 1

)

. Then ω satisfies (1) and (2). If we

define a sequence of sets (depend on ϵ) as

Aϵ
n :“

"

ω P Ω :
Xnpωq

logpnq
ď 1 ` ϵ

*

The collection of ω’s satisfying (1) is defined as

lim inf
nÑ8

Aϵ
n

Similarly, if we define a sequence of sets (depend on ϵ) as

Bϵ
n :“

"

ω P Ω :
Xnpωq

logpnq
ą 1 ´ ϵ

*

The collection of ω’s satisfying (2) is defined as

lim sup
nÑ8

Bϵ
n

Next, for fixed ϵ ą 0, the collection of ω’s satisfying (1) and (2) will be in the
intersection of limsup and liminf we defined above, i.e.

ˆ

lim inf
nÑ8

Aϵ
n

˙

X

ˆ

lim sup
nÑ8

Bϵ
n

˙

We pick a sequence of ϵk such that ϵk Ó 0. Then if

ω P

"

ω P Ω : lim sup
nÑ8

Xnpωq

logpnq
“ 1

*
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Then for any ϵk, (1) and (2) should be satisfied, i.e.

ω P

ˆ

lim inf
nÑ8

Aϵk
n

˙

X

ˆ

lim sup
nÑ8

Bϵk
n

˙

, @ϵk

This means
"

ω P Ω : lim sup
nÑ8

Xnpωq

logpnq
“ 1

*

“

8
č

k“1

ˆˆ

lim inf
nÑ8

Aϵk
n

˙

X

ˆ

lim sup
nÑ8

Bϵk
n

˙˙

Let’s further define
Ck :“ lim inf

nÑ8
Aϵk

n

and
Dk “ lim sup

nÑ8

Bϵk
n

If we can show PpCkq “ PpDkq “ 1 for all k ě 1. Then by Exercise 2.6.11, we will
have

P

ˆ 8
č

k“1

pCk X Dkq

˙

“ 1

First, look at

PpDkq “ P

ˆ

lim sup
nÑ8

Bϵk
n

˙

where

PpBϵk
n q “ P

ˆ

Xn

log n
ą 1 ´ ϵk

˙

“ PpXn ą p1 ´ ϵkq log nq

“ e´p1´ϵkq logn

“
1

n1´ϵk

Since 1 ´ ϵk ă 1. Then
8
ÿ

n“1

PpBϵk
n q “

8
ÿ

n“1

1

n1´ϵk
“ 8

Moreover, Bϵk
n for n “ 1, 2, . . . are independent. Hence, by Borel zero-one law, we have

PpBϵk
n i.o.q “ 1

Next, look at PpCkq.

PpCkq “ P

ˆ

lim inf
nÑ8

Aϵk
n

˙

“ 1 ´ P

ˆ

lim sup
nÑ8

pAϵk
n q

c

˙

Consider

PppAϵk
n q

c
q “ P

ˆ

Xn

log n
ą 1 ` ϵk

˙

“
1

n1`ϵk
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Hence, we have
8
ÿ

n“1

PppAϵk
n q

c
q “

8
ÿ

n“1

1

n1`ϵk
ă 8

Moreover, pAϵk
n qc for n “ 1, 2, . . . are independent. Hence, by Borel zero-one law, we

have

PppAϵk
n q

c i.o.q “ 0

Definition 4.19 (Kolmogorov zero-one law — set up). Let tXnunPN be a sequence of
random variables. We define

1) Fn :“ σpX1, . . . , Xnq

2) F
1

n :“ σpXn`1, Xn`2, . . .q

3) The tail σ-field T to be

T :“
8
č

n“1

F
1

n

Note that F
1

1 Ą F
1

2 Ą F
1

3 . . ..

Example 4.10. Consider the following event

A “

#

ω P Ω :
8
ÿ

k“1

X2
kpωq converges

+

Then A P T . That is because the event

8
ÿ

k“1

X2
kpωq converges

is equivalent to the following sum converges

8
ÿ

k“n`1

X2
kpωq converges for all n ě 1

Thus,

#

ω P Ω :
8
ÿ

k“1

X2
kpωq converges

+

“

8
č

n“1

#

ω P Ω :
8
ÿ

k“n`1

X2
kpωq converges

+

And see that the following event belongs to F
1

n.

#

ω P Ω :
8
ÿ

k“n`1

X2
kpωq converges

+

P F
1

n
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because σpXkq Ă F
1

n. Hence, the event A is measurable with respect to F
1

n for all
n ě 1, i.e.

#

ω P Ω :
8
ÿ

k“1

X2
kpωq converges

+

P F
1

n, @n ě 1

Hence,

A P

8
č

n“1

F
1

n

See that the event A has nothing to do with respect to first n random variables X1, . . . , Xn.
Because whether the series converges or not depend only on the random variables in
the later part of the series.

Example 4.11. Let Xn be bounded random variables. (e.g. let Xn be uniform RV on
r0, 1s). Then

lim sup
nÑ8

Xn P T

Still because lim supnÑ8 Xn has nothing to do with first n random variables.

Definition 4.20 (Almost trivial σ-field). A σ-field G is said to be almost trivial (with
respect to P) if for all G P G , we have

PpGq “ 0 or 1

Lemma 4.21. Suppose X is a real-valued random variable (which means X does not
take 8 as its values). And G is an almost trivial σ-field such that X is G -measurable,
i.e. X P G . Then in this case

X “ constant with probability 1

That is, there exists c P R such that

PpX “ cq “ 1

Proof. Consider the distribution function

F pxq “ PpX ď xq “ PpX´1
pp´8, xsqq

Because X P G , we have
X´1

pp´8, xsq P G

But we assumed G is almost trivial, hence

F pxq “ PpX ď xq “ PpX´1
pp´8, xsqq “ 0 or 1

This means

lim
xÑ8

F pxq “ 1

lim
xÑ´8

F pxq “ 0
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The only possibility that this can happen is, at some value c P R, F pxq suddenly jump
to 1, i.e.

PpX “ cq “ 1

The reason is, suppose the jump happens at c. If we consider the event X P pc´ϵ, c`ϵs
for some small ϵ ą 0,

PpX P pc ´ ϵ, c ` ϵsq “ Ppc ´ ϵ ă X ď c ` ϵq

“ F pc ` ϵq ´ F pc ´ ϵq

“ 1 ´ 0

“ 1

Then we let ϵ Ñ 0. We have

PpX “ cq “ lim
ϵÑ0

PpX P pc ´ ϵ, c ` ϵsq “ 1

Theorem 4.22 (Kolmogorov zero-one law). Suppose Xn is a sequence of independent
random variables. Then the tail σ-field of Xn is almost trivial.

Example 4.12. Let Xn be a sequence of bounded and independent random variables.
Then

lim sup
nÑ8

Xn P T

This has nothing to do with independence yet. But if we add the assumption of Xn

being independent. Then T will be almost trivial under this assumption. Because by
the last lemma, then lim supnÑ8 Xn will be constant with probability 1.

Proof of the Kolmogorov zero-one law. Pick any Λ P T . Want to show

PpΛq “ 0 or 1

Need to show Λ is independent of itself. We want

PpΛ X Λq “ PpΛqPpΛq

There is only two possible solutions

PpΛq “ 0 or 1

Recall
Fn “ σpX1, X2, . . . , Xnq

Then
F

1

n “ σpXn`1, Xn`2, . . .q

Introduce
F8 :“ σpX1, X2, . . .q

Since Λ P T “
Ş8

n“1 F
1

n Ă F
1

n for all n ě 1.
On the other hand, by grouping lemma

F
1

n and Fn are independent

Because Λ P F
1

n is independent of Fn for all n ě 1.
Set C1 “ tΛu and C2 “

Ť8

n“1 Fn. We have
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1) C1 and C2 are independent

2) C1 and C2 are both π-systems.

Then one of the lemma tells us σpC1q is independent to σpC2q.
Finally, we know

σpC2q “ F8

On the other hand, we also know

Λ P T “

8
č

n“1

F
1

n
loomoon

ĂF8

Ă F8

To summarize, we have Λ P σpC1q by construction of C1, and also Λ P σpC2q because
Λ P F8. Because σpC1q and σpC2q are independent. Hence, Λ P σpC1q is independent
to Λ P σpC2q. This completes the proof.

Remark 4.23. Self-independence gives PpΛq “ PpΛ X Λq “ PpΛq2, and the only
solutions of p “ p2 are p “ 0 and p “ 1. This is a statement about the probability
of Λ, not about the set itself: it does not force Λ “ ∅ or Λ “ Ω. For example, on
pp0, 1s,Bpp0, 1sq, λq the event Q X p0, 1s has probability 0 but is not empty, and its
complement has probability 1 without being all of Ω. This is why the conclusion of the
theorem is that the tail σ-field is almost trivial, not trivial.
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5 Integration and Expectation

5.1 Standard Constructions of Integrations

Lectures 2024-10-29, 2024-10-31

Simple random variable

Definition 5.1 (Simple random variable). A random variable X is called a simple
random variable if the random variable is a finite sum of indicator functions of disjoint
events

X “

n
ÿ

i“1

ai1Ai

where ai P R and A1, . . . , An P B are disjoint events.

Denote E be the collection of all simple random variables. (here E stands for
elementary. But do remember some people define an elementary random variable as
finite sum of indicator functions on rectangles).

1) E is a vector space. That is, for anyX,Y P E, and a, b P R. We have aX`bY P E.
This is because

X “

n
ÿ

i“1

ai1Ai
, Y “

m
ÿ

j“1

bj1Bj

Then

aX ` bY “ a
n
ÿ

i“1

ai1Ai
` b

m
ÿ

j“1

bj1Bj

“ a
n
ÿ

i“1

m
ÿ

j“1

ai1AiXBj
` b

n
ÿ

i“1

m
ÿ

j“1

bj1AiXBj

“

n
ÿ

i“1

m
ÿ

j“1

paai ` bbjq1AiXBj

P E

Similarly, if X, Y P E. Then XY P E. Because

X ¨ Y “

n
ÿ

i“1

m
ÿ

j“1

aibj1AiXBj

If X,Y P E. Then maxtX, Y u,mintX, Y u P E. Because

maxtX, Y u “

n
ÿ

i“1

m
ÿ

j“1

maxtai, bju1AiXBj

and similarly,

mintX, Y u “

n
ÿ

i“1

m
ÿ

j“1

mintai, bju1AiXBj
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Theorem 5.2. Consider a map

X : Ω ÝÑ R

where X ě 0. Then X is a random variable if and only if there is a sequence of simple
random variables Xn ě 0 such that Xnpωq Ò Xpωq for all ω P Ω.

Proof. ðù : We have proved that if we have a sequence of random variables Xn

converges to some map. Then that map will be measurable, hence is a random variable.
ùñ : If any non-negative random variable X ě 0, we can always find a sequence of
simple random variablesXn that goes toX. In this case, we sayXn is an approximating
sequence of X. (Note, we only say there exists an approximating sequence. We didn’t
say this sequence is unique).

Now let’s see how to construct one approximating sequence. Define

Xn :“
n¨2n
ÿ

k“1

k ´ 1

2n
1An,k

` n1Bn

where

An,k :“

"

ω P Ω :
k ´ 1

2n
ď Xpωq ă

k

2n

*

and
Bn :“ tω P Ω : Xpωq ě nu

[Board figure omitted: the graph of X over Ω with the range cut into the levels k´1
2n

,
showing the horizontal slabs An,k and the top region Bn “ tX ě nu]

So that when we consider the events An,k, we are going to have

• Xnpωq ď Xpωq and

• Xn`1pωq ě Xnpωq and

• Xnpωq Ò Xpωq.

• When |Xpωq| ă 8, then |Xnpωq ´ Xpωq| ď 1
2n

for large enough n. So Xnpωq Ñ

Xpωq.

Remark 5.3. the proofs allow X to be R-valued random variable. That is, it is ok for
X to take `8 as its values. Because if Xpωq “ 8, then ω P Bn. Hence, Xnpωq “ n.
Then Xnpωq Ò Xpωq.

R-valued random variables

Let’s start from R-valued random variables. Consider the probability space pΩ,F ,Pq.
Then a random variable is a measurable mapping

X : pΩ,F q ÝÑ pR,BpRqq

We write X P B{BpRq.
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[Board figure omitted: the mapping X from Ω to the real line, with the preimage of a
Borel set marked in Ω]

For R-valued random variable. Still consider the probability space pΩ,F ,Pq. Then
we are considering a measurable mapping

X : pΩ,F q ÝÑ pR,BpRqq

We write X P B{BpRq. The claim is `8 and ´8 are also points that should be
considered. Rigorously speaking, we have the sets

D1 :“ X´1
pt´8uq P F

D2 :“ X´1
pt8uq P F

[Board figure omitted: the extended real line R with the two extra points ˘8 attached
at its ends, and the two preimages D1, D2 Ď Ω]

Remark 5.4. If we have a R-valued RV, we can consider it as a R-valued RV. We
just set D1 “ D2 “ ∅.

Example 5.1. Compare to a RV taking values in p0, 1q, i.e.

