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1

1.1

Sets and Events

Preliminaries

1.1.1 What is this Chapter about?

When we start learning numbers in our previous studies, we learned two things

(i)

(i)

Operations of numbers.

For example, we learned +, —, x, — and @' to help us better understand num-
bers.

Closure properties of those algebraic operations.

This means, for example, we see that if we add two real numbers a, b, the result
we formally denoted as a + b is still a real number. Then we say real number is
closed under addition. Similarly, if we multiply two real numbers a, b, the result
we formally denoted as a x b is still a real number. Then we say real number is
closed under multiplication. Likewise, if we take inverse of a real number a, the
result which we formally denoted as a™! is still a real number.

Because we have so many algebraic operations, sometimes we want to focus on
some number of operations, and this motivates the notion of algebraic structure.
For example, suppose we only care about addition and multiplication, then we
look at a set that is closed under both addition and multiplication, we call it has
ring structure. For example, real number R has a ring structure. In addition,
we have groups, fields, and algebras. The meaning of these structures is they
allow us to talk about the ”closure of operations”. For example, we want after
we multiply two real numbers, the result is still a real number. If it is not, then
we may have to invent a new structure.

However, these two things are dealing with the relationship between two points. But
when we work on probability theory, we are no longer only interested in the relationship
between points. Rather, we are interested in relationship between sets. Therefore, we
have to extend all above notions to Set first. Likewise, we used (a,) to denote a
sequence of real numbers, and we can talk about limit of this sequence. We will use
(A,) to denote a sequence of sets, and we can define the notion of ”limit of sets”.

1.1.2 Least Upper Bound & Greatest Lower Bound of Sets

A subset of R is "bounded” if it does not stretch off to infinity. So ”"boundedness” is
a finite condition.

Definition 1.1 (Upper Bound/Lower Bound). Let E be a non-empty subset of R. An
upper bound for E is a number 3 such that

r<f forall xekE

If an upper bound exists for E, then E is said to be bounded above. Similarly, a
lower bound for E is a number 3 such that

x=pf forall zeFE
3



If a lower bound exists for E, then E s said to be bounded below. If E is bounded
both above and below, then E is said to be bounded.

A 7least upper bound” for a set is then an upper bound that is as small as possible.

Definition 1.2 (Least Upper Bound/Supremum). Given a non-empty subset E € R
that is bounded above. A least upper bound \ for E is the smallest upper bound of
E, i.e. \ has two properties

(i) A is an upper bound of E,
(i) If v € R is another upper bound (v < for all x € E), then A < 7.

Least upper bound is also called Supremum of E, and is denoted as
Ai=supF

In the case that E' does not have an upper bound (i.e. not bounded above) or F is
empty, we can still define Supremum for E. The convention is sup £ = + o0 if E does
not have an upper bound, and sup & = —o0.

There is another characterization of supremum/least upper bound which is not
intuitive but useful for computation purpose. In the rest of this notes, whenever we
have to show something is the supremum, we will use the following characterization.

Theorem 1.3 (Least Upper Bound). Let E be a non-empty subset of R that is bounded
above, and let X\ be an upper bound for E. Then X is the least upper bound for E if
and only if for every e > 0, there is a y € E such that y > XA — €. Consequently, the
least upper bound is defined via the following two properties:

(i) X is an upper bound of E.
(ii) For all € > 0, there is a y € E such that y > X — €.
Proof. For the forward direction.
e Suppose that A is the least upper bound of F.
o Let e > 0.

e Since A — e < A, and X is the smallest upper bound of FE, it follows that A\ — € is
not an upper bound for E.

e This means that £ must contain some element of y € E such that y > A — e.
Conversely.

e Suppose A is an upper bound for E and for every € > 0, there is a y € FE such
that y > A —e.

e We want to show that X is the least upper bound for E.

e Suppose that v is some upper bound of £. We need to show A < 7.
4



e Suppose for contradiction that A > . Then 0 < A — v =: e.

e By assumption, there exists a y € F such that y > A—e = A — (A —~) = ~. This
contradicts that v being an upper bound.

]

Remark 1.4. The idea of this new characterization can be summarized into following
two properties

(i) X is an upper bound of E.

(ii) There is no number smaller than A that is an upper bound.
A 7greatest lower bound” for a set is then an lower bound that is as big as possible.

Definition 1.5 (Greatest Lower Bound/Infimum). Given a non-empty subset E < R
that is bounded below. A greatest lower bound y for E is the greatest lower bound
of E, i.e. u has two properties

(i) w is an lower bound of E,
(i1) If v € R is another lower bound (x =~ for all x € E), then u = ~.
Greatest lower bound is also called Infimum of E, and is denoted as
i = inf B

In the case that E does not have an lower bound (i.e. not bounded below) or E is
empty, we can still define Infimum for £. The convention is inf £ = —oo if E' does not
have a lower bound, and inf @ = +c0.

Similar to supremum, there is another characterization of infimum/greatest lower
bound which is not intuitive but useful for computation purpose.

Theorem 1.6 (Greatest Lower Bound). Let E be a non-empty subset of R that is
bounded below, and let A be a lower bound for E. Then X is the greatest lower bound
for E if and only if for every e > 0, there is a y € E such that y < A+e¢€. Consequently,
the greatest lower bound is defined via the following two properties:

(i) X is a lower bound of E.

(ii) For all € > 0, there is a y € E such that y < XA + €.

Proof. The forward direction is easy. The backward direction again use proof by
contradiction. I will not verify the details. O]

Remark 1.7. The idea of this new characterization can be summarized into following
two properties

(i) X is a lower bound of E.
(i) There is no number bigger than X\ that is a lower bound.
Lastly, if we have a sequence of real numbers {a,}*_;. Then we define

liminf a, := sup inf a,, limsupa, := inf supa, (1)
n—00 NeZzx1 n=N n—o0 NEZz1 n=N



1.2 Naive Set Theory
1.2.1 Set Builder Notation

Measure-theoretical Probability is build from measure theory, which is a field deal with
theories of sets. So it is important for us to know all basics of sets.
Recall that a Set is a collection of unique objects.

e If Ais a set, the notation x € A means element z is in the set A. This reads as
— 7z is an element of A” or,
— "zisin A” or

— A contains z

e Express the fact that the statement x € A is FALSE by writing x ¢ A. This
reads as

— 7z is not an element of A” or,
— 7x isnot in A” or

— A does not contain x

A particular set is defined exactly by its members. We can define a set by the following
ways:

1. Explicitly listing out the elements: for example A = {dog, cat, panda}, B =
{0,2,4,6,...}.

2. Giving a description of the set: for example let B be the set of non-negative even
numbers.

3. Using Set Builder Notation: for example, writing

A = { reR | 2 +1>37 }

The set of All real numbers  Such that ~ This statement is true
Sometimes we can abbreviate set builder notation. For example, for the set
A = {z € R | there exists k € Z such that © = kr}

we can write A = {kr | k € Z}. This is called Abbreviated Set Builder Notation.
We can read this abbreviated notation part by part:

A = | kr | kel }

The set of real numbers of this6 form guch that this statement is true



1.2.2 Inclusion of sets

There are two simple relations between sets.

1.

We say A is a subset of B when every element of A is an element of B. This is
written as A € B, and is read as

e " A is a subset of B” or

e " A is contained in B” or

e 7" B contains A”
By convention, A c B means the same thing as A € B. (This is unlike < and
<). For proper containment it is denoted as A & B. In terms of logic, A € B

means that
reA = xeB

(the quantifier Yz is understood); that is, ”if x is an element of A, then x is an
element of B; that is, all elements of A are elements of B.

. We say two sets A and B are equal when every element of A is an element of

B and every element of B is an element of A. This is written as A = B.
Equivalently, A = B iff A< B and B < A. In terms of logic, A = B means that

relAd — zeB

The symbol |S| for a set S means the number of elements of S, it is also called
cardinality of S. If sets A and B are finite, then

Ac B — |A| < |B|

The subsets of a set S forms a set, called the power set, or the set of parts of
S. Power set is denoted as £2(S); a popular alternative is 2°. This notation comes
from the fact that the cardinatlity of power set for a finite set S is | 22(9)| = 2.

1.2.3 Basic operations between sets

Previously we have ”operations of numbers”. Now we want to know what are the
"operations of sets” just like +, —, x, = for numbers. Here are the basic set operations
that we should know for this subject

u: the union
N: the intersection
\: the set difference (or set complement)

A\: the symmetric difference



For those who has not seen symmetric difference, it is defined as
AAB = (A\B) u (B\A)

And for union and intersection, it is taken over an index set which we will denoted
as T. The union and intersection over the index set T are defined as

UAt = {w | we Ay; for some t € T}

teT

ﬂAt ={w|we A forall t e T}

teT

However, there are different versions of unions depends on different version of index
set T. There are 3 different cases of index set:

1. T finite: (e.g. T = {1,...,n}) Then we have finite union.

2. T countable: (e.g. T =N,Z,Q) Then we have countable union.

3. T uncountable: (e.g. T =R, [0,1]) Then we have arbitrary union.
Likewise for intersection. Depends on different index set T, we have 1) finite inter-
section, 2) countable intersection, 3) arbitrary intersection.

1.2.4 Indicator functions

There is a very nice and useful duality between sets and functions which emphasizes
the algebraic properties of sets. That is, given a set A, we can define a function called
Indicator Function of A as

fwe A
La(w) ‘:{cl) 1fZZA 2)

This is also called characteristic function by some measure-theorist. Here are two
simple properties of indicator functions

e 1,<1pifandonlyif Ac B
o1 =1-1,4

The big deal of this duality is that, rather than studying sets directly, we can study
function instead. And we will have many tools to study functions.

1.3 Limits of Sets
Lecture 2024-08-31

Just like we can define infimum, supremum and limits for a sequence of numbers,
we can also define the same notion for a sequence of sets. Let A,, n = 1 be a sequence
of sets. We define

e infimum of sets: infy-, Ay :=(),_, Ak
8



e supremum of sets: sup;., Ar == Ji_, Ax
e limit infimum of sets: liminf, . A, := J,_, (,_, Ax = sup®_ inf}’, A
e limit supremum of sets: limsup,_,., A, := (), U, Ax = inf"_ supje, Ax

The limit of a sequence of sets is defined as follows: if for some sequence B,, of subsets
has
limsup B,, = liminf B,, = B

n—o0 n—0a0

Then the set B is called the limit of B,,, and we write

lim B,, = B or B, — B

n—o0

Next we give the interpretation of limsup and liminf.

limsup of sets

Let {A,, | n > 1} be a sequence of subsets of §2. For limsup we have the interpretation

limsup A,, = {w : w is in infinitely many of A/ s}

n—ao0
={w:weAd, k=12,... for some subsequence n; depending on w}
0
= {w : Z 14, (w) = +oo}
n=1
={A, 1o}

Proof. The LHS is limsup,_,, A, = (,—, U,_, Ak, and the RHS is any one of the
four. Show LHS in RHS. Pick x € LHS, WTS z € RHS.

1. n =1, then x € Up>1 Ak, so there exists n; such that z € A,,.

2. If n=mny+1, then z € U,@n1+1 Aj. So there exists ny > n such that x € A4,,.
3. Let n =ny+ 1, then z € Un2+1 Ay, so there exists ng > ng such that z € 4,,.
4. And so on.

Show RHS in LHS. Pick w e RHS. WTS, we LHS. Let we A,,, A,,,... where

ng<mng <ng<...
1. Forn =1, we |2 A = B.
2. Forn=2,weU,:fQAk=Bz.
3. Forn =3, we | J} % A, = Bs.

4. And so on.

+00

5. If we keep doing this, w € B, for all n, so w e n 7 B,, which is limsup.



liminf of sets

Let {A, | n = 1} be a sequence of subsets of €2. For liminf we have the interpretation

liminf A, = {w: w is in all the A/ s except finite many of them}

n—00
a0
— {w: Z 1ae (w) < +oo}
n=1

= {w : there is a ng(w) s.t. we A, for all n > ng}

Proof. Show LHS in RHS Pick we LHS = U5 (N, A), WIS we RHS.
e There exists ng such that w e C,,, = m,':fnoAk. So w e Ay, for all k = ny.
Show RHS in LHS

e Pick w e RHS. WTS, we LHS. w e RHS means there exists ng such that
w € A, for all n > ny.

e This implies w € Cpy = (175, Ak-
e This again implies w € | J*, C,, = liminf, ., 4,
O

Example 1.1. Let (f,)x_, be a sequence of functions, and f is also a function. Con-
sider the set of x where f,(x) converge to f(z) (note that only some of x makes f,(x)
converge to f(x)).

{z: fu(x) > f(x) as n — 0}

But this set if too vague. So we consider

Ao = {: (o) = 10 < 1}

Then the above set can be re-written as

{z: fu(x) > f(x) asn — w0} = ﬁ lim iggoA"’k

k=1

1.4 Monotone Sequences

Recall that for real numbers, we have monotone non-decreasing sequence of numbers
(an)¥_y if a, < apqq for all n € Zs4, and monotone non-increasing sequence of numbers
(an)e_y if a, = apqq for all n € Zs1. They may or may not have a limit. In this section,
we will define the same notion for sets. Let (A4,)%_; be a sequence. Then (A4,)>_, is
called

1. Monotone non-decreasing sequence of sets: if A; € A, < ..., we denote
itas A, ~or A, 1

10



2. Monotone non-increasing sequence of sets: if A; 2 A, 2 ..., we denote it

as A, \,or A, |

For a monotone sequence of points, the limit may or may not exist. But for a monotone
sequence of sets, the limit always exists. Next proposition tells us the explicit form of
these limits.

Proposition 1.8 (Limit of Monotone Sequence of Sets). Let (A,,),>1 be a monotone
sequence of subsets.

1. If A, /', then lim, o A, 1= UZ_A,.
2. If A, N\, then lim, o, A, := N2 A,.
Proof. For Case (1), the goal is to show

a0
liminf A,, = U A, = limsup A,
n=1

n—00 n—o0

Since Ay € Agy1, then A, = Ni=, Ay

e Hence,
o6} e} e 6}
liminf A,, = U (ﬂ Ak> = U A,

e n=1 “k=n n=1
o Likewise,

0 0 a0

limsup A,, = ( Ak> c Ay = liminf A,, € limsup A,

e By sandwich theorem, we have

0
liminf A,, = U A, =limsup A,

n—0 Pt n—o0
e Hence, we conclude that

[o0]
liminf A,, = U A, =limsup A,

n—o0
n=1 n—o0

For Case (2), the goal is to show

a0
liminf A,, = ﬂ A, = limsup A,

n—aoo
n=1 n—o0

By taking the complement, we have A% . Then using the consequence of above
result, we have

0
liminf A7 = U Af = limsup A,

n—ao0 — n—00
=11



Taking the complement, we have

[o0]
liminf A,, = ﬂ A, =limsup A,

n—oo b N—0
This completes the proof. n
Corollary 1.9. For any sequences (A,), we have

4 infk?n Ak /;

® SuPi, Ar N\
Then it follows that

it 4o = fm (o ) = i (1 40) = U N4

k>=n n—o k=n
limsup 4,, = lim (sup An) = lim (U An) = ﬂ U A,
n—0o0 n—=0 \ k>n n—0a0 k>n n—o0 k>n

1.5 Set Operations and Closures
Lecture 2024-09-07

Remember that the Second motivation of this Chapter is to define the notion of
"closure” of operation for set as an analogue for ”closure” of operations of numbers
(e.g. real numbers R is closed under +, x).

In Section [1.2.3] and Section [1.4] we introduced several set operations. One can
understand this as an analog of +, —, x, ~ and taking limits for numbers (although
taking limits of numbers is not considered as an algebraic operation for numbers).
These are

1. Set Complementation: if A < Q, then the complement is written as Q\A. When
the ambient set (2 is clear, we can simply use A¢ to denote 2\ A.

2. Finite Union: Au B

Countable Union: | J Ay=U_ A=A v UA,U...

nEZ>1

Arbitrary Union: | J,.p A¢ for T arbitrary (means can be uncountable).
3. Finite Intersection: An B

Countable Intersection: ) A, = ﬂle A, =Ain---NnA,n...

nel>1

Arbitrary Intersection: (),op At for T arbitrary (means can be uncountable).

4. Taking Monotone Limits: if (A,) is a monotone sequence then

. o Ule A, if A,
lim A, := { ﬂ;o:l PR
12
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Having all these set operations, we can start to define the ”algebraic structure” for
sets.

To understand what does it mean by ”algebraic structure for sets”, let’s first recall
that, for example, R is a collection of numbers, but it is really a set together with
two operations: (R, +, x) (the terminology for this is: R has a field structure, some
people will also use the term algebra). This means +, x are well-defined so that we
don’t have to worry about adding two real numbers will return us a non-real number
(people call this R is closed +, x).