Y : pΩ,F q ÝÑ pp0, 1q,Bpp0, 1qqq

where we write Y P B{Bpp0, 1qq. Then a RV taking values in r0, 1s is

Y : pΩ,F q ÝÑ pr0, 1s,Bpr0, 1sqq

5.2 Expectation and Integration

Lectures 2024-10-31, 2024-11-02, 2024-11-05

Step 1: Define expectation for Simple RVs

Recall E is the collection for simple RVs. Define expectation for X P E, i.e. for

X “

n
ÿ

i“1

ai1Ai

where Ai is a partition of Ω. Then we define

ErXs “

n
ÿ

i“1

ai PpAiq “

ż

XdP

Properties of E on E:

1) Eras “ Era1Ωs “ aPpΩq “ a. And Er1As “ PpAq for A P F .
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2) If X P E and X ě 0. Then EX ě 0. Because X ě 0 means for X “
řn

i“1 ai1Ai
,

all ai ě 0.

3) The operator E is a linear operator on vector space L1pΩ,F ,Pq, i.e. EraX `

bY s “ aEX ` bEY . Because for X “
řn

i“1 ai1Ai
and Y “

řm
j“1 bj1Bj

aX ` bY “

n
ÿ

i“1

m
ÿ

j“1

paai ` bbjq1AiXBj

Thus,

EraX ` bY s “

n
ÿ

i“1

m
ÿ

j“1

paai ` bbjqPpAi X Bjq

“ a
n
ÿ

i“1

m
ÿ

j“1

ai PpAi X Bjq ` b
n
ÿ

i“1

m
ÿ

j“1

bj PpAi X Bjq

“ a
n
ÿ

i“1

ai P

ˆ

Ai X

ˆ m
ď

j“1

Bj

˙˙

` b
m
ÿ

j“1

bj P

ˆˆ n
ď

i“1

Ai

˙

X Bj

˙

“ a
n
ÿ

i“1

ai PpAiq ` b
m
ÿ

j“1

bj PpBjq

“ aEX ` bEY

4) If X, Y P E and X ď Y . Then EX ď EY . Because if Y ´ X ě 0, by Property
(3) and (2), we have

EY ´ EX “ ErY ´ Xs ě 0

5) Let X P E. Suppose we have a sequence of simple random variables Xn P E

such that Xn Ò X or Xn Ó X (i.e. they are monotone). Then EXn Ò EX or
(EXn Ó EX), i.e.

E lim
nÑ8

Xn “ lim
nÑ8

EXn

WLOG, we only need to show if Xn P E such that Xn Ó 0, then EXn Ó 0.
(Otherwise, if Xn Ò X, we can consider pX ´ Xnq Ó 0). If Xn Ó X, can consider
pXn ´ Xq Ó 0.

Because Xn is a decreasing sequence, and using the fact that simple RVs are
bounded, then

0 ď Xn ď X1 ď K for some constant K

For any ϵ ą 0, we have

Xn “ Xn
loomoon

ďϵ under tXnďϵu

1Xnďϵ ` Xn
loomoon

ďK

1Xnąϵ

ď ϵ ` K1Xnąϵ

If we take expectation both sides

EXn ď ϵ ` K PpXn ą ϵq
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Use the assumption Xn Ó 0. Then

lim
nÑ8

tXn ą ϵu “ ∅

Hence, by continuity of probability, we have

lim
nÑ8

PpXn ą ϵq “ 0

Hence,
lim
nÑ8

EXn ď ϵ ` K lim
nÑ8

PpXn ą ϵq “ ϵ

Because this holds for all ϵ ą 0, we have

lim
nÑ8

EXn “ 0

Step 2: Extend EX to non-negative RVs

Set
E` “

␣

X ě 0, X is R-valued RV
(

We will define expectation for X P E` For X P E`, by the lemma, we can find an
approximating sequence Xn P E, where 0 ď Xn Ò X. Define

EX :“ lim
nÑ8

EXn

The only issue is we have to show this limit is well-defined. That is, this limit is
independent of the choice of approximating sequence of simple random variables. If we
have two approximating sequence of random variable X ě 0 where the two sequences
are Xn Ò, Yn ÒP E. Then we should have and

lim
nÑ8

Xn ď lim
nÑ8

Yn and lim
nÑ8

Xn ě lim
nÑ8

Yn

Then by Property (5) we will have

lim
nÑ8

EXn ď lim
nÑ8

EYn and lim
nÑ8

EXn ě lim
nÑ8

EYn

Proof. We have

• Xn ^ Ym Ò Xn

• Xn ^ Ym ď Xn

Then by Property (5), we have

• limmÑ8 ErXn ^ Yms “ EXn

• limmÑ8 ErXn ^ Yms ď limmÑ8 EYm

Hence, limmÑ8 EYm ě EXn for all n. Send n Ñ 8, we get

lim
mÑ8

EYm ě lim
nÑ8

EXn
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Written with the notation E`, this is the extension of EX to

E` :“
␣

X ě 0 : X is a R-valued RV
(

by

EX :“ lim
nÑ8

EXn

where pXnqně1 is an approximating sequence of X.
Properties of EX for X ě 0:

1) EX is well-defined.

2) Linearity: for any X, Y P E` and a, b ě 0 are constants. Then EraX ` bY s “

aEX ` bEY .

Proof of (2). Let Xn P E where Xn Ò X, and Yn P E where Yn Ò Y . Then

aXn ` bYn Ò aX ` bY

Then

EraX ` bY s :“ lim
nÑ8

EraXn ` bYns

“ lim
nÑ8

paEXn ` bEYnq

“ a lim
nÑ8

EXn ` b lim
nÑ8

EYn

“ EraXs ` ErbY s

3) (Monotone Convergence theorem) If Xn ě 0 and Xn Ò X. Then EXn Ò EX,
i.e.

lim
nÑ8

EXn “ E

„

lim
nÑ8

Xn

ȷ

Proof of (3). If we consider an approximating sequence X1, . . . , Xn, . . . Ò X. Each one
individual Xn has an approximating sequence.

X1 X2 X3 . . . Xn . . . Xm . . . Ò X
...

...
...

...
...

...
...

...
Y 1
m Y 2

m Y 3
m . . . Y n

m . . . Y m
m . . .

...
...

...
...

...
...

...
...

Y 1
n Y 2

n Y 3
n . . . Y n

n . . . Y m
n . . .

...
...

...
...

...
...

...
...

Y 1
3 Y 2

3 Y 3
3 . . . Y n

3 . . . Y m
3 . . .

Y 1
2 Y 2

2 Y 3
2 . . . Y n

2 . . . Y m
2 . . .

Y 1
1 Y 2

1 Y 3
1 . . . Y n

1 . . . Y m
1 . . .

Define
Zm :“ maxtY i

m : 1 ď i ď mu

Then we have
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• Zm P E.

• Zm Ò

• Y n
m ď Zm ď Xm.

Send m to `8. Then we have

Xn ď lim
mÑ8

Zm ď X

Send n to `8, then we have
X ď lim

mÑ8
Zm ď X

So Zm is an approximating sequence of X. In particular:

EX “ lim
mÑ8

EZm

On the other hand, consider the following inequalities

EY n
m ď EZm ď EXm

Send m to `8, we have

limmÑ8 EY n
m ď limmÑ8 EZm ď limmÑ8 EXm

EXn ď EX ď limmÑ8 EXm

Send n to 8, we have
lim
nÑ8

EXn ď EX ď lim
mÑ8

EXm

This completes the proof.

Remark 5.5 (Remark on MCT). If X is a R-valued RV, such that X ě 0. Suppose

PptX “ `8uq ą 0

Then EX “ `8. The reason is, if we considering the approximating sequence Xn P E

that we constructed for any non-negative RV X, i.e. X ě 0 and Xn Ò X as n Ñ 8.

Xn “

n¨2n
ÿ

k“1

k ´ 1

2n
1Ak

` n ¨ 1Bn

where

Ak :“

"

k ´ 1

2n
ď X ă

k

2n

*

Bn :“ tX ě nu

Then

EXn ě nPpX ě nq

Send n to 8, then

EX
MCT
“ lim

nÑ8
EXn ě lim

nÑ8
nPpX ě nq
loooomoooon

ą0

“ `8

This means EX “ `8.
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Step 3: Define EX for general RV X

Set

X`
pωq :“ maxtXpωq, 0u

X´
pωq :“ ´mintXpωq, 0u

[Board figure omitted: the graph of a sign-changing X together with its positive part
X` (the graph truncated below at 0) and negative part X´ (the reflected lower half)]

X` is called positive part of X, and X´ is called negative part of X. Then observe
that

Xpωq “ X`
pωq ´ X´

pωq

|Xpωq| “ X`
pωq ` X´

pωq

Define expectation on a general random variable X as

EX :“ EX`
´ EX´

We say EX is well-defined if at least one of these two numbers EX` and EX´ is
finite. Equivalently, EX is defined provided at least one of EX`,EX´ ă 8 (means
at least one of them exists).

Definition 5.6 (L1pPq space). Define

L1
pΩ,F ,Pq “ L1

pPq :“
␣

X : Ω Ñ R : X is a R-valued RV, s.t. E|X| ă 8
(

and

E|X| “ ErX`
` X´

s “ EX`
` EX´

Properties:

1) If X P L1pPq, then PpX “ ˘8q “ 0. Because of the Remark of MCT above.

2) If EX is well-defined, and c P R. Then

ErcXs “ cEX

This property also implicitly implies that if EX is well-defined, then ErcXs is
well-defined.

Proof of (2). Suppose c ă 0. Consider the positive part and negative part of cX, i.e.

pcXq
` :“ p´cqX´

pcXq
´ :“ p´cqX`
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Then

ErcXs “ EpcXq
`

´ EpcXq
´

“ Erp´cqX´
s ´ Erp´cqX`

s

“ p´cqErX´
s ´ p´cqErX`

s

“ p´cqpErX´
s ´ ErX`

sq

“ cEX

For c ą 0, follows from the X P E` case.

3) If X P L1pPq and Y P L1pPq. Then aX ` bY P L1pPq for any a, b P R.

Proof of (3).

E|aX ` bY | ď Ep|a||X| ` |b||Y |q
“ |a|E|X| ` |b|E|Y |
ă 8

Properties of EX for general X

1) If EX is well-defined/exists, and c P R. Then ErcXs “ cEX.

2) If X, Y P L1pPq “ tX : E|X| ă 8u. Then EpX ` Y q “ EX ` EY .

3) (1) and (2) together implies EpaX ` bY q “ aEX ` bEY .

4) If X, Y P L1pPq and Y ě X. Then EY ě EX. Because Y ´ X ě 0. So
0 ď EpY ´ Xq “ EY ´ EX.

5) Suppose a sequence of RVs Xn P L1pPq, and Xn Ò X or Xn Ó X. Here X may
or may not in L1pPq. But EXn Ñ EX.

Proof of Property (2). See that

pX ` Y q “ pX ` Y q
`

´ pX ` Y q
´

In addition,
pX ` Y q “ X`

´ X´
` Y `

´ Y ´

Equate them and re-arrange,

pX ` Y q “ pX ` Y q
`

´ pX ` Y q
´

“ X`
´ X´

` Y `
´ Y ´

X`
` Y `

` pX ` Y q
´

“ pX ` Y q
`

` X´
` Y ´

Taking expectation of both sides (which are all exists),

EX`
` EY `

` EpX ` Y q
´

“ EpX ` Y q
`

` EX´
` EY ´

EX`
´ EX´

looooooomooooooon

“EX

`EY `
´ EY ´

looooooomooooooon

“EY

“ EpX ` Y q
`

´ EpX ` Y q
´

loooooooooooooooomoooooooooooooooon

“EpX`Y q

EX ` EY “ EpX ` Y q
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Remark 5.7. We can move numbers between equalities. But usually we cannot move
8,´8 around. In above, we move EX and EY around because we know X,Y P

L1pPq. So

E|X| “ EX`
` EX´

ă 8

Because EX`,EX´ ą 0, thus, EX`,EX´ ă 8.
But we can relax the condition X, Y P L1pPq to at least one of X and Y is in

L1pPq.

Example 5.2 (Non-example of X R L1pPq). Let Xn “ n. Xn Ñ 8 R L1pPq.

Proof of Property (5). WLOG, assume Xn Ò X. Otherwise, just look at ´Xn and
´X. See that

X`
n ´ X´

n “ Xn Ò X “ X`
´ X´

This is equivalent to
X`

n Ò X`, X´
n Ó X´

and
0 ď X´

n ď X´
1

So
0 ď Xn ` X´

1 Ò X ` X´
1

But Xn ` X´
1 “ X`

n ´ X´
n ` X´

1 ě 0. So by MCT and

lim
nÑ8

EpXn ` X´
1 q “ E

ˆ

lim
nÑ8

Xn ` X´
1

˙

“ EpX ` X´
1 q

By the remark, we have

EpX ` X´
1 q “ EX ` EX´

1

Hence, we have

EX ` EX´
1 “ lim

nÑ8
EpXn ` X´

1 q “ lim
nÑ8

EXn ` lim
nÑ8

EX´
1 “ lim

nÑ8
EXn ` EX´

1

Cancel EX´
1 both sides, we have

EX “ lim
nÑ8

EXn

This completes the proof.

Remark 5.8. If we didn’t use the remark,

EpX ` X´
1 q “ EpX`

´X´
` X´

1
looooomooooon

ě0

q

“ EX`
` EpX´

1 ´ X´
q

“ EX`
` EX´

1 ´ EX´

“ EX ` EX´
1
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Lemma 5.9 (Markov Inequality). If X ě 0. Then for any λ ą 0.

PpX ě λq ď
EX

λ

Proof. See that

E1Xěλ “

ż

1XěλdP

ď

ż

X

λ
1XěλdP

“
1

λ

ż

X1XěλdP

ď
1

λ

ż

XdP “
1

λ
EX, using X ě 0

Since E1Xěλ “ PpX ě λq, this is exactly the claim.

Remark 5.10. The meaning of Markov inequality is probability of X ě 0 is bigger
than a very large number λ is controlled by some number. In particular, it is controlled
by a rate of c{λ. This means the probability of X goes to infinity is controlled.

Corollary 5.11. If E|X|p ă `8 with p ě 1.

Pp|X| ě λq ď
E|X|p

λp

Proof.

Pp|X| ě λq “ Pp|X|p ě λp
q ď

E|X|p

λp

where the last inequality is the Markov inequality applied to the non-negative random
variable |X|p with threshold λp.

Remark 5.12. The meaning of this corollary is that the probability of higher moments
of X, i.e. |X|p taking larger values is even smaller.

5.3 Limits and Integrals

Lectures 2024-11-05, 2024-11-07

Theorem 5.13 (Monotone Convergence theorem). Version 1: If Xn ě 0 and
Xn Ò X. Then limnÑ8 EXn “ E limnÑ8 Xn “ EX.
Version 2: If Xn P L1pPq and Xn Ò X or Xn Ó X. Then

lim
nÑ8

EXn “ E lim
nÑ8

Xn “ EX

Corollary 5.14. If ξi are non-negative RVs. Then

E

8
ÿ

i“1

ξi “

8
ÿ

i“1

E ξi
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Proof. Set Xn “
řn

i“1 ξi. Then Xn satisfies the assumption in MCT version 1. So

8
ÿ

i“1

E ξi “ lim
nÑ8

EXn “ E lim
nÑ8

Xn “ E

8
ÿ

i“1

ξi

Remark 5.15. In Version (1), one can relax the condition Xn ě 0 to Xn ě Z P L1pPq

because otherwise consider Xn ´ Z ě 0 and apply version (1).

Lemma 5.16 (Fatou’s lemma). Suppose Xn ě 0. Then

E

„

lim inf
nÑ8

Xn

ȷ

ď lim inf
nÑ8

EXn

Proof. Start from LHS.

E

„

lim inf
nÑ8

Xn

ȷ

“ E

„

lim
nÑ8

inf
kěn

Xk
loomoon

“:YnÒ

ȷ

“ E

„

lim
nÑ8

Yn

ȷ

“ lim
nÑ8

EYn, by MCT

“ lim
nÑ8

E

„

inf
kěn

Xk
loomoon

ďXn

ȷ

ď lim inf
nÑ8

EXn

Remark 5.17. In Fatou’s lemma, we can relax the condition Xn ě 0 to the condition
Xn ě Z P L1pPq. Because otherwise consider Xn ´ Z ě 0 and apply previous version
of Fatou’s lemma.

Corollary 5.18. If Xn ď Z P L1pPq. Then

E

„

lim sup
nÑ8

Xn

ȷ

ě lim sup
nÑ8

EXn

Proof. Consider Z ´ Xn ě 0. Apply Fatou’s lemma. So we have

E

„

lim inf
nÑ8

pZ ´ Xnq

ȷ

ď lim inf
nÑ8

EpZ ´ Xnq

Then the LHS becomes

E

ˆ

Z ` lim inf
nÑ8

p´Xnq

˙

“ E

ˆ

Z ´ lim sup
nÑ8

Xn

˙

“ EZ ´ E

ˆ

lim sup
nÑ8

Xn

˙

The RHS becomes

lim inf
nÑ8

pEZ ´ EXnq “ EZ ´ lim sup
nÑ8

EXn

Hence, we have the desired result.
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Theorem 5.19 (Dominated Convergence Theorem). Suppose Xn is a sequence of
random variables such that

• |Xn| ď Y P L1pPq.

• Xn Ñ X pointwise for almost every ω P Ω.

Then
lim
nÑ8

EXn “ EX “ E lim
nÑ8

Xn

Proof. From |Xn| ď Y , we have ´Y ď Xn ď Y . So Y ´ Xn ě 0. By Fatou’s lemma
and its dual, we have

E lim inf
nÑ8

Xn ď lim inf
nÑ8

EXn ď lim sup
nÑ8

EXn ď E lim sup
nÑ8

Xn

But we assumed Xn Ñ X a.e., so

X “ lim inf
nÑ8

Xn “ lim sup
nÑ8

Xn

Hence,

EX “ E lim inf
nÑ8

Xn “ E lim sup
nÑ8

Xn

Then by sandwich theorem, we have

E lim inf
nÑ8

Xn “ lim inf
nÑ8

EXn “ lim sup
nÑ8

EXn “ E lim sup
nÑ8

Xn

Remark 5.20. In DCT, X P L1pPq. Because EX “ E limnÑ8|Xn|. Then by Fatou’s
lemma, we have

E|X| “ E lim
nÑ8

|Xn| “ E lim inf
nÑ8

|Xn| ď lim inf
nÑ8

E|Xn| ď E|Y | ă 8

Example 5.3. Consider pr0, 1s,Bpr0, 1sq,Pq where P is the Lebesgue measure. Sup-
pose Xn “ n21p0,1{ns. Then limnÑ8 Xn “ 0, and EXn “ n2 1

n
“ n. So

E lim
nÑ8

Xn “ E 0 “ 0 ă 8 “ lim
nÑ8

n “ lim
nÑ8

EXn

So the conclusion of DCT fails for this sequence; the point is that no dominating
Z P L1pPq exists here, so the domination hypothesis in DCT cannot be dropped.

5.4 Indefinite Integrals

Lectures 2024-11-07, 2024-11-09

Consider a probability space pΩ,B,Pq. Let X be a RV. For any A P B, we define

ż

A

XdP :“

ż

X ¨ 1A dP “ EpX1Aq
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Definition 5.21 (Almost surely). We say a property holds almost surely (a.s.) if there
is a null set N P B where PpNq “ 0 such that the property holds for all ω P N c.

Example 5.4. Consider the probability space pr0, 1s,Bpr0, 1sq,Pq where P is the
Lebesgue measure. Define

X :“ 0

Y :“ 1QXr0,1s

Then
X “ Y a.s. , N “ Q X r0, 1s

This means for all ω P N c, Xpωq “ Y pωq.

Example 5.5. Still consider Xn “ n21p0,1{ns. Then N “ t0u. Then Xn Ñ 0 almost
surely, because Xnpωq Ñ 0 for all ω R N .

Xnpωq Ñ 0 for all ω ‰ 0

And Xnp0q “ n2 Ò 8.

Example 5.6. Recall we had Xn IID unit exponential RVs, where

PpX ą xq “ e´x

Then

P

ˆ

lim sup
Xn

log n
“ 1

˙

“ 1 ðñ lim sup
nÑ8

Xn

log n
“ 1 a.s.

where N “ tω : lim supnÑ8
Xn

logn
‰ 1u.

Example 5.7. Let A P BpRq. Then using

X´1
pAq “ pX´1

pAq X Nq Y pX´1
pAq X N c

q

we have

PpX P Aq “ Pptω : Xpωq P Auq

“ Pptω : Xpωq P Au X N c
q ` Pptω : Xpωq P Au X Nq

loooooooooooooomoooooooooooooon

ďPpNq“0

“ Pptω : Xpωq P Au X N c
q

“ Pptω : Y pωq P Au X N c
q

“ PpY P Aq

If X “ Y almost surely, we have

PpX P Aq “ PpY P Aq
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Properties of indefinite integral

Suppose X ě 0.

1)
ş

A
XdP “ 0 if and only if PptX ą 0u XAq “ 0, that is, X “ 0 almost surely on

A. Here, the null set is N “ tX ą 0u X A.

2) Let X ě 0. Let An P B be disjoint subsets of Ω. Then

ż

Y8
n“1An

XdP “

8
ÿ

n“1

ż

An

XdP

3) Let X ě 0, and An Ò A. Then by MCT, we have

ż

An

XdP ÝÑ

ż

A

XdP

4) Let X P L1pPq, and An Ò A. Then by DCT, we have

ż

An

XdP ÝÑ

ż

A

XdP

Proof of (1). ðù : Suppose X “ 0 almost surely on A, i.e. P ptX ą 0u X Aq “ 0.
Then

ż

A

XdP “

ż

Ω

X1AdP

Let Xn be an approximating sequence of X, i.e.

Xn “

n¨2n
ÿ

k“1

k

2n
1t k

2n
ăXď k`1

2n u ` n1tXąnu Ò X

Then

Xn ¨1A “

n¨2n
ÿ

k“1

` k

2n
1t k

2n
ăXď k`1

2n u `n1tXąnu

˘

1A “

n¨2n
ÿ

k“1

k

2n
1t k

2n
ăXď k`1

2n uXA`n1tXąnuXA ě 0

is an approximating sequence of X ¨ 1A. So by the definition of expectation of non-
negative random variable, we have EXn ¨ 1A Ò EX ¨ 1A. On the other hand,

EXn ¨ 1A “

n¨2n
ÿ

k“1

k

2n
P

ˆ"

k

2n
ă X ď

k ` 1

2n

*

X A

˙

loooooooooooooooooomoooooooooooooooooon

“0

`nPptX ą nu X Aq
looooooooomooooooooon

“0

“ 0

Here

P

ˆ"

k

2n
ă X ď

k ` 1

2n

*

X A

˙

“ 0, PptX ą nu X Aq “ 0

because we assumed X “ 0 a.s. on A, so X cannot take nonzero values on A.
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Because we have EXn ¨ 1A Ò EX ¨ 1A, thus 0 Ò EX ¨ 1A. Hence,

EX ¨ 1A “ 0

ùñ : Now suppose
ş

A
XdP “ 0. Want to show PptX ą 0u X Aq “ 0.

Proof by contradiction. Suppose PptX ą 0u X Aq ą 0. Look at

PptX ą
1

n
u X A

looooooomooooooon

“:Bn

q

Then we have

lim
nÑ8

Bn “

8
ď

n“1

Bn “ tX ą 0u X A

By continuity of probability, we have

lim
nÑ8

P

ˆ"

X ą
1

n

*

X A

˙

“ P

ˆ

tX ą 0u X A

˙

ą 0

Hence, there exists some n0 such that

P

ˆ"

X ą
1

n0

*

X A

˙

ą 0

Then
ż

A

XdP “

ż

X ¨ 1AdP

ě

ż

X ¨ 1
AX

!

Xą 1
n0

)dP

ě

ż

1

n0

¨ 1
AX

!

Xą 1
n0

)dP

“
1

n0
P

ˆ

A X

"

X ą
1

n0

*˙

ą 0

Hence, a contradiction.

Remark 5.22. If X “ 0 almost surely on A. Then
ş

A
X “ 0 because X “ 0 almost

surely on A. This implies

X`
“ 0, a.s. on A

X´
“ 0, a.s. on A

Then
ż

A

XdP “

ż

A

X`dP´

ż

A

X´dP “ 0 ´ 0 “ 0
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Remark 5.23. If X “ Y almost surely on A. Then

ż

A

XdP “

ż

A

Y dP

Because X ´ Y “ 0 almost surely on A. Then

0 “

ż

A

XdP´

ż

A

Y dP “

ż

A

pX ´ Y qdP

Proof of (2). By definition and MCT,

LHS “

ż

X1Y8
n“1AndP “

ż

X¨

8
ÿ

n“1

1AndP
MCT

“

8
ÿ

n“1

ż

X¨1AndP “

8
ÿ

n“1

ż

An

X¨dP “ RHS

Proof of (4). If X P L1pPq. Then |X ¨1An| ď |X| P L1pPq. We have X ¨1Am Ñ X ¨1A.
Hence, by DCT, we have

LHS “

ż

X ¨ 1AndP
DCT
ÝÑ

ż

X ¨ 1AdP

5.5 The Transformation Theorem and Densities

Lecture 2024-11-12

Setup

Consider a measurable map

T : pΩ,B,Pq ÝÑ pΩ1,B1
q

So we denote T P B{B1. So the image space pΩ1,B1q becomes a probability space
pΩ1,B1,P1q where P1 “ P ˝T´1. Then consider another random variable

X 1 : pΩ1,B1,P
1
q ÝÑ pR,BpRqq

Overall, we are considering the composition

X : pΩ,B,Pq
T

ÝÝÝÑ pΩ1,B1,P1q
X 1

ÝÝÝÑ pR,BpRqq

So we are considering the composition X “ X 1 ˝ T .