Just like we can have a ”collection of numbers” with certain closure structure, we
can also have a ”collection of sets” with certain closure structures. The main task of
this section is to introduce us some of those structures. Next is a list of structures we
need:

—_

. Field (Algebra);

2. o-Field (o-Algebra);
3. Semi-algebra;

4. Semi-ring;

5. o-ring;

6. Monotone Class;

7. m-system;

8. A-system

Some structures that are more important in this subject. These are 1) Field, 2) o-
Field (they are core of measure space), 6) Monotone Class (it defines limits of sets),
7) m-system and 8) A-system (they are important because of Dynkin’s 7 — A theorem).
We will introduce Field and o-field here first.

One last remark is that these collections of subsets are under an ambient set which
we denote as ().

Before formalizing these structures, here is a motivating example of a collection of
sets with only weak closure properties.

Example 1.2. Consider Q = (0,1] and the set
C:={(a,b]:0<a<b<1}
The convention is (a,a] = &.
e Claim 1: C is closed under finite intersection.
e Claim 2: C is NOT closed under countable intersection.
e.qg. Consider C,, = (% — n+r37 1]. Then ny_,C,, = [%, 1] ¢ C.

e Clatm 3: C is NOT closed under complement. Obuvious.

13



Definition 1.10 (Field/Algebra). A Field (a synonym is Algebra), denoted as <,
18 a non-empty collection of subsets of €2 closed under

1. Complements;
2. Finite union;
3. Finite intersection.
A minimal set of axioms for o/ to be a field is
(A1) Qe of;
(A2) if Ae o, then A€ o ;
(AF3) if A,Be <, then Au B e <.
Remark 1.11. From all the above axioms, we can deduce the following consequences:

o [f Ay, Ay, As € o7, then we can first deduce Ay U Ay € o, then we further deduce
Ay U Ay u Ag = (A1 U As) U A € F inductively.

e By the same inductive procedure, we can deduce if Ay,..., A, € o, then Ay U
U A,ed.

e By taking complement, we have Ay n - - n A, € /. The chain of deduction is
as follows:

— A, € o implies AS € of (using axiom (2));

— AS e of implies U, AS € & (using axiom (3));

— UPLAS e of implies (U2, AS)C € &7 (using aziom (2));

— NP A = (VR AS) € & (using de Morgan’s Law);
Next let’s introduce another structure:

Definition 1.12 (o-Field/o-Algebra). A o-Field (a synonym is o-Algebra), denoted
as A, is a non-empty collection of subsets of €2 closed under

1. Complements;
2. Countable union;
3. Countable intersection.
A minimal set of axioms for A to be a field is
(A1) Qe %;
(A2) if Ae B, then A° e AB;
(A3) if A, € B for alln € Zsy, then Upez., A, € AB.

14



Remark 1.13. Then by symmetry proof, we can show N,>1A, € A.

Example 1.3 (Field, but NOT o-Field). Let Q = (0,1]. Suppose o/ consists of empty
set & and finite unions of disjoint intervals, 1.e.

o = {U(ai,bi] . for somen € Z>1,0 < a; < b; < 1} ON%}
i=1

Then the claim is </ is a field, but not a o-field. To show < is a field, DIY. To see

o/ is not a o-field, consider the sequence of subsets

(CIROESFSIE

Each one of these subsets belong to <7 . But if we consider the countable union of these

subsets 1 11 1 1 11 1 1
(0’51 v (55*?] v (5*?5*?*?] voEd
Also, one can argue that A, = (1/2 —1/(n+ 3),1] € o, but N1 A, = [1/2,1] ¢ 7.
Therefore, o7 is NOT a o-field.

Example 1.4. The following are some examples of o-fields.

o B =P(Q) The largest o-field over Q. Any o-field should be contained in power

set.

o B = {@,Q} The smallest o-field over Q. Because any o-field should contain
z, <.

o Let Q) =R. Define

B ={AcR: either A is a countable set, or A° is a countable set}

(A1) Qe AB. Since Q° = & is countable

(A2) If Ae B. Then two cases. (1) A is countable, (2) A is uncountable. Case
(1) means A° € B. Case (2) means A° countable, hence A° € A.

(A3) If Ay,... A, € B. Then two cases. (1) All A, is countable. (2) At least
one of A, is uncountable. Case (1) is trivial. Case (2), let’s say Ay is
uncountable. Then A§ is countable. Consider (Ups14,)¢ = Np=1AS < AS,
subset of countable set is countable, hence (Up=14,)¢ is countable. Hence

Uns1 4n € 2.

e Consider o-field generated by a subset of the power set € < (), denoted as
o(¢).

e Borel o-field and Borel sets on R, denoted as B(R).

15



1.6 The o-algebra generated by a Given Class %

Lecture 2024-09-10

Lemma 1.14. Intersection of o-fields is still a o-field.

Definition 1.15 (o-field generated by € < P(Q)). The o-field generated by C = P(Q)
is the smallest o-field containing C, denoted as o(C), defined as

@)= (] %
B o-field,
BoC

1.7 Borel Sets on the real line
Lecture 2024-09-10

There is an important o-field called Borel o-field. The reason that it is important
is that it connects topological space to measure space, and having a topological space
allows us to talk about continuous function.

Definition 1.16 (Borel o-field). Let Q@ = R. Let € = {(a,b] : —0 < a < b < 400},
and we use this collection of sets € to generate the o-field. Hence

is called Borel o-field. Elements (which are sets) in o(€) is called a Borel set.

There are other definitions of Borel o-field. All the following definitions are equiv-
alent:

a, bl :
IE

—w<a<b<w}) =%

( )
[a,b] : —0 <a <b<xw}) = Fl
[a,b) : —0 <a<b< o)) =%V
{(a,b) : —0 < a <b<w}) =€V
open sets of R)

Proof. We will only show o(%V) = o(¢Y).

Show c<:

e Pick any (a,b) € €V.

e Note

(a,b) — G (a,b—ﬂ

n=1

—_—
ez

e Hence, (a,b) € 0(€Y) because o-field is closed under countable union. Therefore
o(€V) c o(€Y).

16



Show >:
e Pick any (a,b] € €.

e Note

e Hence, (a,b] € 0(%V) because o-field is closed under countable intersection.

The following lemma is only a technical tool for the proof of next lemma.

Lemma 1.17. Any open subset of O < R, O can be expressed as a countable union of
open intervals. O = J;2 (a;, b;).

Theorem 1.18 (Open sets generates Borel o-algebra). Denote
O = {the collection of open subsets of R}

Then
oc({(a,b): —o <a<b<ow})=0(0)

Proof. We will show ¢(0) = o(%V).
Show <

e Pick any (a,b) € O < ¢(0).
e So 0(0) is a o-field containing €.
e Hence 0(0) 2 o(6V).

Show 2

e Pick any O € O.
e By lemma [l1.17] we have

0 = | J(ai, b)) e 6V = o(€")
1=1

e So o(%V) is a o-field containing O.
e Hence, 0(%V) = 0(0).
[

Remark 1.19. If Q is only a topological space (i.e. not R any more), then the Borel
o-field of Q0 can be defined as

PB(Q) := o(open sets)
For example, Q0 = R™. Then

PB(Q) :=o({(a1,b1) x (az,b3) X ... x (an,b,)})
17



1.8 Comparing Borel Sets

Lecture 2024-09-12

Motivation

We already know Z(R) for Q@ = R. If we take Q@ = (0,1), we can say (0,1) is a
topological space. So we can talk about what is the set generated by all open sets of
(0,1):

A((0,1)) := o(open subsets of (0,1))

There are several questions we can ask:
1. Is #((0,1)) also a Borel o-field?
2. What’s the relation between %((0,1)) and #(R)? Do we have #((0,1)) <
B(R)?

Main theorem

Theorem 1.20. Let Qo < Q be a subset. Then we can claim the following
1. If # is a o-field of subsets of Q (i.e. B is a o-field over Q). Define

By ={AnQy: forallAec B} = Qyn B

Here Ay is a collection of subsets of Qy. The claim is By is a o-field of subsets
of V. (i.e. By is a o-field over ).

2. If C is a collection of subsets of Q). Then we can use C to generate the o-field
and intersect it with €, i.e.

(@) nQy:={ANnQy: Aec(¥)}

Here 0(C) = A in part (1). By part (1), we know o(C) Ny is a o-field. On the
other hand, we could consider the notion o(C n Q). This is also a o-field, but
the whole space is not Q) any more, but is g, because every element in o(C N )
are subsets of Qg. The claim is

d(C) N Qy=0c(Cn Q)

Proof. The strategy of showing a collection %, is a o-field is to check 3 axioms of
o-field.
Proof of (1): Need to show %, is a o-field over .

(Al) Check QO € %0. See that QO =Q0n QD € %0.
(A2) If B € A, i.e. there exists A € Q such that B = A n Qy. Need to show
B¢ = Qo\B € %0. But B¢ = Q()\A = QO N A e A.

18



(A3) If By,...,By,... € %$By. Need to show u,=1B, € HBy. Since B, € HB,, we
have B, = A, n Q for some A, < Q. Hence, U,>1B, = Ups1(4, 0 Q) =
QO M (UnzlAn)'

Proof of (2): We want to show o(C) n Qp = (€ n Q).

e Show 2. Using Part (1), we know o(C) N is a o-field. And see that o(C)nQy 2
C n Q. Hence, the o-field o(€) n Qg contains the smallest o-field containing
C N Q. Hence o(C) n 2y 20(C n Q).

e Show <. We have to use o(C) being the smallest o-field containing €. The
strategy is as follows:

— We define
9::{A§Q:AGQOEO’((€090)}

— Suppose we can prove

§oo(%)
— Then for any A€ o(%¢) < G.
— Then by definition of G, we have
AnQyea(n Q)

— This means (%) N Qy € (€ N Q). Because
o(€)nQy={AnQy: Aco(¥)}
— Hence, completes the proof.
e So we only left to prove § 2 0(C).

— First, it is obvious that § o C,
— Because for any A € €, we have A n Qe Cn Qy € 0(C n Qp)., * hence
A € G by definition of G.
— Second, we show G is a o-field of ().
(A1) Q€ G. Because Q n Q= Qg€ a(Cn Q).

(A2) If Ae G, ie. AnQyea(Cn Q). Then for A° = Q\A, using the fact
that o(C n ) being a o-field, we have

AN Qo= (NA) N Qy =\ (AN Q) €a(Cn Q)

Hence, A° € G.
(A3) If Ay,..., A,,...€G. WTS U214, € G. We have A, nQy € a(Cn Q).
Then using the fact that o(C n €y) being a o-field, we have

(U An) Ny = U(A" N Q) € a(Cn Q)
n>=1 n=1

Hence, we conclude u,>1 A4, € G.
19



— Since G is a o-field, and § 2 €. By construction of ¢(€), which is the
smallest o-field containing €, we have § 2 o(C).

Corollary 1.21. If Qg € o(C), then
og(Cn Q) ={AcQ: A< Qy, Aeo(C)}

Remark 1.22. Now, take Q =R, let € = {(a,b) : —00 < a < b < oo} be the generating
set, and let Qp = (0,1). We have

B((0,1)) = 0(Cn Q) = {A: Ac (0,1), Ae B(R)}

20



2 Probability Spaces

2.1 Basic Definitions and Properties

Definition 2.1 (Measurable space). A measurable space is a couple (2, B) where
is the whole space, and A is a o-field over 2.

Definition 2.2 (Measure space). A measure space is a triple (Q, B, i) such that
o (Q2,A) is a measurable space.
o 1 is a measure on (2, B). That is, p is a set function with domain B such that

(M1) (@) =0
(M2) u(A) =0 for all Ae A.
(M3) p is o-additive: for A, € B, disjoint, we have p(Un=1A4,) = X5 o1 p1(An)

Definition 2.3 (Probability space). A probability space is a triple (Q, B, P) such that
(Q, %,P) is a measure space and

(P1) P(Q) = 1.

Remark 2.4. Most of the time in this course, we deal with probability space. The only
exception is the Lebesgue measure.

Example 2.1. Flip a coin twice. Then
Q={(H,H),(H,T),(T,H),(T,T)}

And A = {(H, H)} is the event that 1st flip is a head, and 2nd flip is also a head. % =
P(Q). Then P(A) = 1/4.

Here are some simple consequences of the definition of a probability measure:
1. P(A°) =1—-P(A).
.P(AuB)=P(A) +P(B) —-P(An B).

[\)

. (Monotonicity): If A< B, then P(A) < P(B).
. (Subadditivity): P({J,=; An) < 2,21 P(An)

5. (Continuity)

~ W

— If A, 1 A with A,, A e 2. Then P(4,) 1 P(A).
~ If A, | A with A,, A e %. Then P(4,) | P(A).

Proof of (1):
[ LetA1=A,A2=Ac,andA3=A4=...:@.

e Then using countable additivity
21



||
e

(U)

P( n) (countable additivity)

I
v

( 1)+ P(As) + P(43) +
(A)+P(A)+0+ ...
(A) + P(49)

[
"U"U"U

Proof of (2):
e Observe that: Au B = (A\B) u (An B) u (B\A).
e Then by finite additivity: P(A u B) = P(A\B) + P(An B) + P(B\A)
e Lastly, use P(A\B) = P(A) — P(An B).

Proof of (3):

o Because B = (B\A) U A

e Then P(B) = P(B\A) + P(4) > P(A)
Proof of (4):

e We can decompose arbitrary union u,>1 A4, into disjoint unions

| An = A1 U (A2\A1) U (A3\ (A1 U As)) U (A4\(A1 U Ay L A3)) U

n=1

e Then by axiom (3) of a measure, we have

= (Ag) <PTA3)

Proof of (5.1):

e Set
By = Ay, By=A)\Ai, Bs3=A3\A,,...

These B,, are disjoint, and B,, € 4.

o0 _ [0 0]
Ur 1B, = Ul A,

Also UF_ B, = UF_ A, for every k > 1

So P(A) = P(UnzlAn) = P(Un21Bn) = anl P(Bn)-
22



e Then see that

o) N N N
;P(Bn):]&w;p( )= g P _J\IIIE)I})OP(HAn):]\IfE%OP(AN)

e Hence, P(A) = limy_, P(An).
Proof of (5.2):
o If A, | A, then A¢ 1 A“.
e Hence 1 —P(A) = P(A°) 1 P(A%) =1 —-P(4,).
e So P(A,) | P(A).

Next we are going to discuss inclusion-exclusion principle. Recall from combina-
torics that the techniue to count number of elements of union of two finite sets is

|Au B| = |A| + |B| - |An B]

Consider n houses. And a mailman is trying to deliver n mails to these n houses.
Question: What is the probability that this mailman deliver at least one letter cor-
rectly?

Define the sample space as

) = {all permutations of 1,... n}

Hence, (2| = nl.
Let A be the event that at least one letter is correctly delivered.

A={(,...,t,...,)i=1,...,n}
Then 4 of ol ts in A
of elements in
P(4) = n!
Set Ap = {(*,...,k,..., =)} where k is at the k-th spot. Then
A= Uy Ag
Thus
n—1)!
P(4;) = ( ol )
(n—2)!
— |
PA,n...nA;, )= (n 'm)
n!



P(ui_ 1 Ax) = Zn] P(A)— D, PAinA)+ > P(AinA;jnA)-

k=1 I<i<j<n I<i<j<k<n

o+ (=Dt Z P4, n...nA;)

I<hi1<...<tp<n

()0 )

Lecture 2024-09-17

Theorem 2.5 (Fatou’s lemma). 1. For any sequence of sets A, we have

P(liminf A,) < liminf P(4,) < limsupP(A,) < P(limsup 4,,)

n—0 n—0 n—00 n—00

2. If A, has a limit, then
Proof of (2): See that if A, has a limit, then (1) implies (2). Because having a
limit means
liminf A,, = limsup 4,, = lim A,
n—0o0 n—00 n—00
Hence, we have
P(liminf A,) = P(limsup 4,,) = P(lim A,)

n—00 n—00 n—00

By (1) we have a sequence of equalities

P(liminf 4,) = liminf P(A4,) = limsup P(A4,,) = P(limsup A,)

n—oo n—o0 n—o0 n—00
And if limsup equals liminf, then

liminf P(4,) = limsup P(4,,) = lim P(4,)

n—0 n—00 n—o0

Hence, we conclude
lim P(A,) = P(lim A,)

n—0o0 n—0o0

Proof of (1): See that

P(liminf A,) = P(Unz1 Ni=nAr)
—

n—a0
=:B),
=P(Up=1B,) = P(,}inolo B,)
= lim P(B,), by B, increasing sequence
n—0o0

n—00

< liminf P(4,), since ngs, Ax S A,

n—ao0
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Because ngs,Ax € A, for allm > 1. So
Because the results holds for all n > 1, so it will also holds when n becomes large.

lim P(Ng=nAy) < liminf P(A,)
n—00

n—0

The RHS is lim inf is because we we don’t know if P(A,,) has a limit or no.
And

n—o0

P(limsup 4,) = P(Npz1 YksnAk)
—
=:Ch,

n—o0

= lim P(C,), by C, decreasing sequence
n—0o0

= lim P(Uk:ZnAk)
n—00

> limsup P(4,), since Ugs, Ar 2 A,
n—aoo

Example 2.2. Look at (2, B,P). where Q =R and B = B(R). Set
F(z) :=P((—wo,z]), xzeR
Properties of F(x) are
1. F(x) is right-continuous. Hint is: lim,,, |, F(x,) = F(z).
2. F(z) is non-decreasing
3. If you look at limgt 1o F'(z) = 1 and lim,| o, F(x) =0

Proof of (1): Note that because A, := (—o0,x,] is a decreasing sequence of sets
such that A, | A for A = (—o0,z]. Apply the continuity of probability, we have

lin F(s,) = lim P((~2,2,]) = P(Jim (~=0,,])
=P((-»,7]) = F(x)
Remark 2.6. F(z) is in general not left continuous. Counter-example is because
Uns1(—00, 2, ] = (=00, )
here we have (—o0, z) not (—o, x].
Example 2.3 (Non-example). Consider
A = { [0,2]  when n odd

12
[5,1] when n even
and let P to be Lebesgue measure. Then

P(4,) =

—

DN | —
DN | —

But A,, does not have a limit.
25



2.2 Dynkin’s 7 — A Theorem
Lectures 2024-09-19, 2024-09-21

Recall from the previous section the function attached to a probability measure P
on (R, Z(R)),
F(x) :=P((=,z])

and its three properties: F'(z) is right-continuous, F'(z) is non-decreasing, and F'(z) 1
if x 1 o0 and F(x) | ifz | —o0.