Theorem 5.24. 1) We have X ě 0 ðñ X 1 ě 0, and

ż

XdP “

ż

X 1dP
1
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2) We have X P L1pPq ðñ X 1 P L1pP1q, and

ż

XdP “

ż

X 1dP
1

Proof. Step 1: Suppose X 1 “ 1A1 for some A1 P BpRq. Observe that

Xpωq “ X 1
˝ T pωq “ 1A1pT pωqq “ 1T´1pA1qpωq

Starting from the LHS is

LHS “

ż

XdP “

ż

1T´1pA1qdP “ PpT´1
pA1

qq “ P
1
pA1

q

And the RHS is

RHS “

ż

X 1dP
1

“

ż

1A1dP
1

“ P
1
pA1

q

So we have LHS equals to RHS.
The key point here is, P1 is not an arbitrary measure. It is the induced measure

by a measurable function T .
Step 2: Suppose X 1 is a simple RV. Since integration/expectation is linear, so if
the identity holds for indicator function, it holds for simple RVs.
Step 3: Suppose X 1 is a non-negative RV. Suppose X 1 ě 0, then X ě 0. We
can find a sequence of simple random variables X 1

n such that 0 ď X 1
n Ò X 1. Hence,

0 ď Xn “ X 1
n ˝ T is an approximating sequence of X “ X 1 ˝ T , i.e. Xn Ò X. By step

(2), we have
ż

XndP “

ż

X 1
ndP

1

Send n to 8. By MCT, we have

ż

XdP “

ż

X 1dP
1

This finishes the proof for (1).
For (2), note X “ X` ´ X´.

Example 5.8. Suppose X „ Np0, 1q is a standard Gaussian. We try to compute

E fpXq “

ż

R
fpxq

1
?
2π

e´x2

2 dx

for some measurable function f : R Ñ R. Use the language of STAT 501, a standard
Gaussian RV X is defined as a measurable function

X : pΩ,B,Pq ÝÑ pR,BpRqq

such that the induced measure P1 “ P ˝X´1 is given by

P
1
pX P dxq “

1
?
2π

e´x2

2 dx

96



Or one can say applying measure P1 on the set p´8, xs, it will be defined as

P
1
pp´8, xsq :“

ż x

´8

1
?
2π

e´ z2

2 dz

Observe that

P
1
pp´8, xsq “ E

1 1p´8,xs “

ż 8

´8

1p´8,xspzq
1

?
2π

e´ z2

2 dz

So you see that the expectation holds for fpzq “ 1p´8,xspzq. Hence, it will holds for
general measurable function f P BpRq{BpRq. So in general, we have

E
1 fpXq “

ż `8

´8

fpxq
1

?
2π

e´x2

2 dx

This equal sign comes from the definition of what we mean by an abstract RV has a
given distribution.

Lastly, we use the theorem above. So the composition we are dealing with is

pΩ,B,Pq
X

ÝÝÝÑ pR,BpRqq
f

ÝÝÝÑ pR,BpRqq

But we are actually considering

pΩ,B,Pq
T“X

ÝÝÝÑ pΩ1,B1,P1q
X 1“f

ÝÝÝÑ pR,BpRqq

where Ω1 “ R, B1 “ BpRq and P1 “ P ˝X´1. The transformation is T “ X and
X 1 “ f , so that fpXq “ X 1 ˝ T . And we have

E fpXq “ E
1 f “

ż `8

´8

fpxq
1

?
2π

e´x2

2 dx

Remark 5.25 (Expectation). If we are computing EX. Then we are considering the
following composition

pΩ,B,Pq
X

ÝÝÝÑ pR,BpRqq
id

ÝÝÝÑ pR,BpRqq

Using the previous framework of X “ X 1 ˝ T , we have T “ X and X 1 “ id. Hence,
this expectation becomes

EX “ E
1 id “

ż `8

´8

idpxq
1

?
2π

e´x2

2 dx “

ż `8

´8

x
1

?
2π

e´x2

2 dx

5.6 The Riemann vs Lebesgue Integral

Lectures 2024-11-12, 2024-11-14

Consider the measure space pr0, 1s,Bpr0, 1sq,Pq where P is the Lebesgue measure.
Suppose f is a bounded continuous function on r0, 1s.

A Riemann integral is defined as
ş1

0
fpxqdx.
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[Board figure omitted: the region under the graph of f over r0, 1s sliced by vertical
strips over a partition of the domain]

Here we divide the domain into rectangles.
A Lebesgue integral is defined as

ş

fdP. Here we divide the range into rectangles.
(Dividing the range of RVs means to construct an approximating sequence).

Riemann integration is like when counting total values of coins in a bag, you pick
each coin one by one and read the values, and add them together.

Lebesgue integration is like pour the coin out, and separate different types of coin
(5 cents, 50 cent, 1 dollar, etc.). Count each pack of them individually, and finally add
them all up.

Example 5.9. Consider X “ 1QXr0,1s. We can define the Lebesgue integration as

ż

XdP “ PpQ X r0, 1sq

However, the Riemann integral of X “ 1QXr0,1s does not exist. Because the Riemann
is defined as limit of Riemann sum

n
ÿ

i“1

fpxiq
1

n
ÝÑ

ż 1

0

fpxqdx

The choice of points does not matter. But here, the choice of end points does matter.

Theorem 5.26. If fpxq is a continuous function, then the Lebesgue integral and Rie-
mann integral are the same.

Proof. Consider the probability space pr0, 1s,Bpr0, 1sq,Pq where P is the Lebesgue
measure. Chop r0, 1s into finitely many intervals I1, . . . , In each with length 1

n
. And

r0, 1s “
Ťn

i“1 Ii.

[Board figure omitted: the interval r0, 1s chopped into n equal subintervals I1, . . . , In,
with the graph of f and its sup and inf over one subinterval marked]

Construction of Riemann integral. On an arbitrary interval Ii, define

fi “ sup
xPIi

fpxq, fi :“ inf
xPIi

fpxq

Define the upper Riemann sum as

σn :“
n
ÿ

i“1

fi
1

n

and the lower Riemann sum as

σn :“
n
ÿ

i“1

fi
1

n

Recall that we say fpxq is Riemann integrable if and only if

lim
nÑ8

σn “ lim
nÑ8

σn “

ż 1

0

fpxqdx
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where
ş1

0
fpxqdx is the Riemann integral.

Construction of Lebesgue integral. On the same partition of intervals, define

Fnpxq “

n
ÿ

i“1

fi1Iipxq

and

Fnpxq “

n
ÿ

i“1

fi1Iipxq

Then
Fnpxq ď fpxq ď Fnpxq

Taking the Lebesgue integral, see that

ż

r0,1s

FnpxqdP “

n
ÿ

i“1

fi
1

n
“ σn,

ż

r0,1s

FnpxqdP “

n
ÿ

i“1

fi
1

n
“ σn

Hence, we have

σn “

ż

r0,1s

FnpxqdP ď

ż

r0,1s

fpxqdP ď

ż

r0,1s

FnpxqdP “ σn

Now, send n Ñ 8, then we have

ż 1

0

fpxqdx ď

ż

r0,1s

fpxqdP ď

ż 1

0

fpxqdx

Remark 5.27. 1) In general, for a function defined in any finite interval ra, bs, if
it is Riemann integrable and measurable. Then it is also Lebesgue integrable and
the two integrals are the same.

2) Lebesgue integral on ra, bs. So we are considering the probability space pra, bs,Bpra, bsq, λ
b´a

q

instead, where P “ λ
b´a

and λ is the Lebesgue measure on Bpra, bsq. We can do

pb ´ aq

ż

ra,bs

fpxqdP “ pb ´ aq

ż

ra,bs

fpxq
λ

b ´ a
“

ż

ra,bs

fpxqdλ

5.7 Product Spaces, Independence, Fubini Theorem

Lecture 2024-11-14

Definition 5.28 (Product Space). Suppose we have two measurable spaces pΩ1,B1q

and pΩ2,B2q. Now we can define the product of sample spaces to be

Ω1 ˆ Ω2 :“ tpω1, ω2q : ω1 P Ω1, ω2 P Ω2u

[Board figure omitted: the rectangle Ω1 ˆ Ω2 drawn with Ω1 on the horizontal axis
and Ω2 on the vertical axis, and a point pω1, ω2q inside]
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Projection map

On this product space, there is a natural projection map

πi : Ω1 ˆ Ω2 ÝÑ Ωi

pω1, ω2q ÞÝÑ ωi

where i “ 1, 2. For a set A Ă Ω1 ˆ Ω2, we can define a so-called “section” of this set
A. If we fix a ω1 P Ω1, define the ω1-section of A as

Aω1 :“ tω2 P Ω2 : pω1, ω2q P Au

Similarly, if we fix a ω2 P Ω2, define the ω2-section of A as

Aω2 :“ tω1 P Ω1 : pω1, ω2q P Au

Properties:

1) If A Ă Ω1 ˆ Ω2. The ωi-section is compatible with the complement

pAc
qωi

“ pAωi
q
c

2) Aα Ă Ω1 ˆ Ω2 where α P T , and T is some index set. Then taking ωi-section is
compatible with taking arbitrary union and arbitrary intersection

ˆ

ď

αPT

Aα

˙

ωi

“
ď

αPT

pAαqωi

ˆ

č

αPT

Aα

˙

ωi

“
č

αPT

pAαqωi

Definition 5.29 (ωi-section of a measurable map on the Product space). Consider a
measurable map

X : Ω1 ˆ Ω2 ÝÑ Rn

pω1, ω2q ÞÝÑ Xpω1, ω2q

Fix a ω1 P Ω1. Look at
Xω1pω2q :“ Xpω1, ω2q

The map Xω1 is called the ω1 section of X.
Similarly, we can define ω2 section of X as

Xω2pω1q “ Xpω1, ω2q

Properties: Let A Ă Ω1 ˆ Ω2.

1) p1Aqωi
“ 1Aωi

2) pX1 ` X2qωi
“ pX1qωi

` pX2qωi

3) If Xn Ñ X for all pω1, ω2q P Ω1 ˆ Ω2. Then pXnqωi
Ñ Xωi

.
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Definition 5.30 (Rectangle). A rectangle in Ω1 ˆ Ω2 is a subset of the form A1 ˆ A2

where A1 Ă Ω1 and A2 Ă Ω2. We say A1 ˆ A2 is a measurable rectangle if A1 P B1

and A2 P B2.

[Board figure omitted: a measurable rectangle A1 ˆ A2 drawn as a box inside Ω1 ˆ Ω2,
sitting over A1 on the horizontal axis and A2 on the vertical axis]

Lemma 5.31. Denote RECT as the collection of measurable rectangles. Then RECT
is a semi-algebra.

Proof. 1) ∅,Ω1 ˆ Ω2 P RECT . Here, ∅ “ ∅1 ˆ ∅2.

2) If we have A1ˆA2 P RECT and B1ˆB2 P RECT . Then pA1ˆA2qXpB1ˆB2q P

RECT . Because

pA1 ˆ A2q X pB1 ˆ B2q “ pA1 X B1q
loooomoooon

PB1

ˆ pA2 X B2q
loooomoooon

PB2

P RECT

3) If A1 ˆ A2 P RECT . Then pA1 ˆ A2q
c is a finite disjoint union of members of

RECT . Observe that

pA1 ˆ A2q
c

“ pAc
1 ˆ A2q Y pA1 ˆ Ac

2q Y pAc
1 ˆ Ac

2q

The three rectangles on the right are pairwise disjoint, so pA1 ˆA2q
c is exhibited

as a finite disjoint union of members of RECT — which is exactly what axiom
3) of a semi-algebra requires.

Definition 5.32. Consider two measurable spaces pΩ1,B1q and pΩ2,B2q. Define the
product σ-algebra as

B1 b B2 “ σpRECT q

This is indeed a σ-algebra over Ω1ˆΩ2. So we have a product space pΩ1ˆΩ2,B1bB2q.

5.8 Probability Measures on Product Spaces

Lectures 2024-11-16, 2024-11-19

The setting is, given two measurable space pΩ1,B1q and pΩ2,B2q. Then the prod-
uct space is

Ω1 ˆ Ω2 “ tpω1, ω2q : ω1 P Ω1, ω2 P Ω2u

Then the product σ-algebra is defined as

B1 b B2 “ σpRECT q

where RECT is the collection of measurable rectangles. So we have a product mea-
surable space pΩ1 ˆ Ω2,B1 b B2q.
Goal. Want to construct the so-called product measure on the product measurable
space.
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Definition 5.33. Define a set function P1 ˆP2 on RECT by

pP1 ˆP2qpA1 ˆ A2q “ P1pA1qP2pA2q

[Board figure omitted: the rectangle A1 ˆ A2 inside Ω1 ˆ Ω2, with its measure read off
as the product of the side measures P1pA1q and P2pA2q]

Recall that RECT is a semi-algebra.
Strategy. If we can show P1 ˆP2 is a probability measure on the semi-algebra
RECT , then we can use the two extension theorems to extend P1 ˆP2 to a probability
measure (still denoted as P1 ˆP2), on σpRECT q “ B1 b B2.
Show σ-additivity. Now we show P1 ˆP2 is a probability measure on RECT . The
only non-trivial part is σ-additivity. That is, if A1 ˆA2 is a measurable rectangle, and
we have a sequence of disjoint measurable rectangles An

1 ˆ An
2 such that

A1 ˆ A2 “

8
ď

n“1

An
1 ˆ An

2

Then

pP1 ˆP2qpA1 ˆ A2q “

8
ÿ

n“1

pP1 ˆP2qpAn
1 ˆ An

2 q

Then the LHS is

LHS “ pP1 ˆP2qpA1 ˆ A2q “ P1pA1qP2pA2q

“

ˆ
ż

Ω1

1A1pω1qdP1

˙

¨

ˆ
ż

Ω2

1A2pω2qdP2

˙

“

ˆ
ż

Ω2

ˆ
ż

Ω1

1A1pω1qdP1

˙

1A2pω2qdP2

˙

“

ż

Ω2

ˆ
ż

Ω1

1A1pω1q1A2pω2qdP1

˙

dP2

“

ż

Ω2

ˆ
ż

Ω1

1A1ˆA2pω1, ω2qdP1

˙

dP2

“

ż

Ω2

ˆ
ż

Ω1

1Y8
n“1pAn

1 ˆAn
2 qpω1, ω2qdP1

˙

dP2

“

ż

Ω2

ˆ
ż

Ω1

8
ÿ

n“1

1An
1 ˆAn

2
pω1, ω2qdP1

˙

dP2 “

ż

Ω2

ˆ
ż

Ω1

lim
NÑ8

N
ÿ

n“1

1An
1 ˆAn

2
pω1, ω2qdP1

˙

dP2

MCTˆ2
“ lim

NÑ8

ż

Ω2

ˆ
ż

Ω1

N
ÿ

n“1

1An
1 ˆAn

2
pω1, ω2qdP1

˙

dP2

“ lim
NÑ8

N
ÿ

n“1

ż

Ω2

ˆ
ż

Ω1

1An
1 ˆAn

2
pω1, ω2qdP1

˙

dP2 “

8
ÿ

n“1

ż

Ω2

ˆ
ż

Ω1

1An
1 ˆAn

2
pω1, ω2qdP1

˙

dP2

“

8
ÿ

n“1

ż

Ω2

ˆ
ż

Ω1

1An
1
pω1q1An

2
pω2qdP1

˙

dP2 “

8
ÿ

n“1

ˆ
ż

Ω1

1An
1
pω1qdP1

˙

¨

ˆ
ż

Ω2

1An
2
pω2qdP2

˙

“

8
ÿ

n“1

P1pA
n
1 qP2pA

n
2 q “

8
ÿ

n“1

pP1 ˆP2qpAn
1 ˆ An

2 q
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Example 5.10. Consider pΩ1,B1q “ pR,BpRqq and pΩ2,B2q “ pR,BpRqq. Then the
product space is pR ˆ R,BpRq b BpRqq. The claim is, this is same as pR2,BpR2qq,
i.e.

R ˆ R – R2, BpRq b BpRq “ BpR2
q

Because BpRq b BpRq “ σpRECT q. But RECT Ă BpR2q. So

BpR2
q “ σptI1 ˆ I2 : I1, I2 are open intervals of Ruq

So BpR2q “ BpRq b BpRq.
Similarly,

BpR4
q “ BpRq b BpR3

q “ BpR2
q b BpR2

q

Meaning of P1 ˆP2

If we have two independent RVs X, Y on a probability space pΩ,B,Pq. Then we can
put two RVs together to form a random vector, i.e.

ˆ

X
Y

˙

: pΩ,B,Pq ÝÑ pR2,BpR2
qq

Then the induced measure by this random vector is P1 :“ P ˝

ˆ

X
Y

˙´1

. This is the

joint distribution of the random vector

ˆ

X
Y

˙

. And for the RVs

X, Y : pΩ,B,Pq ÝÑ pR,BpRqq

Their induced measure P1 “ P ˝X´1 and P2 “ P ˝Y ´1 are the marginal distributions.
What is the connection between this and the product measure? Now we have two

probability measures on pR2,BpR2qq:

• P1 ˆP2 is a probability measure on pR2,BpR2qq

• P1 is a probability measure on pR2,BpR2qq

The claim is : P1 “ P1 ˆP2.
Because for any A1 ˆ A2 P RECT , we have

P
1
pA1 ˆ A2q “ P ˝

ˆ

X
Y

˙´1

pA1 ˆ A2q “ P

ˆˆ

X
Y

˙

P A1 ˆ A2

˙

“ PpX P A1, Y P A2q

“ PpX P A1qPpY P A2q “ P1pA1qP2pA2q “ pP1 ˆP2qpA1 ˆ A2q

So P1 “ P1 ˆP2 on RECT . But RECT is a π-system. Then by Dynkin’s π ´ λ-
theorem, if two probability measures agree on a π-system, they agree on the σ-algebra
generated by that π-system. Hence,

P
1

“ P1 ˆP2 on σpRECT q “ BpR2
q

Remark 5.34. Independence corresponds to product measure.
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Definition 5.35 (Strips). Define the collection of strips of Ω1 as

B#
1 :“ tA1 ˆ Ω2 : A1 P B1u

as well as the collection of strips of Ω2 as

B#
2 :“ tΩ1 ˆ A2 : A2 P B2u

[Board figure omitted: a vertical strip A1 ˆ Ω2 and a horizontal strip Ω1 ˆ A2 drawn
across the box Ω1 ˆ Ω2, crossing in the rectangle A1 ˆ A2]

Claim 5.36. Thus, B#
1 and B#

2 are independent on P1 ˆP2.

Because

pP1 ˆP2qpA1 ˆ Ω2 X Ω1 ˆ A2q “ P1 ˆP2pA1 ˆ A2q “ P1pA1qP2pA2q

On the other hand, we have

P1 ˆP2pA1 ˆ Ω2q “ P1pA1qP2pΩ2q “ P1pA1q

P1 ˆP2pΩ1 ˆ A2q “ P1pΩ1qP2pA2q “ P2pA2q

Next, let us see how we can construct two independent random variables X1, X2

with given distribution functions F1pxq and F2pxq.
We have already learned to construct

X1 : pΩ1,B1,P1q ÝÑ pR,BpRqq

such that X1 has F1pxq as its DF. And we also have already learned to construct

X2 : pΩ2,B2,P2q ÝÑ pR,BpRqq

such that X2 has F2pxq as its DF.

Construct independent RVs from Product space

Suppose we have two probability spaces pΩ1,B1,P1q and pΩ2,B2,P2q. Then we can
construct the product space pΩ1 ˆ Ω2,B1 b B2,P1 ˆP2q, and B#

1 and B#
2 are inde-

pendent.

Question. How to construct a probability space with two RVs X1 and X2 such that

1) X1 „ F1pxq and X2 „ F2pxq.

2) X1 and X2 are independent.
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Last time we have quickly mentioned that we can construct pΩ1,B1,P1q with X1

such that X1 has DF F1pxq. Similarly, we can construct pΩ2,B2,P2q with X2 such
that X2 has DF F2pxq.

Right now, X1 and X2 are two RVs on different probability spaces. So we can’t
talk about their independence. The solution is really to consider the product space.
Construct. Set pΩ1 ˆ Ω2,B1 b B2,P1 ˆP2q. Fix a ω2 P Ω2. Define a map on
Ω1 ˆ Ω2

X̄1pω1, ω2q :“ X1pω1q

Similarly, fix a ω1 P Ω1, define

X̄2pω1, ω2q :“ X2pω2q

Then the σ-algebra generated by X̄1 will be

σpX̄1q “ tX̄´1
1 pBq : B P BpRqu

“ ttpω1, ω2q : X̄1pω1, ω2q P Bu : B P BpRqu

“ ttpω1, ω2q : X1pω1q P Bu : B P BpRqu

“ tX´1
1 pBq ˆ Ω2 : B P BpRqu

Ă B#
1

Similarly,

σpX̄2q “ tX̄´1
2 pBq : B P BpRqu

“ ttpω1, ω2q : X̄2pω1, ω2q P Bu : B P BpRqu

“ ttpω1, ω2q : X2pω2q P Bu : B P BpRqu

“ tΩ1 ˆ X´1
2 pBq : B P BpRqu

Ă B#
2

So σpX̄1q and σpX̄2q are independent. Hence X̄1 and X̄2 are independent.
The DF for X̄1 is

FX̄1
pxq “ pP1 ˆP2qpX̄1 ď xq “ P1 ˆP2ptpω1, ω2q : X̄1pω1, ω2q ď xuq

“ pP1 ˆP2qpX̄1 ď xq “ P1 ˆP2ptpω1, ω2q : X1pω1q ď xuq

“ pP1 ˆP2qpX´1
1 pp´8, xsq ˆ Ω2q

“ P1pX
´1
1 pp´8, xsqqP2pΩ2q

“ P1pX
´1
1 pp´8, xsqq “ FX1pxq “ F1pxq

Hence, DF of X̄1 is equal to DF of X1.

5.9 Fubini’s theorem

Lecture 2024-11-19
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Motivation

If you look at Riemann integration, and you have a function of two variables fpx, yq.
You are trying to integrate it

ż 8

´8

ż 8

´8

fpx, yqdxdy

We can define the so-called double integration of this function. The way to do it is
still divide the domain R2 into grid, and consider the Riemann sum. Then shrink the
size of the grid to 0.

But the way we really do the computation is to first compute integration wrt x (or
y), then integrate another, i.e.

ż 8

´8

ż 8

´8

fpx, yqdxdy “

ż 8

´8

ˆ
ż 8

´8

fpx, yqdx

˙

dy “

ż 8

´8

ˆ
ż 8

´8

fpx, yqdy

˙

dx

We first do dx if it is easier to compute. But the important remark is,
ş8

´8

ş8

´8
fpx, yqdxdy

is not defined to be the latter two. They are just happened to be equal. In fact, prove
they are equal is a non-trivial task.

Key question

In Lebesgue integral, we consider the product space pΩ1 ˆ Ω2,B1 b B2,P1 ˆP2q.
Consider a RV Xpω1, ω2q on the product space. The key question is, do we have
ż

Ω1ˆΩ2

XdP1 ˆP2
?
“

ż

Ω1

ˆ
ż

Ω2

Xpω1, ω2qdP2

˙

dP1
?
“

ż

Ω2

ˆ
ż

Ω1

Xpω1, ω2qdP1

˙

dP2

Define

Y pω1q “

ż

Ω2

Xpω1, ω2qdP2

Theorem 5.37 (Fubini’s Theorem). 1) Y pω1q is well-defined and Y pω1q P B1.

2) If X ě 0, then Y pω1q ě 0 and the following holds:
ż

Ω1ˆΩ2

XdP1 ˆP2 “

ż

Ω1

ˆ
ż

Ω2

Xpω1, ω2qdP2

˙

dP1 “

ż

Ω2

ˆ
ż

Ω1

Xpω1, ω2qdP1

˙

dP2

Call this property p˚q.

3) If X P L1pP1 ˆP2q, then Y pω1q P L1pP1q and p˚q holds as well.

Proof. Part (1). Remember that when we do the Lebesgue integration, we need the
function under the integral to be a measurable function. Here we are integrating Y ,
so we need Y to be a measurable function.

We will skip the proof.
Part (2). Assume X ě 0.

Set
C :“ tA P B1 b B2 : s.t. p˚q holds for 1Au

First goal is to show B1 b B2 Ă C . Note that
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1) p˚q holds when A “ A1 ˆ A2 is a measurable rectangle, i.e. A P RECT , equiva-
lently, this means RECT Ă C .

2) C is a λ-system.

Proof of (1). To see (1), start from LHS,

LHS “

ż

Ω1ˆΩ2

1A1ˆA2dP1 ˆP2 “ P1 ˆP2pA1 ˆ A2q “ P1pA1qP2pA2q

And RHS is

RHS “

ż

Ω1

ˆ
ż

Ω2

1A1ˆA2pω1, ω2qdP2

˙

dP1

“

ż

Ω1

ˆ
ż

Ω2

1A1pω1q1A2pω2qdP2

˙

dP1

“

ż

Ω1

1A1pω1q

ˆ
ż

Ω2

1A2pω2qdP2

˙

looooooooooomooooooooooon

“P2pA2q

dP1

“

ż

Ω1

1A1pω1qP2pA2qdP1

“

ˆ
ż

Ω1

1A1pω1qdP1

˙

P2pA2q

“ P1pA1qP2pA2q

So LHS equals to RHS.
Proof of (2). We need to check 3 axioms of the λ-system.

1) Ω1 ˆ Ω2 P C because Ω1 ˆ Ω2 P RECT .

2) If A P C . Then Ac P C .