Definition 2.7 (Distribution Function). If F(x) is a function satisfying the above
three properties. Then we say F(x) is a distribution function (DF).

Last time, we have shown starting from a probability measure P on a measurable
space (R, Z(R)), we can always get a distribution function by setting

F(z) :=P((=0,z])

Later we will see that starting from a DF F(z), we can always construct a probability
measure P on (R, Z(R)) such that F(x) = P((—o0, z]).
This is a one-to-one correspondence between the following

P «— F(x)

Recall that o(C) the o-field generated by € is the smallest (minimal) o-field con-
taining (or generated by) C.

Definition 2.8 (Minimal structure). The minimal structure 8 generated by a collection
of sets C is a non-empty structure such that

1) 8 will contain €, i.e. § 2 C

2) If there is another structure 8 containing C, then 8 also contains 8, i.e. 8 2 8

Remark 2.9. The minimal structure generated by C is obtained by taking intersection
of all structures ﬂ
S/

8 isa structure,
s'-e
Definition 2.10 (7-system). A w-system P is a collection of subsets of Q2 that is closed
under finite intersections. That is

fABeP — AnBe?

Definition 2.11 (A\-system). A X system L is a collection of subsets of 0 such that

old new
(1) | Qel Nel
(2)|ifA,BeLand Ac B|if Ae L
then B\A € L then A¢e L

(3)|if A, < £ and A, 1, suppose A, € £ and
AiﬂAj ZQfOTZ?éj
then Uy | A, el then Uy | A, el
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Remark 2.12. e old < new
o A o-field is always a A-system

Theorem 2.13 (Dynkin’s 7 — A theorem). (a) If P is a w-system and L is a -
system such that P < L. Then o(P) < L.

(b) If P is a w-system. Then o(P) = A\(P).

If P is a m-system, then we can use this m-system to generated a o-field. We can
also use this m-system to generated a A-system. Le. o(P) is a o-field, and A\(P) is a
A-system. And we have

o(P) = \(P)

Remark 2.14. This theorem means what keep \-system from being a o-field is closure
under finite intersection.

Application of Dynkin
Proposition 2.15. Suppose P1 and Ps are two probability measures on (2, A). Let
L:={Be%:Pi(B)="P2B)}
Then this is a A-system.
Proof. 1. Q€ L because P1(2) = Po(2) =1
2. If Ae £, then A° e L. Because P1(A°) =1 —P1(A) = 1 — P2(A) = P2(A°)

3. If A, € £ and pairwise disjoint. Then u,A, € £. Because by o-additivity of
probability measure and P1(A4,) = P2(A,), we have

Pi(Und,) = Z Pi(A,) = Z P2(A,) = P2(UnA,)

nz=1 n>=1
[

Corollary 2.16 (Corollary of Dynkin). Suppose we have two probability measures Py
and Py on the same measurable space (Q,F). Suppose P is a mw-system such that

Pi(B) = P2(B), for all Be P

Another way to say above statement is Py = Py on P. Then Py = Py on o(P).

Proof. Set
L= {B S SF : P1<B) = PQ(B)}

By proposition, £ is a A-system. By the assumption, £ contains P, i.e. L > P. By
Dynkin’s theorem, £ > o(P). O
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Corollary 2.17 (Corollary of Corollary). Suppose we have two probability measures
P1 and P2 are two probability measures on (R, Z(R)) such that they corresponds to
the same distribution function. That is, for following two DFs

Fi(z) = Pi((=o0,2]),  Fa(z) = Pa((—0, z])
we have Fy(x) = Fy(x). Then
P.=P,  onB(R)

Proof. Set
Pi={(—w0,z]: zeR}

Claim: P is a m-system. Obvious.

Claim: Two probability measures P; and P, are the same on this 7-
system P. This is by assumption.

Hence, P; = Py on 0(P) = A(R). O

Proof of Dynkin’s 7-\ theorem

Proof (a) = (b): Assume part (a) is true. First note that
e o(P) is a A-system
e 0(P)P

Then o(P) 2 A(P).
Second,

e \(P) is a A-system
e \(P)2?P
Hence, we have A\(P) 2 o(P).

In order to prove Dynkin’s theorem, we only need to prove (a).
Lemma 2.18. If £ is both a \-system and a m-system, then it is a o-field.

Proof. All we have to show is, for A,, € £ an arbitrary sequence of sets (not necessarily
disjoint), we have U, A, € L.
The strategy is to use disjointification. Set

Bl = Al
BQ = AQ\AI = AQ M Ai
Bs = AS\(Bl Y B2> = (A3\Bl)\B2 = Asn By n By

By i= ANViZiBy) = A 0 (M2 BY)
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Then under this construction, all B,,’s are pairwise disjoint. And we have

Ja-Un
k=1 k=1

We have £ is a m-system, hence B, € £ for each n because each B, is a finite inter-

section of sets in £. Lastly, by definition of A-system, u; B, € £. Hence, £ is a
o-field. ]

Remark 2.19. This lemma tells us what prevent a A-system from being a o-algebra.
The thing is A-system is not closed under finite intersection.

Definition 2.20. For each A € \(P), define
Ga:={BeAP): An Be \P)}
to be the collection of sets in \-system A(P) that is closed under finite intersection.

Proof of (a): It suffices to show that A\(P) is a m-system. Because if it is true, then
by the Lemma, \(P) is a o-field. Hence,

o(P) s AP)c L
Prove A\(P) is a m-system.
Claim 2.21. If Ae X\(P), then G4 is a A-system.
We check 3 axioms of A-system
1. Q€ G Because An Q= Ae \(P)

2. If B e Ga,ie. An B e AP). We need to show A n B¢ € A\(P). See that
An B¢ = A\B = A\(An B) € \(P), because A,An Be A(P)and An Bc A,

and we use axiom 2 of the old version of A-system.

3. If By,...,B,,... € G4 and all pairwise disjoint. We want to show u,B,, € G4.
Which means (U, B,) N A € A\(P). See that

(U Bn> nA= Q(Bn nA) e A(P)

because B, n A are all pairwise disjoint. Hence by axiom 3 of new version of
A-system, we conclude this set is in A(P).

Claim 2.22. If A€ P, then G4 2 A(P).

This claim is equivalent to the statement: For any A € P and B € A(P), we have
An BeXP).

First note that if A € P, then G4 © P. Because for any B € P, and we consider
A n B € P by definition of m-system. Hence A n B € A(P). By claim 1, G4 is a
A-system. Hence, we conclude G4 2 A(P).
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Claim 2.23. If A€ \(P), then G4 2 A(P).

This claim is equivalent to the statement: For any A € A(P) and B € A(P), we
have A n B € A\(P). Which is equivalent to say A(P) is a m-system.

e Take A € A(P). Note by claim 2, for any B € P, we have A n B € A\(P).
e S0 G427
e By claim 1, G4 is a A-system.

e By definition of generated A-system of P being the smallest A\-system contains
P, we have G4 2 A(P).

2.3 Two Constructions
Lecture 2024-09-24

There are two cases.

Case 1

Suppose that the sample space 2 = {x,, : n € Zs,} is discrete/countable. In this case,
we don’t have to worry about o-field, because we can always set it to be the power set
P(Q), i.e. Set

B :=P(Q)

We can assign measures on (2, %) as follows: For any sequence Py, Ps, ..., P,,...such
that

1. P, > 0 for all .
2. 2?113:1

We can assign P; to x;. Then for any A < 2, we have

P(A)= ) P
LE,L'EA
Example 2.4. Let A = {z5,x6,210}. Then P(A) = Ps + Ps + Pig. This gives us a
probability measure on (2, A).

Check P is a probability measure. = We only check o-additivity. Let A, <
be disjoint sequence of sets. Then we want to show P(UX_ A,) = >."  P(A,). Let’s
check

P<U§=1An) = Z P;

T€UX_1 An

o0
= Z Z P;,  can change order of summation because all P; > 0
€A

= ) P(A4,)
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Example 2.5 (Change of the order of summation matters). Consider summation of
harmonic series

1 ! + L2 + log.(2)

——+-——-+4+...=lo
273 1 B

But the sum of positive part sums to oo, and sum of negative parts sums to —oo.
Example 2.6. Consider flip a coin n-times. The the sample space will be

Q:={(x,...,%):x= Hor T}

—_———

n of them

We assign probability as follows

Wi

(Wi, ws, -y wn) <= (P 7)o (gt ) = | [t
k=1

where w =0 or 1, where 1 & Hand 0 — T. We want
P(H)=p, P(T)=1-p=q¢  0O0<p<l
To see this indeed gives us a probability measure, we only need to show
IERIETE
(W1 yeemron )EQ k=1
Compute this, we have

Z ﬁpwkql—wk — Z ﬁpwkql—wk

(W1 yereywn )EQ k=1 wr=0 or 1;k=1,....n k=1

n—1

W 1—w W 1—wn

SR N (3 (0 Ve
wr=0 or L;k=1,....n—1wp=0 or 1 “e=1

n—1

= [ [ d" (@ +p)
wr=0 or L;k=1,...n—1 k=1

n—1
_ Wi o 1—wpg
= | | prq
wip=0 or 1;k=1,....n—1 k=1

= (repeat this procedure)

Case 2

Suppose that the sample space 2 is continuous/uncountable.

Example 2.7. Consider the sample space to be 2 = R. Suppose F(x) is a DF. Then
how to construct a probability measure on (R, Z(R)) such that

P((—0,z]) = F(x)

The question is, starting from the DF F(x), how do we construct a probability measure
P?
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Example 2.8. Flip a coin infinitely many times. Then the sample space is
Q= {(wry...,Wn,...) tw; =0 or 1}
we want
P(H)=p, P(T)=q=1-p

Then see that
(HH,..)«—p-p-...=0

We need some need way to assign probability measures.

Example 2.9. Consider Q = (0,1]. This probability P(x) = 0 for any = € (0,1].

2.4 Constructions of Probability Spaces
Lectures 2024-09-24, 2024-09-26, 2024-09-28, 2024-10-01, 2024-10-03, 2024-10-05
Definition 2.24 (o-additive set function). Suppose G < P(Q) is a collection of subsets

of Q. Consider a set function

P:§5—[0,1]

We say that P is o-additive if for any sequence of disjoint subsets A,, € G and U;°_| A, €
S. We have
P(unZIAn) = Z P(An>

n=1

Remark 2.25. Suppose A, < ) is a sequence of subsets. We will use

Z A, for A, are disjoint

n=1

Definition 2.26 (Extension of set functions). Consider two collections of subsets
G1,G2 < P(Q2), where Gy < Gy. Also consider two set functions

P1: 91 - [071]
Py: G — [071]

We say Py is an extension of Py and write

Psls, = P

P2(A) =Pi(A)  forall Ae G
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General construction of measures

Definition 2.27 (Semi-algebra). Let 8§ < P(Q2) be a collection of subsets of Q. We
say 8§ is a semi-algebra if

1. ,Q€8§
2. Closed under finite intersection.

3. If Se8. Then S¢ =", S; which means S¢ can be written as a finite disjoint
union of S; € 8.

Example 2.10. Consider § = {(a,b] : —o0 < a < b < w}. There are several
conventions
e (a,a] =0

¢ ((I, OO] = (CL, OO)

Then
(a,b]¢ = (—0,a] U (b,0) = (—w0,a] U (b, 0]

Example 2.11. As an example of the general construction. Consider a DF F(z). We
want to construct a Probability Measure on the measurable space (R, B(R)) such that

P((—0,2]) = F(z)

Then
P((a,b]) = F(b) — F(a)

Lemma 2.28. Suppose S is a semi-algebra. Then the Algebra generated by this semi-
algebra 8, which is denoted as A(8) is defined as

A(8) = {Z S; 1 S;€8 and I is a finite index set}
el
Note that the sets in A(8) are finite disjoint unions of sets in 8.
Proof. Denote the RHS of above by A, i.e.
A= {Z S; 2 S; €8 and [ is a finite index set}
el
We check this is an Algebra/Field.
1. @ € A because @ € & < A.

2. Closed under finite intersection. Because A;, As € A where 4; = >, S}, we have

Arn Ay = (is;) N <i5§) =Y Y SkinSteA
=1 ko1

k=1
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3. If Ae A. Then A¢ € A because if consider A =}, S;. Then

m:<i501ﬁ]$=fmi&oeA

k=1

because we know S; € 8, hence Sf = 27:1 Si; for some S;; € 8. Also see that
S¢ e A because it is a disjoint union of sets in 8. Using (2), A is closed under
finite intersection, and we conclude A€ € A.

Show A © A(8). Hence, we showed and know
e A is a field (showed)
e A 58 (know)

Hence, A 2 A(8) by definition of the smallest Algebra/Field.

Show A < A(S). Next, we want to show A < A(8). For any ). S; € A. It is trivial
that >, S; € A(8). Because each S; € § < A(S) and A(8) is a field. Hence it is closed
under finite union. ]

Definition 2.29 (Probability measure). Let C < P(Q2) be a collection of subsets of Q2.
We say P is a Probability Measure on C if P is a set function of C, i.e. P : C — [0,1]
such that the following holds

1) P() =1
2) P(C) =0 forallCeC
3) (o-additivity) For disjoint C,...,Cyp, ... € C with U,=1C, € C, then

P(Ui1C;) = Z P(C)

1>1

Theorem 2.30 (First extension). Suppose P is a probability measure on a Semi-
algebra 8. There is a unique extension of P to a probability measure P’ on a bigger
domain A(8). And for any
A=)SeA@S)
el
we define P as
P'(4) = ) P(S)

el

Theorem 2.31 (Second Extension). Suppose P is a Probability Measure on an Alge-
bra/Field A. Then there is a unique extension of P to a probability measure P on the
o-algebra (o-field) generated by A, which is denoted as o(A).

Example 2.12. Consider (2, ) = (R, B(R)). Consider the semi-algebra
8 ={(a,b]: —0 <a<b< +w}
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For any DF F(x). Set
P((a,b]) := F(b) — F(a)

By First extension, we can extend P to a probability measure P’ on A(S).
By Second extension, we can further extend P on A(8) to a probability measure
P’ on o(A(8)) = o(8) = BR).

In particular, P" is an exstension of P, so
P'((a,b]) = P((a,b]) := F(b) — F(a)

Take a = —o0, we have

"

P ((—0,b]) = F(b)
Proof of First Extension: Mostly we need to show P’ is a Probability measure on
A(S).
First thing we need to show is P’ is a well-defined set function, i.e. we need to show

that no matter which disjoint union decomposition of a set A we use, we will always
have the equality. So suppose we have two different disjoint union decomposition of A

A:Z%:Z&
7 1

then we want

J

2 P(S) = ) P(S)

See that |
EFWQZngmm

j =ip@mm

= ip(s; 2 @ 51))
:;HZQQ@)

i

= ZZP(S; N S;)
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Similarly,

Hence, we conclude

DIP(S) = 2 IP(S) = X} ) P(S; N 8))

J

We need to show P’ is a probability measure, i.e. need to check 3 axioms of
probability measure. The first two are trivial, we only need to check c-additivity.
Suppose A, € A(S) and disjoint, and U,>14,, € A(S). Need to show

Un>1A Z P

n=1

Since A, € A(8), thus
k
= 2 Shj for some S,,; € 8
=1

Denote A = U,>1 A, € A(S). Then A has the decomposition
A=)'S,
k

Let’s first do the LHS,

Here

SszkmAszm<2An>

n=1

-s0(T X s

n=1 j finitely many

= > (Sus 0 i)

n=1 J 3
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Hence, by o-additivity of P, we have

Also, see that
D180 0 Sk =50 N Y Sk =Sy 0 A=5,
e e

Hence,

P'(A) =) ) P(Su 0 Sk)

nzl j k

= > P(Sy)

n=1 j

= Y P(Ay)

n=1
The last equality is by definition of P'. This completes the proof.