LHS “

ż

Ω1ˆΩ2

1AcdP1 ˆdP2 “ 1 ´

ż

Ω1ˆΩ2

1AdP1 ˆdP2

“ 1 ´

ż

Ω1

ˆ
ż

Ω2

1Apω1, ω2qdP2

˙

dP1

“

ż

Ω1

ˆ
ż

Ω2

p1 ´ 1Apω1, ω2qqdP2

˙

dP1

“

ż

Ω1

ˆ
ż

Ω2

p1Acpω1, ω2qqdP2

˙

dP1

“ RHS

3) If A1, A2, . . . P C , and disjoint. Then Y8
n“1An P C .
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Then

LHS “

ż

Ω1ˆΩ2

1Y8
n“1AndP1 ˆP2 “

ż

Ω1ˆΩ2

8
ÿ

n“1

1AndP1 ˆP2 “

8
ÿ

n“1

ż

Ω1ˆΩ2

1AndP1 ˆP2

“

8
ÿ

n“1

ż

Ω1

ˆ
ż

Ω2

1AndP2

˙

dP1

MCTˆ2
“

ż

Ω1

ˆ
ż

Ω2

8
ÿ

n“1

1AndP2

˙

dP1

“

ż

Ω1

ˆ
ż

Ω2

1Y8
n“1AndP2

˙

dP1

“ RHS

Hence, we proved C is a λ-system.
Then by Dynkin’s π ´ λ theorem, we know

1. RECT is a π-system,

2. C is a λ-system (from (2)) such that RECT Ă C (from (1))

Hence, C Ą σpRECT q “ B1 b B2.
We have proved p˚q holds for 1A for all A P B1 bB2. Hence p˚q holds for all simple

RVs. Then approximation, p˚q holds for all X ě 0.
Part (3). Now let X P L1pP1 ˆP2q. Write X “ X` ´ X´ with X`, X´ ě 0 as in
the construction of the expectation. By Part (2), p˚q holds for X` and for X´, and
both integrals

ż

Ω1ˆΩ2

X˘ dP1 ˆP2 ď

ż

Ω1ˆΩ2

|X| dP1 ˆP2 ă 8

are finite. In particular the functions

Y ˘
pω1q :“

ż

Ω2

X˘
pω1, ω2q dP2

satisfy
ş

Ω1
Y ˘ dP1 ă 8, so Y ˘ P L1pP1q, and Y ˘pω1q ă 8 for P1-almost every ω1.

For every such ω1 the inner integral

Y pω1q “

ż

Ω2

Xpω1, ω2q dP2 “ Y `
pω1q ´ Y ´

pω1q

is well defined and finite, and Y “ Y ` ´ Y ´ P L1pP1q. Subtracting the two instances
of p˚q, all quantities being finite,

ż

Ω1ˆΩ2

X dP1 ˆP2 “

ż

Ω1

Y ` dP1 ´

ż

Ω1

Y ´ dP1 “

ż

Ω1

ˆ
ż

Ω2

Xpω1, ω2q dP2

˙

dP1

and the same argument with the roles of Ω1 and Ω2 exchanged gives the second iterated
integral. This proves p˚q for all X P L1pP1 ˆP2q.
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6 Convergence Concepts

6.1 Convergence Almost Surely

Lecture 2024-11-21

Convergence of Numbers

A sequence of numbers panq converges to a. That means, the sequence has a limit. For
example, if an is a Cauchy sequence, that is for any ϵ ą 0, we can find a N0 such that

|an ´ am| ă ϵ, for any n,m ě N0

Definition 6.1 (Convergence almost surely). Given a probability space pΩ,B,Pq. A
sequence of random variables Xn converges to a target X almost surely if there is a
null set N P B and PpNq “ 0 such that

Xnpωq ÝÑ Xpωq, as n Ñ `8, for all ω R N

Remark 6.2. This is really point-wise convergence.

Example 6.1. Consider the probability space pr0, 1s,Bpr0, 1sq, λq where λ is the Lebesgue
measure. Then

Xn “ n1r0, 1
n

s

Then
Xnpωq ÝÑ 0 if ω ‰ 0

And only when
Xnp0q “ n ÝÑ `8

Here we say Xn converge to 0 almost surely, with N “ t0u.

Example 6.2. Let Xn be a sequence of IID RVs with common DF F pxq such that
F pxq ă 1 for all x P R. Set

Mn :“ maxtX1, . . . , Xnu

The claim is: Mn Ñ `8 almost surely.

Proof. Look at for any fixed M ą 0. Denote Bn “ tMn ď Mu. Let

AM “ ttω P Ω : Mnpωq ď Mu i.o.u “ lim sup
nÑ8

tMn ď Mu “ lim sup
nÑ8

Bn

If ω P AM , there are infinitely many Mnpωq such that Mnpωq ď M . Observe that

PpBnq “ PpMn ď Mq

“ PpX1 ď M,X2 ď M, . . . , Xn ď Mq

“

n
ź

k“1

PpXk ď Mq “ F pMq
n
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Hence,
8
ÿ

n“1

PpBnq “

8
ÿ

n“1

F pMq
n

ă `8

By Borel-Cantelli, we will have PpAMq “ 0.
Because for each M P Zě1, we have PpAMq “ 0. Hence, if we consider the union

of all AM , its probability will be

P

ˆ 8
ď

M“1

AM

˙

“ 0

Here our null set will be

N “

8
ď

M“1

AM

• If ω R N , then ω P X8
M“1A

c
M .

• That is, for any M ě 1, ω P Ac
M “ lim infnÑ8tMn ą Mu.

• That is, there exists N0 such that Mnpωq ą M for all n ě N0.

Summarise, we have Mnpωq Ñ `8 if ω R N .

Definition 6.3 (Cauchy sequence almost surely). A sequence of RVs Xn is said to be
Cauchy almost surely, if there is a null set N P B with PpNq “ 0 such that Xnpωq is
Cauchy sequence of numbers for all ω P N c.

Remark 6.4. By definition, Xn is a Cauchy sequence almost surely, if and only if
Xn converges almost surely. Because after we fix a ω P N c, Xnpωq is a number. So
convergence almost surely is really convergence of numbers.

6.2 Convergence in Probability

Lectures 2024-11-21, 2024-11-23

Definition 6.5 (Convergence in probability). A sequence of RVs Xn converges to X
in probability if for any δ ą 0, we have

Pp|Xn ´ X| ą δq ÝÑ 0 as n Ñ `8

Example 6.3. Consider the probability space pr0, 1s,Bpr0, 1sq, λq where λ is the Lebesgue
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measure. We define a sequence of RVs in the following way:

X1 :“ 1

X2 :“ 1r0, 1
2

s

X3 :“ 1r 1
2
,1s

X4 :“ 1r0, 1
4

s

X5 :“ 1r 1
4
, 1
2

s

X6 :“ 1r 1
2
, 3
4

s

X7 :“ 1r 3
4
,1s

X8 :“ 1r0, 1
8

s

...

Claim 6.6. Xnpωq does not converge for all ω P r0, 1s.

Because Xnpωq is a sequence of 0’s and 1’s with infinitely many 0’s and infinitely
many 1’s.

So Xn does not converge almost surely.

Claim 6.7. Xnpωq does converge in probability.

The intuition is, because the bar gets narrower and narrower, so the measure of
these bars will shrink to zero. (In the picture.)

[Board figure omitted: the graphs of the indicator random variables Xn over r0, 1s,
whose bars become narrower as n grows]

λp|Xn ´ 0| ą δq “ λpAnq ÝÑ 0

Definition 6.8. Xn is said to be a Cauchy sequence in probability if: for any δ ą 0,
and ϵ ą 0, there is a N0 such that

Pp|Xn ´ Xm| ą δq ă ϵ @n,m ě N0

Lemma 6.9 (EXAM). Suppose Xn is a Cauchy sequence in probability, then there is
a subsequence that converges almost surely.

Proof. Want to find a sub-sequence Xnk
such that Xnk

converges almost surely.
Set n0 “ 1. Because Xn is a Cauchy sequence, so for all n,m ą N , we will have

Pp|Xn ´ Xm| ą 1
2
q ă 1

2
. We define n1 by picking the smallest of such N .

n1 :“ min

"

N ě n0 : Pp|Xn ´ Xm| ą
1

2
q ă

1

2
@n,m ě N

*

Similarly, define

n2 :“ min

#

N ě n1 : P

ˆ

|Xn ´ Xm| ą

ˆ

1

2

˙2˙

ă

ˆ

1

2

˙2

@n,m ě N

+
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Keep going, we define

nk :“ min

#

N ě nk´1 : P

ˆ

|Xn ´ Xm| ą

ˆ

1

2

˙k˙

ă

ˆ

1

2

˙k

@n,m ě N

+

Next, we show Xnk
is a Cauchy sequence almost surely. Because we are working in

a complete space. A sequence being Cauchy is equivalent to a sequence is convergent.
Hence, Xnk

converges almost surely. Let

Ak :“

#

|Xnk`1
´ Xnk

| ą

ˆ

1

2

˙k
+

by our choice of nk’s, we will have

PpAkq ă

ˆ

1

2

˙k

Hence,
8
ÿ

k“1

PpAkq ă `8

Hence, by Borel-Cantelli, this implies

PptAk i.o.uq “ 0

Thus, our null set is N “ tAk i.o.u.
Finally, we showed for every ω R N , the sequence Xnk

pωq is a Cauchy sequence of
numbers.

See that if
ω P N c

“ lim inf
kÑ8

Ac
k

That is, for all k ě M0pωq, we have

ω P Ac
k “

#

|Xnk`1
´ Xnk

| ă

ˆ

1

2

˙k
+

This implies for that fixed ω, we have

|Xnk`1
pωq ´ Xnk

pωq| ă

ˆ

1

2

˙k

To see this is a Cauchy sequence, consider WLOG r ą l, then using telescoping sum

|Xnrpωq ´ Xnl
pωq| ď |Xnrpωq ´ Xnr´1pωq|

looooooooooomooooooooooon

ďp 1
2

qr´1

` |Xnr´1pωq ´ Xnr´2pωq|
looooooooooooomooooooooooooon

ďp 1
2

qr´2

` . . . ` |Xnl`1
pωq ´ Xnl

pωq|
looooooooooomooooooooooon

ďp 1
2

ql

ď

r´1
ÿ

k“l

ˆ

1

2

˙k

ď

8
ÿ

k“l

ˆ

1

2

˙k

“

ˆ

1

2

˙l´1
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Theorem 6.10. Let Xn be a Cauchy sequence in probability is equivalent to Xn con-
verges to X in probability.

Proof. ( ðù ) If Xn Ñ X in probability. Then

Pp|Xn ´ Xm| ą δq “ Pp|Xn ´ X ` X ´ Xm| ą δq

ď Pp|Xn ´ X| ` |X ´ Xm| ą δq

ď P

ˆ

|Xn ´ X| ą
δ

2

˙

` P

ˆ

|X ´ Xm| ą
δ

2

˙

( ùñ ) Suppose Xn is a Cauchy sequence in probability. Then by the lemma we have
a subsequence Xnk

that converges to X almost surely. This further implies Xnk
Ñ X

in probability.
Next, we want to show Xn Ñ X in probability

Pp|Xn ´ X| ą δq “ Pp|Xn ´ Xnk
` Xnk

´ X| ą δq

ď Pp|Xn ´ Xnk
| ą

δ

2
q ` Pp|Xnk

´ X| ą
δ

2
q

But because Xn is a Cauchy sequence in probability, so when n is large, the probabil-
ities

Pp|Xn ´ Xnk
| ą

δ

2
q, Pp|Xnk

´ X| ą
δ

2
q

are both small. This finishes the proof.

6.3 Connections Between a.s. and i.p. Convergence

Lectures 2024-11-21, 2024-11-23, 2024-11-26

Lemma 6.11. Convergence almost surely implies convergence in probability.

Proof. If we have Xn Ñ X almost surely. Then we have

0 “ Pp|Xn ´ X| ą δ i.o.q

“ P

ˆ

lim sup
nÑ8

t|Xn ´ X| ą δu

˙

“ P

ˆ 8
č

n“1

8
ď

k“n

t|Xk ´ X| ą δu

˙

“ lim
nÑ8

P

ˆ 8
ď

k“n

t|Xk ´ X| ą δu

loooooooooomoooooooooon

Ąt|Xn´X|ąδu

˙

ě lim sup
nÑ8

Ppt|Xn ´ X| ą δuq

ě 0

This implies
lim
nÑ8

Ppt|Xn ´ X| ą δuq “ 0
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Theorem 6.12. Xn converges to X in probability is equivalent to for any subsequence
Xnk

of Xn, there is a further subsequence Xnki
of Xnk

which converges to X almost
surely.

Proof. ( ùñ ) Suppose Xn converges to X in probability. Then we pick any sub-
sequence Xnk

, this subsequence also converges in probability. Then Xnk
is a Cauchy

sequence in probability. Hence, there is a further subsequence Xnki
converges to X

almost surely by the lemma (EXAM).
( ðù ) Suppose any subsequence Xnk

of Xn, there is a further subsequence Xnki
of

Xnk
which converges to X almost surely.