Lemma 2.32. [f two sequences A,, B,, are both monotone increasing sequences in A,
and Ups1A, € Ups1B,. Then

lim P(A,) < lim P(B,)

n—o0 n—ao0

Also, if Ups1A, D Ups1B,, then we have

lim P(4,) > lim P(B,)

n—0o0 n—0o0

Proof. In the first case, note A, N B,, 1 A,, as m — oo. Then

lim P(A, A By) = P(A4,)

m—00

On the other hand, B,, o A, n B,, for all n € Z~;. Then

lim P(A, n By,) < P(Bn)

n—0o0

Hence, if we send n to oo, we will have

lim P(4,) = lim lim P(A, n B,) < lim P(B,)

n—o0 n—00 m—00 m—0o0

This completes the proof [
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Proof of Second Extension:

Step 1. We extend P to a set function 7 on G, so that 7 is a probability measure
on G. (Here, G is not a o-field/algebra).

Define G. Set

G:={UZ A, A e A}l = {lim 1 B, : B, €A, 1 means increasing limit}

n—o0

By the first definition, we have G > A. Because of the second definition, the sequence
B,, will be called an approximating sequence of an element in G.
For any G € G, define the set function 7 as

m(G) = lim P(B,)

n—a0

Using Lemma above, 7 is a well-defined set function.
Properties of 7 on G:

1. If Gy € Go. Then 7(G4) < 7(G).
2. mis an extension of P. This means
m(A) = P(A), for any Ae A
In particular, 7(@) = 0 and 7(Q2) = 1.
3. If G1,G45 € G, then G; N Gy, G U G4 € §. Moreover,

7T(G1 M GQ) +7T<G1 U Gg) = 7T(G1) +7T(G2)

Proof of 3. Define

G1:= lim 1 A,, A,eA

n—o0

Gy:=lim 1 B,, B,eA

n—aoo0

By the definition of Algebra A, we have A, n B, € A for all n € Z~;. And
A, nB,1GinGy€e§

Also, we have A, U B, € A for all n € Z~,. And
A, B, 1GiuGye§

Next, note
P(A, U B,) + P(4, n B,) = P(A,) + P(B,)

Send n to oo, we have

7(G1 U Gs) + 7(G1 n Ga) = 7(Gh) + 7(G2)
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The next lecture adds two more properties of m and G:
4) Since G; N Gy = &, then

7T(G1 U Gz) = 7T(G1> + 7T(G2)

5) If G, € G and G, 1 G, Then G € G and 7(G) = lim,_,o, 7(G,,)

Proof of the last property. Consider an increasing sequence Gy.,Gs, ..., Gy, ... € G
where G,, T G. Then for each G, it has its own approximating sequence B;;, 1 G; as
k — oo.

G, Gy Gy ... G, ... Gy
Bnl Bn2 Bn,3 Bnn an
BSI BSQ B3,3 B3n B3n
BQl B22 B2,3 BQn BZn
Bll B12 B173 Bln Bln
Define

D3 _U‘leBlg

DQ ZU?_lBlQ

Dl —Bl,l

From this definition, we know
e D, e A for ecach n

e D, is an increasing sequence because (B;,,)n>1 is an increasing sequence in n for
all 1.

e B,y < Dy, Gy, form=n

e Send m to oo, we have G, < lim,,, .o, D, € G
e Send n to oo, we have G c lim,, .o D,, € G
e Thus, lim,,_,, D,, = G.

e Hence, G € G by definition of G.
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From B, ,, < D,, © G, since 7 and P agree on A and 7 is monotone on G, we have
P(Bn,m> < P(Dm> < 7T(Gm)
Send m to oo, we have the following inequalites for each n € Z-1:

7(Gy) < lim P(D,) < lim (G,

m—0o0 m—00

Send n to oo, we have

7(G) = lim 7(Gy) < lim P(Dy,) < lim 7(G,,) = 7(G)

n—0o0 m—00 m—00

Thus,
lim P(D,,) = 7(G)

m—00

]

Remark 2.33. 7 is o-additive on G because for any sequence G, € G disjoint, by G
being closed under finite union, we have for G, = U{_ Gy € G where (G),=1 is an
increasing sequence of sets. By the continuity of m on G, we have

(U ,G,) = 7(lim G') = lim 7(G,)

n—a0 n—o0

= lim 7(u}_,Gk)
n—o0

So 7 is a probability measure on G. But G is not a o-field, because G is not necessarily
closed under complement.

Step 2. Further extend the set function 7 to another set function 7* that is defined
on the power set P(Q). (Here, the problem is 7* is NOT a probability measure on
For any A < © (i.e. A e P(Q)). Define a new set function 7* on the power set
P(Q) as
7 (A) == inf{n(G): Ac Ge G}

Properties of 7*:
1) 7*|lg =7
2) For any Ay, Ay € P(Q), we have
T (AL U Ag) + (A 0 Ag) < T (Ar) + 7 (A)

3) If Ay © Ay. Then 7*(A;) < 7*(Ay).
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4) 1If the sequence of sets A,, T A. Then we have continuity of 7*

7 (A) = 7*(lim A,) = lim 7*(A4,)

n—o0 n—00

Remark 2.34. Property (2) is actually the issue of m* that prevent it from being a
probability measure on P(L2). It is not finite additive.

Proof of (2). For any € > 0, we can find Gy, G2 € G such that
m(G1) < 7 (A1) + €, m(G2) < T (Az) + €

[Board figure omitted: two overlapping sets Gy © Ay and Gy © As, with G1 v Gy and
G1 n Gy indicated]

By additivity of m, we have
(G U Gy) + (G N Gy) = w(Gy) + 7(Ga)
Because G; u Gy © G, G5 resp. D Ay, As resp., we have
(G U Gy) = 7%(AL U Ay), (G N Gy) = 7% (A1 n Ay)
Thus, we have

7T*(A1 U Ag) + 7T*(A1 N Ag) < 7T(G1 U GQ) +7T<G1 N GQ) = W(Gl) +7T(G2)
< W*(Al) + 71'*(/42) + 2¢

Since € > 0 is arbitrary and the left-hand side does not depend on ¢, we have

7T*(A1 U Az) + 7T*<A1 M Ag) < F*(Al) + W*(AQ)

Proof of (3). See that by definition of 7*(A;), 7*(A2),

™ (A;) = inf{n(G) : Ay <« Ge G}

7 (Ag) = inf{7m(G) : Ay < G € G}
If Ay ¢ Ay, then G o A, that contains A, will also contains A;, i.e. G D Ay D Aj.
Hence every G admissible in the infimum defining 7*(A,) is also admissible in the

infimum defining 7%(A;); the infimum over a larger collection can only be smaller, so
71'*(141> < 7T*<A2). ]

The obstruction that motivates the next step is the following. From property (2),
if Ay n Ay = @, then
(A U Ay) < 7 (Ay) + 7 (Asg)

And if A; = Q and Ay = @, we have
1=PQ) =7"(Q) =7"(Au A°) < 7*(A) + 7" (A°)
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So we try to restrict 7* to a smaller collection of sets.
Step 3. Restrict 7* to D where o(A) € D < P(Q2), so that D is a o-field (o-algebra)
and 7*|p is a probability measure on D. If we are successful, then 7*|p will also be a
probability measure on o(A).

The question is how to define this set D. The subquestion is, how to make

T (A) + (A% =1
So we define
D:={A:AcQsuch that 7%(A) + 7% (A°) = 1}

Here, we have to show two things:
1) D is a o-field.
2) 7*|p is a probability measure on D.
Claim 2.35. D is a o-field.
Step 3.1.1. First, we show D is a field.
1) @€ D. Because (@) + 7*(Q) = P(@) + P() =1

2) If Ae D, then by definition of D, A° e D. Because by the choice of A, 7*(A) +
m*(A°) = 1. Want to show 7*(A°) + 7*((A°)¢) = 1, but (A°)° = A. Hence we
are done.

3) Let Dy, Dy € D. Then by property of 7%, we have 7*(D; u Dy) +7* (D1 n Dy) <
7*(D1) + 7*(D3). By closure under complement, we have D, D§ € D. Hence
™ (D§ v DS) + (DS n D) < m*(D5) + m*(D5). We add LHS & RHS of these

two equalities together.

2> 7"(Dy) + 7(Dy) + 7*(DY) + ©*(D5)
(D1 U Dy) + (D1 n D) + (DS u D3) + (DS n D)
m

*(Dl U DQ) + W*((Dl U DQ)CE +ZT*(D1 N DQ) + W*((Dl N Dg)c)

J

AR\

~~ ~~
>1 by a property of 7* >1 by a property of 7%

\Y

2

Hence, by sandwich theorem, every inequality we have used should be an equality.
In particular,

(D1 v D) + 7*((Dy w D9)¢) =1
" D1 N DQ) + W*((Dl M DQ)C) =1
(D1 v Dg) + 7" (D1 n Dy) = w*(Dq) + 7*(Dy)

Hence, we showed Dy U Dy € D and Dy n Dy € D. And, n* is additive on D.
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Step 3.1.2. To finish the proof of Claim 1, we show D is a monotone class. Since D
is closed under complement, we only need to show D is closed under increasing limit.
That is, D, € D and D,, 1. Then lim, ,, D, = U,>1D, € D.
We want
1 <7 (Unz1Dy) + 7" (Nn=1D;,) <1

Here,
T (Unz1Dn) + 7 (Npz1Dy) < 1

is not obvious. First recall by continuity of 7*, we have

7*(lim 1 D,) = lim 7*(D,,)

n—ao0 n—aoo0

For the other term, note that since D,, is an increasing sequence, thus Dy, is a decreasing
sequence. Hence

T (Np=1Dy) < (D)) for any n
Thus,
™ (Np=1D5) < lim 7 (D5)
n—00
Hence,

T (Uns1Dy) + 75 (M1 D5) < lim 7%(D,,) + lim 7%(D5)

n—o0 n—0o0
= lim (7*(D,) + 7*(Dy))
Nn—00 O J
)
=1

Hence, we have
1 <7 (Upz1Dn) + 7% (01 D) <1

Thus, by sandwich theorem, we have
Tr*(un>1Dn) + ﬂ-*(mn>1D;) =1

Thus, lim,, o D,, = U,>1D,, € D. Thus, we completes the proof that D is a monotone
class.

Step 3.1.3. Now we have D is a field and it is a monotone class. Hence, D is a
o-field.

Claim 2.36. 7*|p is a probability measure on D.

Step 3.2.1. Show 7*|p(Q) = 1 and 7*|p(D) = 0 for all D € D. DIY
Step 3.2.2. We focus on showing 7* is g-additive on D, that is if we have a disjoint
sequence of sets D,, € D, then

T (Uni1Dn) = Z 7 (Dy)

n=1
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Consider

7 (Unz1Dn) = 7*(lim Uy, Dy)
= ]\lfl_r)rcl)c (U D), by Monotone Convergence Thm
N
= 1\17 m Z ), by finite additivity of 7*
Dt

Step 3.2.3. To conclude, since 7*|p satisfies all 3 axioms of probability measure on
D, it is a probability measure on D.
Wrap up. Note that o(A) = D because A < D, and D is a o-field. Thus, o(A) = D.
Thus, 7*|p is a probability measure on the o-field o(A).

Overall, we extended the probability measure P on A to a probability measure
*|p on o(A).
Proof of uniqueness: Suppose we have two extensions P; and P5 of P, i.e.

Pija=P2la

which means P; ad P, agrees on A.

Recall the corollary of Dynkin’s m — A\ theorem, we have proved that if P is a
m-system and Py = Py on P. Then P; = Py on o(P).

Apply this corollary to Py and P2 and P = A, we conclude that P; = Py on o(A).

2.5 Measure Constructions

Lectures 2024-10-05, 2024-10-02

Two important examples

Example 2.13. Consider the measurable space (2 = (0,1], 48 = Z((0,1])). Consider
the Lebesque measure P((a,b]) = b — a which measure the length of the interval.
Let the set function P defined on a semi-algebra

S={(a,b]:0<a<b<1}

by
P((a,b]) =b—a

If we can show P is a probability measure on 8, then we can use two extension theorems
to obtain a probability measure in the following way:

e By first extension, we get a probability measure on A(S)

e By second extension, we get a probability measure on o(A(8)) = o(8) = £A((0,1]).
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Now we show P is a probability measure. Usually the first two axioms are trivial.
The only non-trivial axiom is the o-additivity. That is for the event

(av b] = Z(aia b%]

=1

Want to show

b—a="P((a,b]) = Y. P(a;,bi]) = >.(bi — a;)

1>1 =1

The problem of doing a countable summation of positive numbers, things can really
go wrong. For example, this summation may goes to infinity. You don’t know if this
countable sum will converge or not.

Step 1: show b—a < >)” (b; —a;). What we will do is to fix a small € > 0. And
we will make the interval (a,b] a bit smaller by looking at the interval [a + €,b]. In
addition, we will make the intervals (a;, b;] slightly bigger by looking at (a;,b; + 5-€).

Then we have .
1
[CL + €, b] c (a, b] = Z(az,bl] = U(ai,bi + §€>

=1 i=1

By compactness of the interval [a+¢€,b], every open cover has a finite subcover. Hence,
there exists N such that

N 1
[a+€,b] U(ai,bi + §€>

i=1

So by monotonicity of probability measure

b—(a+e) = P(la+eb]) <P(Cj<ai,bi+%e)> =i(bi+%e—ai)

Thus,
e}
b—a< Zb —a;) + 2¢

Since € is arbitrary, we send e to 0, we get

0
b—a < Zb —a;)

i=1
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Step 2: show b—a > >~ (b —a;). Next we show

e}
b—a= Zb —a;)
=1

Note

0

N
(a,b] = Z (@i, b] Z (a;,b;], for any N € Zsq

i=1
Then by the monotonicity of probability measure, we have

N N
b—a=P (a;, b;]) Zb—a,

1=

—_

Send N to infinity, we have

b—a> (bi—ai)

s

=1

Example 2.14. Consider the set of rational numbers Q on (0,1], i.e. Qn (0,1]. The
Lebesgue measure on Q n (0, 1] will be zero, i.e.

P(@Qn(0,1]) =0

Because Q n (0,1] is a countable collection of numbers, i.e. we can enumerate its
elements as Q N (0,1] = {ai, aq,...}. Fiz e >0 and look at

€

€
Ii = (ai_ 2i+1’ai+ 2i+1] 0(071]

so that a; € I;, and I; is an interval of length at most 5. Then see that

=€

Since € > 0 is arbitrary, we conclude P(Q n (0,1]) = 0.
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Example 2.15. Consider the measurable space (2, A) = (R, B(R)). Start from a DF
F(z). How to construct a probability measure on (R, B(R)) so that

F(z) = P((=0,z])

So for semi-algebra
8 ={(a,b]: —0 <a<b< w}
Set
P((a,b]) = F(b) — F(a)
If we can show P is a probability measure on S, then by two extension theorems, we

get a probability measure on o(8) = A(R). The o-additivity of P on § is verified right
below this example.

Verification of o-additivity for this example (From the midterm review, Lecture
2024-10-02.)
(3.1.2) Show P satisfies monotone class theorem. Let {4,} < 8 be such that
A, | @ as n — . (For example, 4, = (a,a + 1]).
Step (3.1.2.1). Let’s first assume that there exists n < oo such that A,, is bounded.
WLOG, we can assume A; is bounded (otherwise, we discard all A; before n and can
only consider the sequence starting from n). A; is bounded means there exists N € Z-4
such that for all n > 1,
A, c [-N, N]

The goal is to show P(A,) | 0 as n — co0. Fix an € > 0.

Observe that for all n > 1, there exists some B, € § such that B, = A, (here B,
means closure of B,,) and

P(A,\B,) = P(A,) — P(B,) < 62%

To see such B, exists, suppose A, = (a,,b,] and B,, = (an,b,] where a, i | a, as
k — oo. Then

P((ank, bn]) = F(by) — F(ank) — F(bn) — F(an) = P((an, bn]), ask — o

Because B,, — A,, for all n > 1, hence

(17

Take the complement, we get

=limA, =9

n—0o0

||38

- (m) -=

n=1

Here for each n > 1, B, are complement of closed sets, hence are open sets. Thus,
{Bn }n=11s an open cover of R. In particular, {B, }n>1 is an open cover of the compact

set [-N, N], i.e
* -
B, > [-N,N]
n=lgy



(Remark: the compactness comes from the fact that [—N, N] is closed and bounded,
and Hausdorff. Thus, by Heine-Borel theorem, this is equivalent to (quasi-)compactness).
By (quasi-)compactness, every open cover has a finite sub-cover. Hence, there exists
some ng such that

o
U B_nc - [_N7 N]
n=1
On the other hand, (", B, = (2, A, = A,, = [-N, N]; taking complements,
no .
B = [N, N]
n=1

Combining this with the finite subcover | J;;2, B," o [N, N] obtained above, we get
U™, B,” = R. Equivalently, "™, B, = @. Hence, we get

1

n

o

n=1

Now, consider P(4,,).
P(A,,) = P(4, N BTCLO) + P (A, 0 Bno)
N

=P(2)=0

:PMWGQJ:PG%0<©BQ)

n=1

<P (U (A, N B;)), because A, < A,

0
< P (An N BfL) ,  sub-additivity

n=1
=P(An\Bn)<37
no 1 no

Lastly, since € > 0 is arbitrary and we know for all k& > ng, P(Ax) < P(A,,). We
conclude
P(A,) — 0 as n — oo

Step (3.1.2.2). If we lift the assumption of A; being bounded, we can still truncate
A, by choosing a N > 0 such that P((—N, N|¢) < ¢, and define C,, = A, n (=N, N].
Then

P(4,) = P(An N (=N, N]2 + P(An N (=N, N]Cz <P(C,) +e¢

<P(Ann[-N,N]) 48 <p((—N.N]°)




Apply Step (3.1.2.1) to P(C,), we see that there exists some ny € Zs; such that
P(C,,) < €. Hence, we get

P(A4,) < 2¢

Again, since € > 0 is arbitrary, we obtain the claim.