We prove by contradiction. Suppose Xn does not converges to X in probability.
Then there exists some δ ą 0 and ϵ ą 0 and a sequence nk such that

Pp|Xnk
´ X| ą δq ą ϵ

We look at Xnk
, then there is a further subsequence Xnki

of Xnk
such that

Xnki
ÝÑ X almost surely

This implies

Pp|Xnki
´ X| ą δq Ñ 0 as i Ñ 8

This contradicts there exists some δ ą 0 and ϵ ą 0 and for all nk we will have

Pp|Xnk
´ X| ą δq ą ϵ

Corollary 6.13. Let Xn be a sequence of RVs. Let fpxq be a continuous function.
Then

1) Xn ÝÑ X almost surely implies fpXnq ÝÑ fpXq almost surely.

2) Xn ÝÑ X in probability implies fpXnq ÝÑ fpXq in probability

Proof. Proof of (1): Suppose Xn Ñ X almost surely. Then there exists a null set
N P B such that PpNq “ 0, and Xnpωq Ñ Xpωq for all ω P N c.

Then
fpXnpωqq ÝÑ fpXpωqq for all ω P N c

Proof of (2): In order to show

fpXnq ÝÑ fpXq in probability

is equivalent to show for any subsequence fpXnk
q of fpXnq, there is a further subse-

quence fpXnki
q of fpXnk

q converge almost surely.
By assumption, Xn Ñ X in probability. According to the theorem, for any subse-

quence Xnk
, there is a further subsequence Xnki

of Xnk
such that Xnki

Ñ X almost
surely. Then by (1), then fpXnki

q Ñ fpXq almost surely. Then we use converge almost
surely implies converge in probability.
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Proposition 6.14. Let Xn Ñ X in probability and Yn Ñ Y in probability. Then

Xn ` Yn Ñ X ` Y in probability

and
Xn ¨ Yn Ñ X ¨ Y in probability

Proof. Want to show for any subsequence Xnk
` Ynk

, there is a further subsequence
which converges to X ` Y almost surely.

The question is how to find this “further subsequence”.
Since Xn Ñ X in probability, by the theorem, we can find a further subsequence

Xnki
of Xnk

such that Xnki
Ñ X almost surely.

Now the problem is, if we consider the subsubsequence Ynki
, it may not converge

almost surely. (It is just a random subsequence of Yn. It is not constructed using the
theorem we were using).

But by the theorem, there is a further subsequence Ynkij
of Ynki

such that Ynkij
Ñ Y

almost surely.
Now, consider the subsequence Xnkij

of Xnki
. Any subsequence of a sequence

converge almost surely also converge almost surely. Hence, Xnkij
Ñ X almost surely.

At the end,
Xnkij

` Ynkij
ÝÑ X ` Y almost surely

By the theorem, this proves Xn ` Yn Ñ X ` Y in probability.
The product. The same construction proves the second statement; no new extrac-
tion is needed. Fix a subsequence Xnk

Ynk
of XnYn. Running the argument above on

the indices nk produces indices nkij
along which

Xnkij
ÝÑ X and Ynkij

ÝÑ Y almost surely

Let N be the union of the two null sets off which these two convergences hold; then

PpNq “ 0, and for every ω P N c the two sequences of real numbers Xnkij
pωq and

Ynkij
pωq converge to Xpωq and Y pωq. The product of two convergent sequences of real

numbers converges to the product of the limits, so

Xnkij
¨ Ynkij

ÝÑ X ¨ Y almost surely

Thus every subsequence of XnYn has a further subsequence converging to X ¨Y almost
surely, and the theorem gives Xn ¨ Yn Ñ X ¨ Y in probability.

Corollary 6.15 (DCT – relaxed version). If Xn Ñ X in probability, and |Xn| ď Y P

L1pPq. Then
lim
nÑ8

EXn “ EX

Proof. Prove by contradiction. Suppose the limit of EXn is not EX. Then there
exists a subsequence EXnk

such that

|EXnk
´ EX| ą ϵ
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for some small ϵ ą 0.
On the other hand, for Xnk

, we can find a further subsequence Xnki
of Xnk

such
that Xnki

Ñ X almost surely.
By the usual DCT, we have

EXnki
ÝÑ EX as i Ñ 8

This contradicts the |EXnk
´ EX| ą ϵ for some small ϵ ą 0.

6.5 Lp Convergence

Lectures 2024-11-26, 2024-12-03, 2024-12-05

Definition 6.16 (LppPq space). For any p ě 1, define

Lp
pPq :“ tX : E|X|p ă 8u

Proposition 6.17 (Properties of LppPq space). 1) LppPq is a R-linear space. That
is, if X, Y P LppPq, and a, b P R. Then aX ` bY P LppPq.

Proof. Proof of (1): It is trivial that aX P LppPq and bY P LppPq. So, we only
need to show X ` Y P LppPq if X, Y P LppPq. Because

E|X ` Y |p ď E
`

2p|X| _ |Y |q
˘p

“ 2p Ep|X|p _ |Y |pq

ď 2pEp|X|p ` |Y |pq “ 2ppEp|X|pq
looomooon

ă8

`Ep|Y |pq
loomoon

ă8

q

ă 8

This completes the proof.

Definition 6.18 (LppPq-norm). LppPq norm of X P LppPq is defined by

∥X∥p :“
`

E|X|p
˘

1
p

This is a norm of the R-vector space LppPq, because it satisfies the axioms of norm.
That is:

1) ∥X∥p ě 0, and ∥X∥p “ 0 if and only if X “ 0 almost surely.

2) ∥aX∥p “ |a|∥X∥p.

3) Triangular inequality.
∥X ` Y ∥p ď ∥X∥p ` ∥Y ∥p

Remark 6.19. Triangular inequality for LppPq-norm is called Minkowski inequality.

Definition 6.20 (LppPq convergence). Let Xn, X P LppPq space. We say Xn Ñ X in
LppPq if

∥Xn ´ X∥p Ñ 0

Lemma 6.21 (Holder’s Inequality). If p, q ą 0 such that 1
p

` 1
q

“ 1. (In literature,

people say p is conjugate to q). Then

∥XY ∥1 “ E|XY | ď ∥X∥p ¨ ∥Y ∥q
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Meaning of Holder Inequality

If p “ q “ 2, then we have

E|XY | ď ∥X∥2∥Y ∥2
If X “ Y , then we have

E|X ¨ X| “ EX2
ă 8

This means, if we want X P L1pPq, then a sufficient condition is X P L2pPq.
There is a balance between integrability of X and integrability of Y .

Important Inequalities

1. (Holder’s inequality): for p, q ě 1 and 1
p

` 1
q

“ 1. Then E|XY | ď ∥X∥p∥Y ∥q

2. (Minkowski inequality): for any p ě 1, we have ∥X ` Y ∥p ď ∥X∥p ` ∥Y ∥p.

3. (Jensen’s inequality): If fpxq is a convex function. Then fpEY q ď E fpY q.

Definition 6.22 (Convex function). A function fpxq is called a convex function if it
satisfies the following property

fptx ` p1 ´ tqyq ď tfpxq ` p1 ´ tqfpyq, @ t P p0, 1q

[Board figure omitted: the graph of a convex function together with the chord joining
two of its points, the chord lying above the graph]

Another way to define a convex function is, to write fpxq as

fpxq “ sup
lpxqPLinpR,Rq, lpxqďfpxq @x

lpxq

Proof of Holder’s Inequality. Note, for a, b ą 0, we have

ab ď
1

p
ap `

1

q
bq, p˚q

because if we look at fpsq “ es, and we pick s, t such that a “ e
s
p and b “ e

t
q . Thus,

we get

ab “ e
s
p

` t
q “ fp

1

p
s `

1

q
tq

ď
1

p
fpsq `

1

q
fptq

“
1

p
es `

1

q
et “

1

p
ap `

1

q
bq

Take

a “
|X|
∥X∥p

, b “
|Y |
∥Y ∥q
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By p˚q, we have
|X|
∥X∥p

¨
|Y |
∥Y ∥q

ď
1

p

ˆ

|X|
∥X∥p

˙p

`
1

q

ˆ

|Y |
∥Y ∥q

˙q

Taking expectation both sides, we have

E|X||Y |
∥X∥p∥Y ∥q

ď
1

p

E|X|p

∥X∥pp
loomoon

“1

`
1

q

E|Y |q

∥Y ∥qq
loomoon

“1

“
1

p
`

1

q
“ 1

Hence, we get

E|XY | ď ∥X∥p∥Y ∥q
This completes the proof.

Proof of Minkowski’s Inequality. If p “ 1, then we get the usual triangular inequality
for real numbers, i.e.

E|X ` Y | ď Ep|X| ` |Y |q “ E|X| ` E|Y |

For p ą 1. Note first p ´ 1 “
p
q
. So

∥X ` Y ∥pp “ E|X ` Y |p “ E|X ` Y |1`
p
q “ E|X ` Y ||X ` Y |

p
q

ď Erp|X| ` |Y |q|X ` Y |
p
q s “ E|X||X ` Y |

p
q ` E|Y ||X ` Y |

p
q , ∆-ineq for R

ď ∥X∥p∥|X ` Y |
p
q ∥q ` ∥Y ∥p∥|X ` Y |

p
q ∥q, Holder’s ineq

“ ∥X∥ppE|X ` Y |pq
1
q ` ∥Y ∥ppE|X ` Y |pq

1
q

“ ∥X∥pppE|X ` Y |pq
1
p q

p
q ` ∥Y ∥pppE|X ` Y |pq

1
p q

p
q

“ ∥X∥p ¨ ∥|X ` Y |∥
p
q
p ` ∥Y ∥p ¨ ∥|X ` Y |∥

p
q
p

“ p∥X∥p ` ∥Y ∥pq ¨ ∥|X ` Y |∥
p
q
p “ p∥X∥p ` ∥Y ∥pq ¨ ∥|X ` Y |∥p´1

p

Factor out ∥|X ` Y |∥p´1
p both sides, we have

∥X ` Y ∥p ď ∥X∥p ` ∥Y ∥p

This completes the proof.

Example 6.4 (Jensen’s inequality). Consider fpxq “ x2. By Jensen’s inequality, we
have

pEXq
2

ď EX2

Recall the variance of the random variable is always non-negative, and it is of the form

0 ď VarpXq “ EpX ´ EXq
2

“ EX2
´ pEXq

2

Hence, we get the Jensen’s inequality.
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Proof of Jensen’s inequality. Recall that a convex function is defined as

fpEXq “ sup
lPLinpR,Rq, lpzqďfpzq @z

lpEXq

Recall that a linear function in R has the form lpxq “ ax` b for some a, b P R. Hence,

lpEXq “ aEX ` b “ EpaX ` bq “ E lpXq

Hence, the convex function can be expressed as

fpEXq “ sup
lPLinpR,Rq, lpzqďfpzq @z

lpEXq “ sup
lPLinpR,Rq, lpzqďfpzq @z

E lpXq

But because lpxq ď fpxq for all x P R, hence we have

fpEXq “ sup
lPLinpR,Rq, lpzqďfpzq @z

E lpXq
loomoon

ďfpXq

ď E fpXq

This completes the proof.

Remark 6.23. If m ą n for some m,n ě 1. Then if X P LmpPq, then X P LnpPq.
Given E|X|m ă 8. We want to show E|X|n ă 8.
By Holder’s inequality and choose p “ m

n
, we have

E|X|n “ E|X|n ¨ 1 ď ∥|X|n∥p∥1∥q “ pE|X|mq
n
m “ pE|X|mq

n
m ă 8

Recap

We have three form of convergence

1. Convergence almost surely

2. Convergence in probability

3. Convergence in LppPq for p ě 1.

We have discussed the first two form of convergence. This time we will discuss con-
vergence in LppPq.

[Board figure omitted: finite dimensional vector convergence]

In general, LppPq is an infinite-dimensional vector space.

Remark 6.24. The relation of these three form of convergence is

• Convergence in LppPq implies convergence in probability

• No relation between convergence in LppPq and convergence almost surely

Theorem 6.25. Convergence in LppPq implies convergence in probability.
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Proof. We want to show

Pp|Xn ´ X| ą δq ÝÑ 0 as n Ñ 8

We will apply Chebyshev’s inequality. See that

t|Xn ´ X| ą δu “ t|Xn ´ X|p ą δpu

Then by Chebyshev’s inequality, we have

Pp|Xn ´ X| ą δq “ Pp|Xn ´ X|p ą δpq

ď
E|Xn ´ X|p

δp
“

∥Xn ´ X∥pp
δp

Ñ 0 by assumption

Definition 6.26 (Cauchy sequence). We say Xn is a Cauchy sequence in LppPq if

• Xn P LppPq

• ∥Xn ´ Xm∥p ÝÑ 0 as n,m Ñ 8.

Question. Are we going to have following equivalence? Xn converges to X in LppPq

if and only if Xn is a Cauchy sequence in LppPq.

Question. Suppose Xn converges to X in probability. What can we say for convergence
in LppPq?

These two questions is going to be answered in one theorem. By before that, we
need a definition.