Remark 2.37. The measure on B((0,1]) we get from two extension theorems is called
Lebesgue measure on (0,1].

Remark 2.38. Most of the time, we are dealing with Lebesgue measure on R instead
of just an interval.

The way to construct Lebesque measure on R from Lebesque measure on interval is
by taking the translate (0,1] to (1,2] and so on.

[Board figure omitted: the real line cut into consecutive unit intervals (n,n + 1],
n € 7, obtained by translating (0, 1]/

So we get Lebesque measure on all the unit intervals. (n,n + 1| for n € Z. On the
point n € Z, we can measure the length on two intervals separately and add them up.
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3 Random Variables, Elements, and Measurable
Maps

3.1 Inverse Maps
Lecture 2024-10-08

For this map X : Q — Q', we can define for every A" < Q'
X YA) = {weQ: X(w)e 4}

This is called the preimage of X.
From this definition of preimage, we can define a map

X PQ) —  P(Q)
A — XA

Several important properties of this map X! are, it commutes with all set operations:

1. X Yo)=0.

2. X HQ) =

3. X THQN\A) = Q\X (A

4. XN Uerdy) = Uer X 1(4)
5. XY verd;) = ner X 1(A)

Some notation

For a € < P(Q). Its pre-image is
XY ={(xYC):C' ec}
Theorem 3.1. If # is a o-field of Q', then X~'(#') is also a o-field.

Proof. Because X () = @. Hence @ € X 1(#).

If Be X~Y(%), then O\B € X }(#'). Because B = X }(B) for B' € #', then
N\B=0NX"YB)=X"1(Q\B).

If By, By,...€ X (%) then U B, € X"'(#'). Because B, = X (B,) where
B, e % And U* B, = U X~ 1(3/) = XY(u®,B,) and U*_ B, € & O

n

Theorem 3.2. Let € < P(QY). Then
X"Ho(€)) = o(x7(€))

Proof. By the previous theorem, we have X ~'(o(€)) is a o-field. Hence, we conclude

XYo(€)) 2 X71(C)

20



Hence, by the definition of o(X~!(€")) being the smallest o-field contains X ~1(C), we
conclude

’

X"Ho(€)) 20(x71(€))
For the other direction, we consider all sets in A" € ¢(C") such that X1(A") e

F(X1(C)).
)}

’

G:={Aeo(@): X HA)ea(X7L(C
Then it suffices to show
1. Gis a o-field
2. G C.

For the 2nd one, it is trivial. Because if C' € €', we have X~ '(C") € X }(C') <
o(X7H(e)).
We focus on proving G is a o-field.

1. @ € G because X 1(2) = e o(X1(C)).
2. If A" € G, then Q'\A' € G, because
XHON\A) =\ XA
and X 1(A") e o(X1(€)). Hence, \X"1(A) e o(X1(€C)).
3. If A, € G, then U, A, € G Because
X Unz14,) = Unzi X 14
and X 1(A) e o(XY(C")) for all n > 1. Hence U1 X (A e o(XHE)).
[

Remark 3.3. This theorem says X' and the operation of taking o commutes.

3.2 Measurable Maps, Random Elements, Induced Probabil-
ity Measures

Lectures 2024-10-08, 2024-10-10, 2024-10-12, 2024-10-15

Definition 3.4 (Measurable map). Let (€2, ) and (Q', ') are two measurable spaces.
Let X : Q — Q is a map. If X" Y(B') < B, then we say X is a measurable map with
respect to B and &', write X € B/ H .

Sometimes, we just say X is a measurable map.

Definition 3.5 (Random Variable). In particular, let Q' = R, % = B(R), and X €
B/AB(R), then we say X is a random variable.

Remark 3.6. Why measurability X € B/B(R) is required to define a random variable
X where

We are interested in compute P(X € A) for some A € B(R). But what does P(X € A)
mean? It means

P(X € A) = P(X"(A)) =P{we Q: X(w) e A})
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Induced measure by a measurable map

Suppose we have two measurable spaces (€2, 8) and (Q', %'). We also have a measur-
able map
X:Q—Q
which we will denote this map as X € %/% . Here X induces a probability measure
on (2, %) as follows: for any B € % define a set function P’ as
P'(B) =P(X(B))

This gives us a probability measure on (', %).

The only hard axiom of probability measure to check is o-additivity, that is for

disjoint sets B),..., B,,... € % such that U,>, B, € % we want
Un>1B Z P

n=1

Let’s do it

P (ngl B,;) = P(Xl(ngl B,;))
- P<n>1X ‘1(3;))
= n>1P/(X ~(B,)
- n;P’<B;>

Definition 3.7 (Random Variable). In particular, if we consider a RV X € B/A(R)
which 1s the measurable map

X:(Q,%,P) — (R, R),P =PoX})
For any Borel set B € B(R), evaluate P’ at B’

/ / /

P (B)=P(X ' (B)) =P({weQ: X(w)e B}

The event {w e Q : X (w) € B’} means the random variable X will take values in the
set BB

Example 3.1 (Distribution Function). For example, if B' = (—0, z], then
P'((—%,z]) = P({w e Q: X(w) € (-,2]}) = P(X < x)
Hence, P’ gives the distribution function of the RV X .
Example 3.2 (Toss a dice twice). The sample space will be
Q:={(i,7):1<4,j <6}
1

Then the probability of (1,2) € B = P(Q) will be P((1,2)) = ¢ -+ = 5= where the
o-algebra is defined as B = P(Q).

Suppose X means the sum of the two outcomes.
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[Board figure omitted: the map X sending the 6 x 6 grid of outcomes (i, j) to the set
of possible sums {2,3,...,12}]

Then the Q = {2,3,...,12}, and P = PoX'. For example,

P,({Q}) = P(X = 2) - P(X_l({Q})) _ %
Another example, we have

P(X =4)=P'({4}) = P(X'({4}) = P({(1,3),(2,2), 3, 1)}) = %

Another example,
P(X €[0,1]) = P'([0,1]) = P(X'([0,1])) = P(2) = 0

Another example,

P(X e[1,23]) = P'([1,25)) = P(XX([1,25))) = P({(1, )}) =

Example 3.3 (Construction of Gaussian Random Variable). Given a DF F(x) with

1 * 22
F(.T) = \/—2?\[ e 2dz
—00

How do we know we have a RV X with DF F(x)? We mean the induced measure
P = PoX ! evaluate at the set (—oo,z] where P ((—0,z]) = F(z) with F(x) will be
of the form of above.

We need to construct a probability space (2, B,P) and a random variable X such
that

!

P (=0, 2]) = F(x)

To start, we just choose

(©2,2) = (R, Z(R))

By the one-to-one correspondence between P and F(x), for any given DF F(z), we
can construct a probability measure P on (R, B(R)) such that

P((—0,z]) = F(z)
But we still need to construct a map

We choose X = id to be the identity map, so that we define P' = P. Under this choice
of P', we have
P((—,z]) = F(z)
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Test measurability

Proposition 3.8. Suppose we have a map
X:(0,%8)— (Q, %)

Suppose B = o(C') for some generating set € < %, and X (€) = AB. Then
XeBA.
Proof. Consider the inverse map X! on &'

XH#) =X (0(€)) =o(X(C))

where X 1(€") = £, and use o(X'(€)) being the smallest o-field that contains
X~1(€"). So we will have

which proves measurability of X. O]
Corollary 3.9. If we have a map

X:(Q,8) — (R,AB(R))
If for any x € R, we have X *((—o0,z]) € B, then X is a random variable.

Proof. Choose € = {(—c0,z] : z € R}, then apply the previous proposition, we have
X € B/B(R). O

Proposition 3.10 (Composition of measurable maps). Consider the following com-
position of measurable maps

(Q’{%) L) (Ql’%,) L} (QH’%H)
where X € B/B andY € B |HB". The conclusion isY o X € B/ A" .
Proof. Observe that

YoX) " (#B)=X'oY (A =X Y A)) c &

Hence, we have the result. O

Measurability and continuity

Example 3.4 (Euclidean Space). Consider R". Letx = (x1,...,2),y = (Y1,...,Yn) €
R™. Their (Euclidean) distance is defined as

d(:c,y) = \/(ml — y1)2 +...+ (xn - yn)2

Definition 3.11 (Metric space). In general, for a metric space S, the distance function
d(x,y) is a function satisfies the following azioms
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1. (Positivity) d(xz,y) = 0 for all x,y € S, and d(x,y) = 0 if and only if x = y.
2. (Symmetric) d(x,y) = d(y, x)
3. (Triangle inequality) d(z,z) < d(x,y) + d(y, 2)

Definition 3.12 (Continuous function, convergence). On a metric space S, a function

is said to be continuous if v, — x (pointwise convergence), which is equivalent to
d(x,,x) — 0, then
f(zn) = f(2), forallze S

Definition 3.13 (Continuous function). Let (S, d) be a metric space. Another equiv-
alent definition of continuity of a function f : S — R™ is that preimage f~*(O) is an
open subset of S for any open subset O < R, i.e.

f1(O) c S is open YO < R" open

Definition 3.14 (Borel measurable function). Recall for any topological space, the
Borel o-field is the o-field generated by the collection of open sets. Now we look at a
continuous function

f:9—0R"
We have

1. Preimage of open set is open, i.e. f~(O) < S is open for any open set O < R"

2. The collection of open sets of S and R"™ generate the corresponding Borel o-fields,
i.e. B(S) = o(open sets of S) and B(R™) = o(open sets of R™). Hence, f is
measurable with respect to f € B(S)/B(R").

Remark 3.15. Again the conclusion is, a continuous function is always a measurable
map with respect to the corresponding Borel o-field.

Corollary 3.16. Suppose X is a random vector, that is X € B/ B(R™), i.e.
X:(Q%8,P) — (R, BR"))

We can denote random vector X as X = (Xi,...,X,) where each X; is a vector
component of X, which is a random variable.

Proposition 3.17. Suppose g is a continuous function of n variables, i.e.
g:R" — R, continuous

Then g(X) is a random variable.

(Q, B, P) ———— (R, B(R"))



Example 3.5. Consider the function
g: R"™ — R

(X1, ..y 2n) —> g(T1,...,x,) = X%
This is the projection map, hence continuous. Then

9(X) = g(X1, Xo,..., Xp) = Xp
Hence X is a random variable.
Proposition 3.18. Suppose X1, Xs,..., X, are n random variables. Then

X=(X1,....X,): (Q,48,P) — (R", B(R"))

18 a random vector, that is

X € B/B(R")
Proof. Consider collection of sets
C:={(a1,b1) x (ag,by) x ... x (an,by) : a;,b; € R;a; < b}

What special about this collection of sets is it has o(€) = ZB(R").
Then for any element [ from €, its preimage under X will be

X YD) ={weQ: X(w)el}
={we: (Xj(w),...,X,(w)) eI}
={we: X;(w) e (a,b);i=1,...,n}

— ﬂ{w € Q: Xi(w) € (ax, by)}

Example 3.6. If X1,...,X,, are n random variables. Then
X =(Xq,...,X,)
s a random vector. Then for a continuous function g, the composition of g and X
9(X) = g(X1,..., Xp)

15 a random variable. More explicitly,

(g0 X)(w) = 9(X(w)) = g(X1(w), ..., Xn(w))

s a random variable.
To summarize, this means for g being a continuous function and f being a mea-
surable function. The composition function of g o f is a measurable function.
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Measurability and limit

Proposition 3.19. Suppose we have a sequence of random variables X1, Xo, ..., X,,. ...
We will have the following results.

1. Suppose (sup,s; X,)(w) is finite for all w € Q. Then the sup,=, X, will be a
random variable.

2. Suppose (inf,>1 X,,)(w) is finite for all w € Q. Then the inf,>1 X,, will be a
random variable.

3. Suppose (limsup,,_,,, X,)(w) is finite for all w e Q. Then the limsup,,_,., X, will
be a random variable.

4. Suppose (liminf, . X,,)(w) is finite for all w e Q. Then the liminf, ., X,, will
be a random variable.

5. Suppose (lim,, o X,,)(w) exists, for all w € Q. Then lim, ., X,, is a random
variable.

6. The set
{weQ: lim X,(w) exists}
n—a0

15 a measurable set, i.e. it lies in A.

Proof. (1) Consider sup, X,: Recall that each X3 : (Q,%4,P) — (R,Z(R)) is
a measurable function into Borel measurable space, and Borel measurable space is
generated by the sets of the form (—oo,z]|. Hence, we consider the pre-image

(sgpxn)lu—oo,x]) - {wenipx,w) <o
—weQ: Xp(w) <z forall ne Zoy)

—ﬂ{weﬂ X, () < 7}

n38|

%,_/
€A

B

m

(2): This time consider

—1
(iann) ([z, +0)) = {w € Q:inf X, (w) = a:}
={weQ: X,(w) =z forall neZs}

= [iwe Q: X, (w) > =}
(s )



Proof of (3), (4): Use the definition of limsup, we have

limsup X,, = inf sup X,,

n—0o0 n=lm>p

We have proved sup,,-,, X, is a random variable. Let Y,, = sup,,~,, X;,,. Also, we have
proved inf,>; Y, is a random variable. Hence, limsup,,_,, X, is a random variable.
By symmetry,
liminf X,, = sup inf X,,

n—00 n>=1 m=n

is a random variable. Here we define Z,, = inf,,~, X,,. Then use the above argument.
Proof of (5): Consider the set

{w e lim X, (w) exists} = {w € 2 : limsup X, (w) = lim iann(oJ)}

n—00 N—00 n—00

= weQ:limsup X, (w) — liminf X, (w) =0

T
={we: X(w)=Y(w)— Z(w) =0}

={we: X(w)=0}

— X~'({o})
€EA

Because Y, Z are both random variables, their difference X =Y — Z is also a random
variable. More precisely, it is a random variable X € /% (R). ]

Remark 3.20. Consider the extended real line, we have

B(R) > B(R)
Later, when we look at random variables, we actually look at the map

which means X € %/%B(R). That means, we do allow random variables to take +oo
and —oo0 as their values.
If X e B/BR) and X # +© (so that X takes values in R), then X € /B (R).
In probability, we can not avoid a random variable taking 00 as its value.

Example 3.7. Let X,, = n. Then lim,_,, X,, = +0.

3.3 o-algebras Generated by Maps

Lectures 2024-10-15, 2024-10-17
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Setup 1
Consider a measurable map
X:(Q,%8) — (R, ZR))
which we mean X € Z/%(R).
Definition 3.21 (o-field generated by X). The o-field generated by X is defined as

Here, X € B/%(R) means X (B(R)) < A.
Remark 3.22. If X|Y are both random variables, then

o(X)=X"%B(R)) c B
oY) =Y (%B(R)) c %

This means if the domain of a random variable is the measurable space (S, B), then
all information of this random variable comes from this o-algebra XB. Thus, B is an
“ambient event set” of preimage of Z(R) under the random variable.

Hence, the o-algebra o(X) contains all the information relates to X.

Example 3.8. Consider the set
{fwe: X(w)e(1,2)} = X1((1,2) e 0(X)
In general, for any B € B(R), we have
{weQ: X(w)e B} =X B)eoX)

Remark 3.23. In probability theory, o-algebra will change all the time as the random
variable changes. In contrast, in real analysis, once we define the measurable map, the
o-algebra is usually not important any more.

Setup 2
Consider the measurable map

X:(Q,%8) — Q,%)
which we mean X € %/% .

Definition 3.24. The o-field generated by X is defined as

/

o(X):=X"YA)
Here, X € /% means X (#) c B.

Definition 3.25 (measurable with respect to a sub-o-algebra F < ). For a sub o-
field F of B, we say X is measurable with respect to F and writes X € F if o(X) < F.
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Example 3.9. Let (2, B, P) be a probability space. Let A€ PB. Look at the indicator
function X = 14. Then what is 0(X)? There are only four situations.

[Board figure omitted: the indicator 1, on ), with Q split into A and A°, and the
four possible preimages X ' (B) marked]

Consider the preimage X ' (B), there are only four situations.