Definition 6.27 (Uniform Integrability – 1). A family of RVs tXt : t P Tu is said to
be uniformly integrable (UI) if the following holds:

1. Xt P L1pPq for all t P T.

2. Because Xt P L1pPq, so the set tXt ą Nu Ó ∅ as N becomes large. Thus,

sup
tPT

ż

t|Xt|ąNu

|Xt|dP ÝÑ 0 as N Ñ `8

Example 6.5. Consider a single random variable tXu where X P LppPq. Then this
family is uniformly integrable.

Because since X P L1pPq. So

Pp|X| ě Nq ÝÑ 0

So
YN :“ X ¨ 1t|X|ąNu ÝÑ 0 almost surely

In addition, the random variable YN is bounded above by |X| P L1pPq, i.e. |YN | ď

|X| P L1pPq. So by DCT, we have
ż

t|X|ąNu

|X|dP “

ż

YNdP ÝÑ 0 as N Ñ 8
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Example 6.6 (Dominated family is uniformly integrable). A family of random vari-
ables tXt : t P Tu is called a dominated family if there exists a Y P L1pPq such that

|Xt| ď Y P L1
pPq

Then tXt : t P Tu is uniformly integrable.
This is because

sup
tPT

ż

t|Xt|ąNu

|Xt|dP ď

ż

t|Y |ąNu

|Y |dP

Example 6.7 (Finite family is uniformly integrable). If we have a finite family of
random variables tX1, . . . , Xnu where each Xi P L1pPq. Then this family is uniformly
integrable.

This is because if we let Y “ |X1| ` . . . ` |Xn|. Then

• Y is integrable, i.e. Y P L1pPq

• All Xn is dominated by Y , i.e. |Xn| ď Y for all n.

Thus, the uniformly integrability of this family follows from the last example.

Example 6.8 (A family that is dominated by a uniformly integrable family is also
uniformly integrable). If tXt : t P Tu is dominated by tYs : s P Su, i.e. |Xt| ď |Yt|.
And tYs : s P Su is uniformly integrable. Then Xt is uniformly integrable.

Example 6.9. Suppose for some ε ą 0, we have

sup
tPT

E|Xt|1`ε
ď M ă `8

Then tXt : t P Tu is uniformly integrable.

Proof. Consider the targeted integral. Note that under the event t|Xt| ą Nu, we have
the following inequality.

ż

t|Xt|ąNu

|Xt|dP ď

ż

t|Xt|ąNu

|Xt|
ˆ

|Xt|
N

˙ϵ

dP

“
1

N ε

ż

t|Xt|ąNu

|Xt|1`εdP

ď
1

N ε
sup
t

E|Xt|1`ε

ď
M

N ε

Ñ 0 as N Ñ `8

Remark 6.28. There is an equivalent definition of uniformly integrability.

Definition 6.29 (Uniform integrability – 2). A family of random variables tXt : t P Tu

is said to be uniformly integrable if
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1) suptE|Xt| ď M ă `8

2) For any ϵ ą 0, there exists a δ ą 0 such that

sup
t

ż

B

|Xt|dP ă ϵ

if PpBq ă δ.

Theorem 6.30. Two definitions of uniformly integrability are equivalent.

Proof. ( ùñ ) Consider the integral.

ż

|Xt|dP “

ż

t|Xt|ąNu

|Xt|dP`

ż

t|Xt|ďNu

|Xt|dP

Taking the supremum both sides,

sup
t

ż

|Xt|dP ď sup
t

ż

t|Xt|ąNu

|Xt|dP` sup
t

ż

t|Xt|ďNu

|Xt|dP

From previously showed results, if N is large enough, then we have

ż

t|Xt|ąNu

|Xt|dP Ñ 0 ùñ

ż

t|Xt|ąNu

|Xt|dP ă 1

Hence, we can pick N large enough such that

sup
t

ż

|Xt|dP “ sup
t

ż

t|Xt|ąNu

|Xt|dP
loooooooomoooooooon

ď1

` sup
t

ż

t|Xt|ďNu

|Xt|dP
loooooooomoooooooon

ď
ş

t|Xt|ďNu
NdP

ď 1 `

ż

t|Xt|ďNu

NdP

ď 1 `

ż

NdP “ 1 ` EN “ 1 ` N

Hence, if we further integrate over B, then we will have

ż

B

|Xt|dP “

ż

BXt|Xt|ąNu

|Xt|dP`

ż

BXt|Xt|ďNu

|Xt|dP

ď

ż

t|Xt|ąNu

|Xt|dP`

ż

B

NdP

“

ż

t|Xt|ąNu

|Xt|dP`N PpBq

By the first definition of uniform integrability we may fix an N1, depending only on ϵ,
with

sup
t

ż

t|Xt|ąN1u

|Xt|dP ă
ϵ

2
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Having fixed N1, set δ :“ ϵ
2N1

. Then every B with PpBq ă δ satisfies N1PpBq ă ϵ
2
,

and since the derivation of the display above is valid for any cutoff in place of N ,
applying it with N1 gives

sup
t

ż

B

|Xt|dP ď sup
t

ż

t|Xt|ąN1u

|Xt|dP`N1PpBq ă
ϵ

2
`

ϵ

2
“ ϵ

which is condition 2) of the second definition. Condition 1) is the bound supt E|Xt| ď

1 ` N obtained above.
( ðù ) Suppose 1) and 2) of the second definition hold. Condition 1) gives E|Xt| ď

M ă `8 for every t, so each Xt P L1pPq, which is condition 1. of the first definition.
Fix ϵ ą 0 and let δ ą 0 be the number supplied by 2). By Chebyshev’s inequality

and 1),

sup
t

Pp|Xt| ą Nq ď sup
t

E|Xt|
N

ď
M

N

So if N0 ą M
δ
, then for every N ě N0 and every t the event Bt :“ t|Xt| ą Nu has

PpBtq ď M
N

ă δ. Condition 2) is a statement about every event of probability less
than δ, so we are free to apply it to this t-dependent event:

ż

t|Xt|ąNu

|Xt|dP “

ż

Bt

|Xt|dP ď sup
s

ż

Bt

|Xs|dP ă ϵ

Taking the supremum over t,

sup
t

ż

t|Xt|ąNu

|Xt|dP ď ϵ for every N ě N0

Since ϵ ą 0 was arbitrary, this says exactly

sup
t

ż

t|Xt|ąNu

|Xt|dP ÝÑ 0 as N Ñ `8

which is condition 2. of the first definition.

6.6 More on Lp Convergence

Lecture 2024-12-07

Theorem 6.31. Let pXnq be a sequence of RVs and p ě 1. The following are equivalent

1) pXnq converges in LppPq.

2) pXnq is a Cauchy sequence in LppPq.

3) The sequence p|Xn|pq is uniformly integrable and pXnq converges in probability.

Proof. We prove for p “ 1. The proof for general p ą 1 will be similar.
(1) to (2): We know Xn converges to X in LppPq, i.e.

∥Xn ´ X∥p ÝÑ 0 as n Ñ 8
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What we want is

∥Xn ´ Xm∥p “ ∥Xn ´ X ` X ´ Xm∥p
ď ∥Xn ´ X∥p
looooomooooon

Ñ0

` ∥Xm ´ X∥p
looooomooooon

Ñ0

, triangle ineq

Ñ 0 as n,m Ñ 8

(2) to (3): Suppose pXnq Ă L1pPq is Cauchy. Two things have to be shown: that the
family tXn : n ě 1u is uniformly integrable, and that pXnq converges in probability.
We verify uniform integrability in the form of the second definition, that is

1) supně1E|Xn| ă `8, and

2) for every ϵ ą 0 there is a δ ą 0 with supně1

ş

B
|Xn|dP ă ϵ whenever PpBq ă δ.

We begin with 1). We pick an arbitrary n ě 1 and look at

E|Xn| “ ∥Xn∥1 “ ∥Xn ´ XN ` XN∥1
ď ∥Xn ´ XN∥1 ` ∥XN∥1

Now we pick N so that ∥Xn ´ XN∥1 ď 1 for all n ě N . Hence, we get

E|Xn| ď ∥Xn ´ XN∥1 ` ∥XN∥1 ď 1 ` ∥XN∥1

Hence, taking the supremum over all n ě N , we will get

sup
něN

E|Xn| ď 1 ` ∥XN∥1

This again implies

sup
ně1

E|Xn| ď maxt∥X1∥1, ∥X2∥1, . . . , ∥XN´1∥1, 1 ` ∥XN∥1u ă 8

Consider
ż

B

|Xn|dP “

ż

B

|Xn ´ XN ` XN |dP

ď

ż

B

|Xn ´ XN | ` |XN |dP

ď

ż

Ω

|Xn ´ XN |dP`

ż

B

|XN |dP

“ ∥Xn ´ XN∥1 `

ż

B

|XN |dP

We now combine the two estimates. Given ϵ ą 0, use the Cauchy property to pick N
with

∥Xn ´ XN∥1 ă
ϵ

2
for all n ě N
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Also, recall from the last midterm question that for a single L1 random variable the
integral is absolutely continuous: for each of the finitely many variables X1, . . . , XN

there is a δm ą 0 such that
ş

B
|Xm|dP ă ϵ

2
whenever PpBq ă δm. Put

δ :“ min
mďN

δm ą 0

which is positive because the minimum is over finitely many positive numbers. Let B
be any event with PpBq ă δ. For n ě N the estimate above gives

ż

B

|Xn|dP ď ∥Xn ´ XN∥1 `

ż

B

|XN |dP ă
ϵ

2
`

ϵ

2
“ ϵ

and for n ď N we get
ş

B
|Xn|dP ă ϵ

2
ă ϵ directly from the choice of δ. Hence

sup
ně1

ż

B

|Xn|dP ď ϵ whenever PpBq ă δ

which is 2). Together with 1) this shows tXn : n ě 1u is uniformly integrable.
It remains to check that pXnq converges in probability. By Chebyshev’s inequality,

Pp|Xn ´ Xm| ą δ1
q ď

E|Xn ´ Xm|
δ1

“
∥Xn ´ Xm∥1

δ1
ÝÑ 0 as n,m Ñ 8

for every δ1 ą 0, so pXnq is a Cauchy sequence in probability, and therefore converges
in probability, by the theorem on Cauchy sequences in probability from the subsection
on convergence in probability.
(3) to (1): Assume Xn converge in probability. Then there is a subsequence Xnk

such that
Xnk

ÝÑ X almost surely

Then

E|X| “ E lim inf
kÑ8

|Xnk
| ď lim inf

kÑ8
E|Xnk

| ď sup
ně1

E|Xn| ă 8

where the first equality holds because |Xnk
| Ñ |X| almost surely along the subse-

quence, the first inequality is Fatou’s lemma, and the final bound is condition 1) of
uniform integrability. In particular X P L1pPq.

Next, note that
|Xn ´ X| ď |Xn| ` |X|

loomoon

PL1pPq

Because |Xn| is uniformly integrable, then |Xn| ` |X| is also uniformly integrable
because |X| P L1pPq. Indeed, t|Xn| : n ě 1u is uniformly integrable by hypothesis,
and the single random variable |X| is uniformly integrable because X P L1pPq, as
shown above. Both conditions of the second definition are preserved under sums: the
first moments add, so supně1Ep|Xn| ` |X|q ď supně1E|Xn| ` E|X| ă 8, and given
ϵ ą 0, a δ that works for both families with ϵ

2
in place of ϵ works for the sum. Hence,

|Xn ´X| which is dominated by |Xn|` |X| is uniformly integrable. To summarize, we
have

• |Xn ´ X| is uniformly integrable.
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• |Xn ´ X| converges to 0 in probability, i.e.

Pp|Xn ´ X| ą ϵq Ñ 0 as n Ñ 8

For ∥Xn ´ X∥1,

∥Xn ´ X∥1 “

ż

|Xn ´ X|dP “

ż

t|Xn´X|ąϵu

|Xn ´ X|dP`

ż

t|Xn´X|ďϵu

|Xn ´ X|dP

For the second integral term, under the event

ż

t|Xn´X|ďϵu

|Xn ´ X|dP ď

ż

t|Xn´X|ďϵu

ϵdP ď

ż

Ω

ϵdP “ ϵ

For the first integral term, we use uniformly integrability. From convergence in prob-
ability, we have the measure of the set t|Xn ´ X| ą ϵu is small. Then by uniformly
integrability, the integral over this set will also be small, i.e.

ż

t|Xn´X|ąϵu

|Xn ´ X|dP ď ϵ for all large n

Combining the two estimates, for all n large enough

∥Xn ´ X∥1 ď ϵ ` ϵ “ 2ϵ

Since ϵ ą 0 was arbitrary, ∥Xn ´X∥1 Ñ 0, that is, Xn Ñ X in L1pPq. This completes
the proof.

Remark 6.32. If pXnq converges in LppPq, that is, there is a random variable X such
that ∥Xn ´ X∥p Ñ 0. Then X P LppPq.

• If pXnq is a Cauchy sequence in LppPq, then the limit is in LppPq.

For a Normed Vector Space, if any Cauchy sequence has a limit in the same space.
We call it a Banach space.

126



References

[Res99] Sidney I. Resnick. A Probability Path. Birkhäuser, Boston, 1999.
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