A¢ if0eB,1¢ B

i, ] A if0¢B,1eB
X7(B) = o if0¢B,1¢B
Q if0eB,1eB

Thus,
o(X) = X"%B(R)) ={2,Q,A, A%}

Definition 3.26 (Simple random variable). A random variable is said to be a simple
random variable if the values of X can take is a finite set {ay,as, ... ,a,}. Thus,

X=a11ly, +...+a,1y,
where A € B. In particular, Ay is a partition of €2, meaning
o U A =0Q
o AinA; =@ fori#j.
Thus, the o-algebra generated by X is of the form
o(X)=0({A1, ..., A}) ={uictA; : T < {1,2,...,n}}
which is all possible combination (i.e. union) of different atomic pieces.

Proposition 3.27. If X is a random variable. Let € be a collection of subsets of R
such that

Then the o-field generated by X is
XN ZR)) =0(X) =a(X7(?)) = X (0(7))

Remark 3.28 (about o-field). The o-field generated by a random variable X is the
collection of information related to X. Later in STAT 502 will look at a (discrete
time) stochastic process (X, )n=1 which can be thought as a random system evolve
dynamically.

Example 3.10. Let X,, be the number of customer goes to a store at time n. We will
denote

Fn=0(X1,Xa,...,X,) = a(U U(Xi)>
i=1
That is o-field generated by n random variables. It can be interpreted as the collection
of information relates to X, ..., X,,. (This is all information up to time n).

Remark 3.29 (Fair game (Martingale)). A fair game means given all information up
until now, we play one more game, then we are not supposed to win or lose. In terms
of conditional expectation, we will have

E(Xn+1|3~n> = Xn
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4 Independence

4.1 Basic Definitions

Lectures 2024-10-17, 2024-10-19

Definition 4.1 (Independence of events). Two events A and B are independent if
P(An B)=P(A)P(B)

Remark 4.2. If A and B are independent, then the question is do we have A and B¢
independent? As well as A and B¢, A° and B. The answer is yes. First let’s consider
do we have

P(An B°) =P(A)P(B°)
Because
P(An B°) =P(A\B) =P(A4) — P(An B)
=P(A) -P(A)P(B) =P(A)(1-P(B))
=P(A)P(B°)
Similarly, A, B are also independent. Lastly, for A° and B¢:
P(A°nB)=P((AuB))=1-P(AuB)
—1-P(4) ~P(B) + P(An B)
=1-P(4) - P(B) + P(4) P(B)
=1-P(A)(1-P(B)) - P(B)
= (1-P(B))(1-P(4))
= P(A) P(B")
Definition 4.3. 1) Let Ay,..., A, are n events. They are independent if

where C; = A; or Af.

2) The above statement is equivalent to

where

Bi = Az or Q
Another way to phrase this is the following

forall T < {1,...,n}.



Definition 4.4 (Pairwise independence). If Ay,..., A, are events. We say they are
pairwise independent if

P(A;in A;) = P(4;) P(4;)
for alli # j.
Remark 4.5. But pairwise independent does not implies independence.

Example 4.1 (Non-example). Consider four pairwise disjoint events Cy,Cy, Cs, Cy
(e.g. a partition of ) into four equally likely pieces) where

1
P(Ci) = 1
Define
A1 = 01 ) CQ
Ag = CQ ) Cg
A3 = Cl ) 03

See that Ay, Ag, As are pair-wise independent. But

Remark 4.6. If two events A, B are disjoint, they must be dependent with each other.
Because for P(A) > 0 and P(B) > 0, we will have

P(AnB)=0

but
P(A)P(B)#0

Definition 4.7 (Independence of collection of sets). If we have n collection of subsets
of Q, €,...,6, < P(Q). We say that they are independent if any choice of C; €
é,...,C, €%, we have C1,...,C, are independent.

Definition 4.8 (Independence of an arbitrary collection of events). Suppose T is an
arbitrary index set. For each t € T, &, is a collection of events. We say {€; : t € T}
are independent if for any finite set I < T, {%, : t € I} are independent.

Remark 4.9 (FDD). The name FDD refers to the finite dimensional distribu-
tions of a stochastic process. A stochastic process (random process) is a collec-
tion of random variables {X; : t € T} indexed by an arbitrary set T (e.q. T = Zx,
or T = [0,0)), all defined on the same probability space. For a finite subset I =
{t1,...,tn} < T, the joint distribution of the random vector (Xy,,...,Xy,) is called a
finite dimensional distribution of the process. The definitions above follow the same
pattern: independence of an arbitrary collection is defined through its finite subcollec-
tions, i.e. through finite dimensional objects.
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4.2 Independent Random Variables

Lectures 2024-10-17, 2024-10-19

Definition 4.10 (Independence of random variable). Let X, ..., X,, be random vari-
ables. We say that they are independent if o(X1),...,0(X,) are independent.

Lemma 4.11. Let 6,...,%, < P(Q). Suppose
1) €; is a w-system fori=1,... n.
2) 61,...,%6, < P(Q) are independent
Then o(%1),...,0(%,) are independent.
Proof. Read the book. O]

Proposition 4.12. Let X;,..., X, be random variables. They are independent if and
only if

forall x; e R fori=1,...,n.

Proof. Forward direction — . If X;,..., X, are independent. Then the following
will hold

Because

Backward direction <= . Suppose now the converse holds, i.e. we have

&
&

I

—

)
o
N
&8

P(Xléxl,...,Xné

i=1
We are trying to show Xy, ..., X,, are independent. Set
€ = {{X; <z} 1, eR}

Obviously, %; is a m-system, because
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Hence, the assumption
n
i=1
just means %;’s are independent. So the previous lemma implies

o(61),...,0(%,)

are independent.
The last thing to show is that o(%;) = o(X;). See that

U(%) = U({Xfl((—oo, iL',L]) 1 X; € R})
= o(X; ' ({(—o0, 2] : 25 € R}))
= X (o({(—0, 2] : 25 € R}))
= X; '(2(R))
= o(Xi)
O]
Corollary 4.13. In the case of discrete random variables Xy, ..., X, are discrete, that

is the values it can take is a countable set (e.g. X; € Z). Then they are independent if
and only if the following is true.

P(Xl=$1>~-;Xn=l‘n):HP(Xizwz‘)a Vz; e R

This is joint PMF and marginal PMF's.

Proof. 1f independent, then the condition
P(Xlle,7Xn:xn):HP(Xz:xz)7 V.I‘lER

will hold.
All we need to show is, if the condition

P(Xi=a1,..., X, =a,) = [ [P(Xi =2;), VaieR

holds, then we will have independence.
So basically we are trying to show, if we have

P(Xi =1, ., Xp=2,) = | [P(Xi =2:), Va;eR

then we will have

P(X)<ay,.. ., Xp<w) =] [P(Xi<m), Vi eR



Since each X; is discrete, write its possible values as {a;; : j € Z>1}. Let’s look
P(X1 1'1,...,Xn<l'n)

P(Xléxl,...,Xngwn)z Z P(Xlzaljl,...,ananjn)

jl"“»j"n:
ajj, <z; for i=1,...,n

= 2 HP

J1seesdn
a5, <w; for i=1,...;n

- Y > (HP —am)P(X1=aljl)

j27 7]71 ]1 aljlgxl
Qig,; <zj, 12

(¥ [P, ~a) (T P -a)

J25-sdnt 1=2 Jit a1j; <71
Aij, <wi, 122 ~ ~" -~

P(X1<w1)

:( 3 Hp %>P<X1<x1)

7_771 1=2
a” <x1 =2

where in the middle, we just keep repeating the same trick. This finishes the proof. [J

Definition 4.14 (Independence of an arbitrary collection of random variables). Sup-
pose T is an arbitrary index set. For each t € T, X; is a random variable. We say
{X;:teT} are independent if for any finite I = T, the collection of random variables
{X; : t eI} are independent.

Example 4.2. Consider a sequence of random variables {X; : i e N} = {Xy,..., X,,,...}.
We say they are independent if any finite collection of them are independent.

Remark 4.15. If X4,...,X,, are independent. Then any sub collection of them are
independent. For example X1, Xy are independent; X5, X3, X4, X,, are independent,
and etc.

4.3 Two Examples of Independence

Lectures 2024-10-19, 2024-10-22

Example 4.3 (10-nary expansion). Consider 0.91. This means we divide an unit
interval (0, 1] evenly into ten parts, and look at where does 0.91 lies in. Then further
divide that interval into another ten parts. So it is

0.91 9+ !
T 10 102
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Another example

8 9 1
0891 = — + — + —
10 102 108
Thus in general, we will have
— 10

Example 4.4 (Dyadic expansion of uniform random variables, Binary expansion).
Consider a probability space (Q, Z,P) = ((0,1], 4((0,1]), \) where X is Lebesgue mea-
sure. Then for any w € (0,1] we have the so-called dyadic expansion of w which is
defined as following:

o0
Q;
w=2—.=0.&1a2a3..., a; =0 orl

%
=1

This is just a binary expansion of a number in (0, 1].

[Board figure omitted: the unit interval (0, 1] repeatedly halved, showing how the
digits ay, as, as, ... locate wf

Example 4.5. For %, the convention for finite expansion is

1
- =01
2

and the convention for infinite expansion is

1
- =0.011111...
2

Observation

From this expansion

oe]

a/'
w=22—2=0.a1a2a3..., a; =0or1

i=1
we get a sequence of functions on (2,
ar(w), az(w),
We then have the following claims:
e Claim I: Each a;(w) is a random variable.

e ClaimII: P(a; = 0) = 1, and P(a; = 1) = , which means all a;(w) are identically
distributed

e Claim III: they are independent.
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So we just construct a sequence of maps in a special way, and it turns out that they
are [ID sequence.

Proof of Claim I. Several observations. Let’s look at the map a;(w). Consider the

event

{weQ:a(w) =0} ={0.0%x%...:x=0o0r 1} ={0.000...,...,0.01111...} = (0, 1]
Consider a different event

fweQ:iay(w) =1} ={0.1xx...:x=0or 1} = {0.100...,...,0.11111...} = (1,1]

Since a; takes only the two values 0 and 1, for any B € (R) the preimage a;*(B) is
one of the four sets

o, (03, G1. Q
according to whether 0 € B and whether 1 € B; all four lie in £((0, 1]). Hence a; is a
random variable. The same argument works for every a,: the sets a,,*(0) and a,'(1)
are finite unions of dyadic intervals (written out under Claim II below), hence lie in
#((0,1]), and a, is a random variable.

The expansion is unique if we pick the expansion that has infinitely many 1’s.

Proof of Claim I1I.
Look at as.

[Board figure omitted: the four dyadic subintervals of (0,1] of length 1/4, marked
according to whether ay = 0 or as = 1 on them/

Consider the event

a; (1) = {we Q:ay(w) =1}
= {(0.*100...,0.*111...]}
= (0.0100...,0.0111...] U (0.1100...,0.1111.. ]
e A((0,1])

Also,

a;'(0) = {we Q:as(w) = 0}
— {(0.%000...,0.011...]}
— (0.0000...,0.0011...] U (0.1000...,0.1011.. ]
€ #((0,1])

Look at a, in general. Consider the event

a1(0) = {we Q: an(w) =0}

n

1
— the union of 2"~ disjoint intervals of length o
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and similarly,

a; (1) ={weQ:a,(w) =1}

n

1
— the union of 2"~ disjoint intervals of length on

Thus,

1 1
=0)= — x o1 - C =1) =
P(a, =0) 5 X 5 P(a, )

Proof of Claim III. We are trying to prove a;’s are independent. This gives us an
IID sequence of Bernoulli random variables. We need to show

n 1
P((ll = Up,y...,0y :Un) = HP(CLz Iul) = 2_n
for all u; = 0 or 1 and all n > 1. Consider the event
{weQ:a(w) =u,...,6,(w) = up} = (0ugug . .. u,00. .., 0.ugug . .. u, 1l .. ]
-5 2y 3 5
i=1 a2 L n+1

Since the probability of an interval is its length,

Play = ui,... an = ) = (Z

1=
a0
1=n+

which is exactly the required factorization.

NI E
| &

—_

1=n+1 =1

H P(a; = u;)

1=1

001 n
EVEIER:
1

1
2_2

4.4 More on Independence: Groupings
Lecture 2024-10-22
Lemma 4.16 (Grouping). Suppose {%B; : t € T} is an independent family of o-fields,

where T is an index set. Let S be an index set, and suppose for each s € S we are
given a subset Ty < T such that the collection {Ts : s € S} is pairwise disjoint. Set

PBr, =0(B :teTy) = 0<U ,%’t)
teT,s

Then {ABr, : s € S} are independent.

Example 4.6. Consider a sequence of independent o-fields
B, By ..., By, ...

Let S ={1,2,3,...}. Consider the o-fields generated by finitely many of o-fields above
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1. o(AB, Bs) where Ty = {1,2}
2. o(Bs, By, B7) where Ty = {3,4,7}
3. 0(Bs, Bs) where T3 = {6, 8}
Because Ty, Ty, Ts are all disjoint. Thus, the above three o-fields are independent.

Example 4.7. Consider a sequence of independent random variables
Xl; XQ; X?)a s

Then consider the following o-fields

. 0(Xy01, X102, - - )
The claim is, applying grouping lemma, these o-fields are independent. First,
By, = o(Xy)
Let T ={1,2,3,...} and S = {1,2,3,4}. Then
1. Ty ={1,5}cT
2. Ty =1{2,7,100} c T
3. Ty ={13,14} T
4. Ty =1{101,102,...} =T
Under this new setting, we have
1. Br, =o0(X1, X5)
2. Br, = 0(Xa, X7, X100)
3. Br, = 0(Xi3, X14)
4. Br, = 0(X101, X102, - - -)

Because index sets Ty, T, T3, Ty are all disjoint. Thus by the grouping lemma, these
o-fields are independent. Which means random variables are independent.

Question. Are

X1+ X5, (X2+ X3)X100, Xizlog(Xyy), limsupX,

n—o0

are independent?
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The claim is continuous manipulation of independent random variables are still
going to be independent.
Because
Xyeo(Xy) co(X1,X5), Xseo(Xs5)co(Xy, Xs)

Hence apply a continuous manipulation to X7, X5, we have
X; + X5 € 0(X1, X5)
In addition, we define
1. Br, =o0(X1, X5)
2. Br, = 0(X2, X7, X100)
3. Br, = o0(Xi3, X14)
4. Br, = o(X, :n = 101)

Each of the four random variables in the question is measurable with respect to
the corresponding o-field: X; + X5 € %, as shown above, and in the same way
(X2 + X3) X100 € D1, and Xi3log(X14) € Br,, being continuous manipulations of
the generating variables; and limsup,,_,., X,, € %r,, because the limsup does not de-
pend on any finite initial segment of the sequence, so it is measurable with respect
to (X, : n = 101). The index sets 71 = {1,5}, T = {2,7,100}, T3 = {13,14},
T, = {101,102, ...} are pairwise disjoint, so by the grouping lemma the four o-fields
are independent, and therefore so are the four random variables. This answers the
question affirmatively.

4.5 Independence, Zero-One Laws, Borel-Cantelli Lemma

Lectures 2024-10-22, 2024-10-24, 2024-10-26, 2024-10-29

Lemma 4.17 (Borel-Cantelli Lemma). Suppose A,,’s is a sequence of events such that

0
P(A,) <o

n=1

Then

o0 0
P(A,, happens i.o.) = P(lim sup An> = P(ﬂ U Ak) =

n—aoo0

This means when time evolves, the technology gets better and better so that the proba-
bility of the light breaks is getting lower and lower. Then

P(A, i0.)=0
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This means with O probability that A, happens infinitely often. If we look at the com-
plement where

{A, i.0.}° = (lim sup An> = liminf A7

n—00 n—

Its probability is going to be
P({A, i.0.}9) =1

That means for some ng, AS will keep happening for n = ng. That means, take any
w € liminf, ., AS, there exists ng such that w € AS for all n = ny. (It means there is
a certain day such that after that day, the light does not break any more).

Proof. Consider the following probability

P(A, io. ) = P(limsup An> - P(ﬁ [OJ Ak>

Send n — oo, then

o0 ) o0
Zak=2ak+lim Zak
n—o0
k=1 k=1 k=n
O

Theorem 4.18 (Borel zero-one law). If A, is a sequence of independent sets. Then

. 0, if 3, P(A,) <
P(An Z.O-) = { 1’ Zf Z;O:1P(An) = o0

Proof. The first part is by Borel Cantelli lemma. The only part we need to show is
the second part, i.e. if 3.~  P(A,) = o0, then we have

P(4,i0.) =1
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Observe that

P(A, i0. ) = P(limsupAn> = P(ﬁ E_OJ Ak>

n—w n=1k=n

=1-P (lim inf A;)

n—aoo
e} o]
~1-P <U N Ag)
n=1k=n
0
=1—lim P (ﬂ AZ), by continuity of probability
n—0o0
k=n
Q0
=1- nlgrolo ][[ P(A3), by independence
e}
=1- lim H (1—-P(Ap)), by the fact 1 + 2 < e with z = — P(4)
n—0 e ~——
<e— P(4g)
o0
1 7}1_{1010]1:[ e
=1 — lim ¢~ Zk=n P by assumption
n—00 S————
=1—-1lm0=1
n—ao0

Since a probability is never larger than 1, the inequality forces P(A, i.0.) = 1. This
completes the proof. O]

Example 4.9 (Borel-Cantelli). Consider X,, are IID unit exponential random vari-
ables X,, ~ Exp(1). That is

P(X,>zx)=¢", x>0

Then

: Xn
P(hm sup = 1) =1
n—00 loge(n)

X*(L ;- Taking limsup

Mathematically, we get a new sequence of random variables'Y,, = ot

of this new sequence and set it equal to 1.
The heuristics is, we sampling this X,,’s. This get a sequence of dots on the plane.

[Board figure omitted: a scatter of the sampled values X,, against n, with the curve
logn traced through the highest dots]

We want to see what is the curve from starting point to the highest dots. The statement
says that this curve is almost surely (means with probability 1) a log function log(n).
This is a consequence of Borel zero-one law.
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Proof. What is the meaning of the event

{w € ) : limsup G = 1}
now log(n)

It means for any € > 0, we should have the following two cases

1) If we look at the point 1 + € on the real line R, there will be only finitely many

points 22) t6 the right of this point 1 + e. This means
log(n)
Xy
w) <1l+e for all large n
logn

2) If we look at the point 1 — € on the real line R, there will be infinitely many

points ﬁgé:)) to the right of this point 1 — €. This means
Xn
ﬂ >1—c¢ for infinitely many n
logn

For fixed €, w € {w e Q: limsup,,_, ., igg:)) = 1}. Then w satisfies (1) and (2). If we

define a sequence of sets (depend on €) as

>

n(w)
log(n)

A;::{weQ: <1+e}

The collection of w’s satisfying (1) is defined as

liminf A,
n—00

Similarly, if we define a sequence of sets (depend on €) as

oo 01

The collection of w’s satisfying (2) is defined as

lim sup B,
n—o0

Next, for fixed € > 0, the collection of w’s satisfying (1) and (2) will be in the
intersection of limsup and liminf we defined above, i.e.

(lim inf A;) N <lim sup B;)
n—00 n—0o0

We pick a sequence of €, such that ¢, | 0. Then if

we {w € (2 : limsup Xn(w) = 1}
noo log(n)
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Then for any €, (1) and (2) should be satisfied, i.e.

we <lim inf A:f) N (lim sup BZ’“) : Ve

n—om n—0o0

This means

X o0
{w € O limsup n(w) 1} - ((nmian;k) A (limsup B,i’“))
noow log(n) i n—00 n—s0

Let’s further define

Cj := liminf A%}

n—o0

and
Dy, = limsup B;}

n—00

If we can show P(Cy) = P(Dy) = 1 for all k = 1. Then by Exercise 2.6.11, we will
have

P(OO(C’kka)) ~1

=1
First, look at

P(Dy) =P (lim sup Bff)

n—0o0

where

P(B}) = P( AEE —Gk)
=P(X,, > (1 —€)logn)

_ 67(1761‘,) logn

nlfek

Since 1 — ¢, < 1. Then

Moreover, BiF for n = 1,2, ... are independent. Hence, by Borel zero-one law, we have
P(Bikio0.) =1

Next, look at P(CY).

pc - (1) 1~ p(manii)

n—00 n—0o0

Consider




Hence, we have

DIR((4)) = D) <

Moreover, (AS)¢ for n = 1,2,... are independent. Hence, by Borel zero-one law, we

have

P((A%) 1.0.) = 0

]

Definition 4.19 (Kolmogorov zero-one law — set up). Let { X, },en be a sequence of

random variables. We define
1) Z,=0(Xy,...,X,)
2) F, = 0(Xni1, Xnio,...)
3) The tail o-field T to be
T = ﬁ Z,

n=1
Note that F, > Fy > Fsy. . ..

Example 4.10. Consider the following event

e}
A= {w eN: Z X?(w) converges}
k=1
Then A e 7. That is because the event
e}
Z X?(w)  converges
k=1
is equivalent to the following sum converges

Z X2 (w)  converges for alln =1

Thus,

e¢] 0 0
{w eQ): Z X2 (w) converges} = ﬂ {w eQ): Z X2 (w) converges

k=1 n=1 k=n+1

And see that the following event belongs to .Z, .

o0
{w eQ): Z X?(w) converges} €.z,
k=n+1
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because o(X},) < .Z,. Hence, the event A is measurable with respect to .Z, for all

n=1, ie.

0
weQ: Z X2 (w) converges} €.Z,, Vn >1
k=1
Hence,
0
Ace ﬂ F,
n=1

See that the event A has nothing to do with respect to first n random variables X1, ..., X,.
Because whether the series converges or not depend only on the random variables in
the later part of the series.

Example 4.11. Let X,, be bounded random variables. (e.g. let X,, be uniform RV on
[0,1]). Then
limsup X,, € 7
n—0oo

Still because lim sup,,_,., X,, has nothing to do with first n random variables.

Definition 4.20 (Almost trivial o-field). A o-field 94 is said to be almost trivial (with
respect to P) if for all G € 4, we have

P(G)=0orl

Lemma 4.21. Suppose X is a real-valued random variable (which means X does not
take oo as its values). And & is an almost trivial o-field such that X is ¢ -measurable,
i.e. X €9. Then in this case

X = constant with probability 1

That is, there exists c € R such that

Because X € ¢4, we have
X (~o,z])e¥

But we assumed ¥ is almost trivial, hence

This means

lim F(z) =1
T—00
L, Bl =0



The only possibility that this can happen is, at some value ¢ € R, F'(x) suddenly jump
to 1, i.e.
P(X=c¢)=1
The reason is, suppose the jump happens at c¢. If we consider the event X € (c—¢, c+¢]
for some small € > 0,
P(Xe(c—ec+e])=Plc—e< X <c+e)
=F(c+e€)—F(c—e)
=1-0
=1
Then we let € — 0. We have
PX =c¢)=lmP(Xe(c—¢c+e])=1

e—0

[]

Theorem 4.22 (Kolmogorov zero-one law). Suppose X,, is a sequence of independent
random variables. Then the tail o-field of X,, is almost trivial.

Example 4.12. Let X,, be a sequence of bounded and independent random variables.
Then
limsup X,, € 7

n—0oo
This has nothing to do with independence yet. But if we add the assumption of X,
being independent. Then 7 will be almost trivial under this assumption. Because by
the last lemma, then limsup,,_,., X, will be constant with probability 1.

Proof of the Kolmogorov zero-one law. Pick any A € 7. Want to show
P(A)=0or1
Need to show A is independent of itself. We want
P(AnA)=P(A)P(A)

There is only two possible solutions

P(A)=0or1l
Recall
Fn=0(X1,Xs,...,X,)
Then
F. = 0(Xpi1, Xnsas ...
Introduce

yoo = O'(Xl,XQ, .. )
Since Ae T =", %, c F, foralln> 1.
On the other hand, by grouping lemma

Z, and %, are independent

Because A € .%, is independent of .%, for all n > 1.
Set ¢, = {A} and 6 = J,_, %,. We have
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1) % and %5 are independent
2) %, and %, are both m-systems.

Then one of the lemma tells us 0(%)) is independent to o(%63).
Finally, we know

On the other hand, we also know

0¢]
NeT =() ZF <Py
n=1 v

To summarize, we have A € (%)) by construction of 47, and also A € 0(%3) because
A € 7. Because 0(%)) and o(%,) are independent. Hence, A € (%)) is independent
to A € 0(%,). This completes the proof. O

Remark 4.23. Self-independence gives P(A) = P(A n A) = P(A)?, and the only
solutions of p = p* are p = 0 and p = 1. This is a statement about the probability
of A, not about the set itself: it does not force A = @ or A = Q. For example, on
((0,1],2((0,1]),A) the event Q n (0,1] has probability 0 but is not empty, and its
complement has probability 1 without being all of Q). This is why the conclusion of the
theorem is that the tail o-field is almost trivial, not trivial.
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5 Integration and Expectation

5.1 Standard Constructions of Integrations

Lectures 2024-10-29, 2024-10-51

Simple random variable

Definition 5.1 (Simple random variable). A random variable X is called a simple
random variable if the random variable is a finite sum of indicator functions of disjoint

events "
X = Z ailAi
i=1
where a; € R and Aq,..., A, € B are disjoint events.

Denote € be the collection of all simple random variables. (here € stands for
elementary. But do remember some people define an elementary random variable as
finite sum of indicator functions on rectangles).

1) & isavector space. That is, for any X,Y € €, and a,b € R. We have aX +bY € €.
This is because . .
X:Zailfl“ YIij].B].
i=1 j=1
Then

aX+bY—aZazlA +b2b 15,
= j=1
aZZalAmB +bZZb 14,8,

i=17=1 i=1j=1

Z(aai + bbj)]-AimBj

Jj=1

I
M= ..

1=

&

m
—_

Similarly, if X,Y € & Then XY € €. Because

XY = Zn: i aiblemBj

i=1j=1

If X,Y €& Then max{X,Y} min{X,Y} € & Because

max{X,Y} = 2 Z max{a;, bj}14,~5,

i=1j=1

and similarly,
n m

min{X,Y} = Z Z min{a;, b;} 14,5,
i=1j=1
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Theorem 5.2. Consider a map
X:Q—R

where X = 0. Then X is a random variable if and only if there is a sequence of simple
random variables X,, = 0 such that X,(w) 1 X(w) for all w € Q.

Proof. <= : We have proved that if we have a sequence of random variables X,
converges to some map. Then that map will be measurable, hence is a random variable.
— : If any non-negative random variable X > 0, we can always find a sequence of
simple random variables X, that goes to X. In this case, we say X, is an approximating
sequence of X. (Note, we only say there exists an approximating sequence. We didn’t
say this sequence is unique).

Now let’s see how to construct one approximating sequence. Define

n-2"
E—1
X, = Z 14,, +nlg,

n

where

kE—1 k
Ay = {wEQ: o <X(w)<—}
and
B, ={weQ: X(w)=n}

k—1
on s

[Board figure omitted: the graph of X over Q with the range cut into the levels
showing the horizontal slabs A,y and the top region B, = {X = n}/

So that when we consider the events A, ;, we are going to have

Xp(w) < X(w) and

Xp+1(w) = X, (w) and
Xo(w) 1 X (w).

When | X (w)| < o, then | X, (w) — X (w)| < 5 for large enough n. So X, (w) —
X(w).

]

Remark 5.3. the proofs allow X to be R-valued random variable. That is, it is ok for
X to take +o0 as its values. Because if X (w) = o, then w € B,,. Hence, X, (w) = n.
Then X,(w) T X(w).

R-valued random variables

Let’s start from R-valued random variables. Consider the probability space (£, Z, P).
Then a random variable is a measurable mapping

X (Q,.7) — (R, B(R))

We write X € B/2B(R).
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[Board figure omitted: the mapping X from Q to the real line, with the preimage of a
Borel set marked in )]

For R-valued random variable. Still consider the probability space (£2,.%, P). Then
we are considering a measurable mapping

X :(Q,7) — R, %BR))

We write X € %/%(R). The claim is +o0 and —oo are also points that should be
considered. Rigorously speaking, we have the sets

Dy = X'({-0))e.F
Dy = X"'({0}) e F

[Board figure omitted: the extended real line R with the two extra points +oo attached
at its ends, and the two preimages Dy, Dy < Q]

Remark 5.4. If we have a R-valued RV, we can consider it as a R-valued RV. We
Just set D1 = Dy = .

Example 5.1. Compare to a RV taking values in (0,1), i.e.
Y (Q,7) — ((0,1), 8((0, 1))

where we write Y € B/%((0,1)). Then a RV taking values in [0, 1] is
Y (@, 7) — ([0,1], 2(]0,1]))

5.2 Expectation and Integration

Lectures 2024-10-31, 2024-11-02, 2024-11-05

Step 1: Define expectation for Simple RVs

Recall € is the collection for simple RVs. Define expectation for X € &, i.e. for

X = Zn: ai]_A_L.
i=1

where A; is a partition of 2. Then we define
E[X] = Y 0 P(A;) - JXdP
i=1

Properties of E on ¢&:
1) Ela] = Elalg] = aP(2) = a. And E[14] = P(A) for Ae Z.
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2) If X € € and X > 0. Then EX > 0. Because X > 0 means for X = >" , a;14,,
all a; = 0.

3) The operator E is a linear operator on vector space L'(Q), . #,P), i.e. E[aX +
bY] =aEX +bEY. Because for X =7 a1, and Y =370, b;lp,

aX +bY = Zn: i(aai + bb;j) 14,

i=17=1

4) If X;Y e and X <Y. Then EX < EY. Because if Y — X > 0, by Property
(3) and (2), we have
EY-EX=E[Y-X]>0

5) Let X € €. Suppose we have a sequence of simple random variables X,, € €
such that X,, 1 X or X,, | X (i.e. they are monotone). Then EX,, 1 EX or
(EX, | EX), Le

E lim X, = lim EX,,
n—o0 n—aoo

WLOG, we only need to show if X,, € € such that X,, | 0, then EX,, | 0.
(Otherwise, if X,, 1 X, we can consider (X — X,,) | 0). If X, | X, can consider
(X, —X) 0.

Because X, is a decreasing sequence, and using the fact that simple RVs are
bounded, then

0<X,<X;<K for some constant K

For any ¢ > 0, we have

Xo=  Xn 1yt Xo ly.o.
;V_J ;v_)
<e under {X,<e} <K

<€+ K]-Xn>e
If we take expectation both sides

EX, <e+ KP(X, > ¢)
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Use the assumption X,, | 0. Then

lIm{X, >¢} =2

n—a0

Hence, by continuity of probability, we have

lim P(X,, >¢) =0

n—ao0

Hence,

lim EX, <e+ K lim P(X,, > ¢€) =¢

n—o0 n—0o0

Because this holds for all € > 0, we have

lmEX, =0

n—ao0

Step 2: Extend E X to non-negative RVs

Set

F— {X >0, X is R-valued RV}

We will define expectation for X € €, For X € &,, by the lemma, we can find an

approximating sequence X, € &, where 0 < X,, 1 X. Define

EX = lim EX,

n—0o0

The only issue is we have to show this limit is well-defined. That is, this limit is
independent of the choice of approximating sequence of simple random variables. If we
have two approximating sequence of random variable X > 0 where the two sequences

are X,, 1,Y, 1€ €& Then we should have and

lim X,, < lim Y, and

n—o0 n—0o0

Then by Property (5) we will have
Im EX,, < lim EY, and

n—o0 n—0

Proof. We have
e X, AY,,1TX,
e X, ANY, <X,
Then by Property (5), we have
o lim, ., E[X, AY,]|=EX,

o lim,, o E[X, A Y] <lim,, o EY,,

Hence, lim,, ., EY,, = E X, for all n. Send n — o0, we get

m—0o0
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n—o0

n—0o0

lim EX, > lim EY,

n—00

n—o0



Written with the notation €, this is the extension of E X to
= {X > 0: X is a R-valued RV}
by
EX := lim EX,

n—oo

where (X,,),>1 is an approximating sequence of X.
Properties of E X for X > 0:

1) E X is well-defined.

2) Linearity: for any X,Y € €, and a,b > 0 are constants. Then E[aX + bY] =
aEX+bOEY.

Proof of (2). Let X, € & where X,, 1 X, and Y, € € where Y,, 1 Y. Then
aX, +bY, 1 aX +bY
Then
E[aX +0Y] := nlg{)lo ElaX, + bY,]

= 7}i_r}l;o(aEXn +bEY,)

= GT}E%OEXH + br}iil}oEY”

= E[aX] + E[bY]

O

3) (Monotone Convergence theorem) If X,, > 0 and X,, 1 X. Then EX,, 1 EX,
ie.

lim EX,, = E[lim Xn]
n—ao0 n—0oo

Proof of (3). If we consider an approximating sequence X7, ..., X, ... 1 X. Each one
individual X,, has an approximating sequence.

Xi Xo X5 o0 X oo Xy o 1X
Yioyzoy: oyr o .ym
(R & vy v
Yiovg vy Y3 yg"
oY vy Yy Yy"
viioyy vy vy v

Define

Then we have



o /,€C&.
o 71
o V" < Z,, <X,
Send m to +00. Then we have

X, < lim Z,, < X

m—00

Send n to +oo, then we have
X< limZ,<X

m—00

So Z,, is an approximating sequence of X. In particular:

EX = lm EZ,

m—00

On the other hand, consider the following inequalities
EY, <EZ, <EX,
Send m to +o0, we have

lim,,.,EY, < lim,.,EZ, < lim,.,EX,
E X, < EX < limy,—o0 E X,
Send n to oo, we have
lim EX, <EX < lim EX,,
n—aoo m—00

This completes the proof. O
Remark 5.5 (Remark on MCT). If X is a R-valued RV, such that X > 0. Suppose

P{X = +x})>0

Then E X = +00. The reason is, if we considering the approrimating sequence X, € &
that we constructed for any non-negative RV X, i.e. X >0 and X,, 1 X asn — 0.

n-2m l{?— 1
anz 2n lAk—i-n-an
k=1
where
k-1
Ak = < X < ﬁ
n AL
B, :={X =n}
Then

Send n to oo, then

EX " lim EX, > lim nP(X >n) =+
n—0o0 ——

n—00
>0

This means EX = +o0.
85



Step 3: Define E X for general RV X
Set

X (w) := max{X (w), 0}
X (w) := —min{X(w), 0}

[Board figure omitted: the graph of a sign-changing X together with its positive part
X7 (the graph truncated below at 0) and negative part X~ (the reflected lower half)]

X is called positive part of X, and X~ is called negative part of X. Then observe
that

Define expectation on a general random variable X as
EX=EX'"-EX"~

We say E X is well-defined if at least one of these two numbers EX* and EX ™ is
finite. Equivalently, E X is defined provided at least one of EX* E X~ < o0 (means
at least one of them exists).

Definition 5.6 (L'(P) space). Define
LY, Z,P)=L'(P) :={X :Q > R: X is a R-valued RV, s.t. E|X|< o}

and
E|X| = E[XJr + X 7] = EXT+EX™

Properties:
1) If X € L'(P), then P(X = +w) = 0. Because of the Remark of MCT above.
2) If E X is well-defined, and ¢ € R. Then
E[cX]=cEX

This property also implicitly implies that if E X is well-defined, then E[cX] is
well-defined.

Proof of (2). Suppose ¢ < 0. Consider the positive part and negative part of cX, i.e.

(eX)*:

(—e) X~



Then

E[cX] = E(cX)" — E(cX)~
= E[(-0)X ] - E[(-¢)X"]
= (—0)E[X"] = (-0 E[X"]
(—o)(E[X™] - E[X"])
=cEX

For ¢ > 0, follows from the X € £, case. ]
3) If X e L'(P) and Y € L'(P). Then aX + bY € L'(P) for any a,b € R.
Proof of (3).
ElaX +bY| < E(la||X]| + [b]]Y])
= |a| EIX| + [0 EIY]
< o

Properties of E X for general X

1) If E X is well-defined /exists, and ¢ € R. Then E[cX] = cE X.

2) If X,Y € LN(P) = {X : E|X| <}. Then E(X +Y)=EX +EY.
3) (1) and (2) together implies E(aX +0Y) =aEX +bEY.
)

4) If X, Y € LY(P) and Y > X. Then EY > EX. Because Y — X > 0. So
0SEY-X)=EY -EX.

5) Suppose a sequence of RVs X,, € L}(P), and X,, 1 X or X,, | X. Here X may
or may not in L'(P). But EX,, —» EX.
Proof of Property (2). See that
(X+Y)=(X+Y)" - (X+Y)”
In addition,
(X+Y)=X"—-X"+Y -V~
Equate them and re-arrange,
(X4+Y)=X+4Y)" = (X+Y) =X"—-X"4+Y" -V~
XtT+ Y P+ (X+Y) = X+Y)"+ X +Y~
Taking expectation of both sides (which are all exists),
EX"+EY"+EX+Y) =EX+Y)"+EX +EY"
EX'-EX +EY'-EY =EX+Y)" -EX+Y)”
—EX —EY fE(XJrY) ’
EX+EY =EX+Y)
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Remark 5.7. We can move numbers between equalities. But usually we cannot move
0, —o0 around. In above, we move EX and EY around because we know X,Y €
LY(P). So

E/X|=EXT+EX <x

Because EXT,EX™ >0, thus, EXT,EX~ < 0.
But we can relax the condition X,Y € L'Y(P) to at least one of X and Y is in
L'(P).

Example 5.2 (Non-example of X ¢ LY(P)). Let X,, =n. X,, —» o0 ¢ LY(P).
Proof of Property (5). WLOG, assume X,, T X. Otherwise, just look at —X, and

—X. See that
Xr—X =X,1X=X"-X"
This is equivalent to
Xy 10X X L X

and
0<X, <X,

So
0< X, + X7 1 X + X[

But X,, + X; = X, — X, + X{ > 0. So by MCT and

lim E(X, + X, ) = E<lim X + Xl) =E(X + X))

n—0o0 n—00

By the remark, we have
EX+X)=EX+EX,

Hence, we have

EX+EX; =lmEX,+X;)=1ImEX,+ lmEX; = lim EX, + EX,
n—0o0 n—o0

n—o0 n—0o0

Cancel E X; both sides, we have

EX =1lmELJX,

n—aoo
This completes the proof. n

Remark 5.8. If we didn’t use the remark,

EX+X)=EX"-X"+ X))
—

=0
=EXT+EX] -X7)
=EX"+EX, —-EX~
—EX +EX[
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Lemma 5.9 (Markov Inequality). If X > 0. Then for any A > 0.

X
(x> < B

Proof. See that
Elx.), = J1X>>\dP
X
< J X]-X})\d P

1
=— | X1 d
)\J x= P

1 1
<—fXdP:—EX, using X >0
A A
Since E1lx=) = P(X > \), this is exactly the claim. O

Remark 5.10. The meaning of Markov inequality is probability of X = 0 is bigger
than a very large number X is controlled by some number. In particular, it is controlled
by a rate of ¢/A. This means the probability of X goes to infinity is controlled.

Corollary 5.11. If E|X|P < 400 with p = 1.

E| X7
P(|X]| =\ < 0
Proof.
E|X|?
P(|X|=X) =P(X|P = M) < %
where the last inequality is the Markov inequality applied to the non-negative random
variable | X|P with threshold AP. O

Remark 5.12. The meaning of this corollary is that the probability of higher moments
of X, i.e. | X P taking larger values is even smaller.

5.3 Limits and Integrals
Lectures 2024-11-05, 2024-11-07
Theorem 5.13 (Monotone Convergence theorem). Version 1: If X, > 0 and

X, 1X. Then lim, ., EX,, = Elim, ., X, = EX.
Version 2: If X, e L}(P) and X,, 1 X or X,, | X. Then
lm EX,=Elm X, =EX

n—0o0 n—0o0

Corollary 5.14. If &; are non-negative RVs. Then

EZ&‘ = ZE@
i=1 i=1
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Proof. Set X,, = >, ; &. Then X, satisfies the assumption in MCT version 1. So
[ee} o0
YE&=lmEX, =Elm X, =E) &
= n—oo n—aoo i1

]

Remark 5.15. In Version (1), one can relaz the condition X,, = 0 to X,, > Z € L'(P)
because otherwise consider X,, — Z = 0 and apply version (1).

Lemma 5.16 (Fatou’s lemma). Suppose X,, = 0. Then

E [lim inf Xn] < liminf E X,

n—ao0 n—0o0

Proof. Start from LHS.

E[lim inf Xn] = E| lim inf Xk]
n—00 n—o0 k=n

- —
=:Ynt

= E| lim Yn]
n—0oo

— lim EY,, by MCT

n—a0

lim E [inf Xk]
n—0o0 k=n
—

<Xn

< liminf E X,

n—0o0

[]

Remark 5.17. In Fatou’s lemma, we can relax the condition X,, = 0 to the condition
X, = Z € LY(P). Because otherwise consider X,, — Z = 0 and apply previous version
of Fatou’s lemma.

Corollary 5.18. If X,, < Z € L*(P). Then

n—0 n—0o0

Ellim sup Xn] > limsupE X,
Proof. Consider Z — X,, > 0. Apply Fatou’s lemma. So we have

Ellim inf(Z — Xn)] < liminf E(Z — X,,)

n—0o0 n—0o0

Then the LHS becomes

E(Z + lim inf(—Xn)) = E(Z — lim sup Xn) =EZ— E(lim sup Xn)

n—0 n—0o0 n—0oo

The RHS becomes
liminf(EZ -EX,) =EZ —limsupE X,

n—o n—o0
Hence, we have the desired result. O
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Theorem 5.19 (Dominated Convergence Theorem). Suppose X,, is a sequence of
random variables such that

o |X,.|<YelLlY(pP).
o X, — X pointwise for almost every w € €.

Then
Im EX, =EX =E lim X,

n—o0 n—0o0

Proof. From |X,| <Y, we have =Y < X,, < Y. SoY — X,, > 0. By Fatou’s lemma
and its dual, we have

Eliminf X,, <liminf EX,, <limsupE X,, < Elimsup X,

n—0m n—00m n—00 n—00
But we assumed X,, — X a.e., so

X = liminf X,, = limsup X,

n—o n—00

Hence,
EX = Eliminf X,, = Elimsup X,

n—a n—00

Then by sandwich theorem, we have

Eliminf X,, = liminf E X,, = limsupE X,, = Elimsup X,

n—00m n—0 n—00 n—00

O

Remark 5.20. In DCT, X € L'(P). Because EX = Elim,,_,4|X,|. Then by Fatou’s
lemma, we have

E|X| = E lim | X,,| = Eliminf|X,,| < liminf E|X,| < E|Y| < ®
n—o0 n—00 n—0o0

P) where P is the Lebesque measure. Sup-

Example 5.3. Consider ([0, 1], A([0,1]),
=0, and EX,, = n*L =n. So

pose X, = n*1g1/n. Then lim, .o X,

Elm X, =EO0=0<o0w= limn= lim EX,

n—o0 n—o0 n—o0

So the conclusion of DCT fails for this sequence; the point is that no dominating
Z € LY(P) ewists here, so the domination hypothesis in DCT cannot be dropped.

5.4 Indefinite Integrals
Lectures 2024-11-07, 2024-11-09

Consider a probability space (22, Z,P). Let X be a RV. For any A € £, we define

f XdP = JX 1AdP = E(XlA)
A
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Definition 5.21 (Almost surely). We say a property holds almost surely (a.s.) if there
is a null set N € 2 where P(N) = 0 such that the property holds for all w e N°¢.

Example 5.4. Consider the probability space ([0,1], #([0,1]),P) where P is the
Lebesgue measure. Define

X =0
Y = lQm[O,l]
Then
X =Y as. , N=Qn|0,1]

This means for allw e N¢, X (w) =Y (w).

Example 5.5. Still consider X,, = n21(0,1/n]. Then N = {0}. Then X,, — 0 almost
surely, because X, (w) — 0 for allw ¢ N.

Xy (w) =0 for allw # 0
And X,,(0) = n? 1 .
Example 5.6. Recall we had X, IID unit exponential RVs, where
PX>z)=¢e"

Then

. X, ) X
P | limsup =1)=1 < limsup
logn n—ooo lOgn

where N = {w : limsup,,_,, 15;"” # 1}.
Example 5.7. Let Ae ZA(R). Then using
X1 A) = (XA AN)u (XA n N

we have

P(X € A) = P({w: X(w) € A})

If X =Y almost surely, we have

P(XeA) =P eA
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Properties of indefinite integral

Suppose X = 0.

1) §,XdP = 0if and only if P({X > 0} n A) = 0, that is, X = 0 almost surely on
A. Here, the null set is N = {X > 0} n A.

2) Let X > 0. Let A,, € & be disjoint subsets of (2. Then

e¢]
XdP = f XdPp
J‘uf_IAn nzzl An

3) Let X >0, and A, 1 A. Then by MCT, we have

J XdP —>J XdP
A A

4) Let X € L'(P), and A,, 1 A. Then by DCT, we have

J XdP—»f XdP
A A

Proof of (1). <=: Suppose X = 0 almost surely on A, i.e. P({X >0} n A) =0.
Then

J XdP=J X1,4dP
A Q

Let X,, be an approximating sequence of X, i.e.

e

l\Dl;T‘

X<kl +nlixsn T X

L
TL

n-2" n-2"
k by
Xola = ) (Grl{g xery +nlien)1 Z gnH{kox<tmyaatnlixonna 20

is an approximating sequence of X - 14. So by the definition of expectation of non-
negative random variable, we have EX,, - 14 1 EX - 14. On the other hand,

n2n
k k+1
EX, 14 Z_:Q— ({ <X < o }mA)+n?({X>n}mA2—O

Y

— =0

=0

P({%<X§%}0A)=O, P{X >n}nA)=0

because we assumed X = 0 a.s. on A, so X cannot take nonzero values on A.

Here
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Because we have EX,, - 14 1 EX - 14, thus 0 1 EX - 14. Hence,
EX-1,=0

—: Now suppose §, XdP = 0. Want to show P({X > 0} n A) = 0.
Proof by contradiction. Suppose P({X > 0} n A) > 0. Look at

Then we have

0
lim B, = | J B, ={X>0}n A
n=1

n—00

By continuity of probability, we have

Ji_{rgoP({X>%}mA) —P({X>0}mA> -0

Hence, there exists some ng such that

(x> L) =0

Then
J XdP = FX~1AdP
A J
g R
1
> (— -1 d
J g Tan{xg) P
1 1
= —P<Am {X > —})
Un) Un
>0
Hence, a contradiction. O

Remark 5.22. If X = 0 almost surely on A. Then SAX = 0 because X = 0 almost
surely on A. This implies

Xt =0, a.s. on A
X =0, a.s. on A

Then
fXdP:f X+dP—f X dPp=0-0=0
A A A
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Remark 5.23. If X =Y almost surely on A. Then

JXszJ Ydp
A A

Because X —Y = 0 almost surely on A. Then

0= LXdP—LYdP = L(X—Y)dP

Proof of (2). By definition and MCT,

0 0 0
LHS = JXlUZ:_IAndP - JXZ 1,,dp M"Y JX.lAndP =y L X-dP = RHS
n=1 n=1 n=1 n

]

Proof of (4). If X € LY(P). Then |X 1,4, | <|X| e LY(P). Wehave X 14, — X -14.
Hence, by DCT, we have

LHS = fX 1,,dp 28 fX 14dP

5.5 The Transformation Theorem and Densities

Lecture 2024-11-12

Setup

Consider a measurable map
T:(Q,%8,P)— (V%A

So we denote T' € HB/%'. So the image space (), %') becomes a probability space
(Y, %', P') where P’ = P oT~!. Then consider another random variable

X (A, P)— (R, ZR))
Overall, we are considering the composition
X:(Q,2,P) —— (.2, P) —— (RA(R))
So we are considering the composition X = X' o T.

Theorem 5.24. 1) We have X >0 «<— X' >0, and

JXdP = JX’dP’
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2) We have X € L}(P) < X' e LY(P'), and

JXdP = fX’dP’

Proof. Step 1: Suppose X’ = 1, for some A’ € Z(R). Observe that
X(w) = X/ @) T(w) = 1A/(T<UJ)) = 1T_1(A/)(w)
Starting from the LHS is
LHS = fXdP = JlTl(A’)dP = P(T_I(A/)) _ P/(A/)
And the RHS is
RHS = fX’dP’ = flA/dP’ =P'(A)

So we have LHS equals to RHS.

The key point here is, P’ is not an arbitrary measure. It is the induced measure
by a measurable function 7.
Step 2: Suppose X' is a simple RV. Since integration/expectation is linear, so if
the identity holds for indicator function, it holds for simple RVs.
Step 3: Suppose X' is a non-negative RV. Suppose X’ > 0, then X > 0. We
can find a sequence of simple random variables X/ such that 0 < X/ 1 X’. Hence,
0 < X,, = X], oT is an approximating sequence of X = X’ oT ie. X, 1 X. By step

(2), we have
andP = JX;LdP’

Send n to co. By MCT, we have

J XdP = fX’d P’
This finishes the proof for (1).

For (2), note X = X* — X~. O

Example 5.8. Suppose X ~ N(0,1) is a standard Gaussian. We try to compute

f f(x —e_7d$

for some measurable function f : R — R. Use the language of STAT 501, a standard
Gaussian RV X 1is defined as a measurable function

X:(Q,%8,P) — (R,BR))

such that the induced measure P’ = PoX ™! is given by

_z
e zdx

P(X edr) =

2T
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Or one can say applying measure P’ on the set (—co, x|, it will be defined as

P/((—,2]) ::f L S

—oo V2T

Observe that

P'((—0,2]) = E' 10 = f 1(_oo,x](2)me_7dz

—00

So you see that the expectation holds for f(z) = 1(_y4(2). Hence, it will holds for
general measurable function f € B(R)/A(R). So in general, we have

B - | S

This equal sign comes from the definition of what we mean by an abstract RV has a
gwen distribution.
Lastly, we use the theorem above. So the composition we are dealing with is

(2. 2,P) —— (R BR) —— (R, B(R))
But we are actually considering

@,2,P) =5 (v, 2, P) =L (R BR))

where ' = R, &' = B(R) and P’ = PoX~'. The transformation is T = X and
X' =f, so that f(X) = X"oT. And we have

1
\ 2T

Remark 5.25 (Expectation). If we are computing E X. Then we are considering the
following composition

2
P
e zdx

B0 -Ef= [ @

(2,%.P) —— (R, 2B([R)) > (R,B(R))

Using the previous framework of X = X' oT, we have T'= X and X' = id. Hence,
this expectation becomes

EX =FEid = w id 1 _jd = L _ﬁd
= = - P} — - 3

5.6 The Riemann vs Lebesgue Integral
Lectures 2024-11-12, 2024-11-14

Consider the measure space ([0, 1], %([0,1]), P) where P is the Lebesgue measure.
Suppose f is a bounded continuous function on [0, 1].
A Riemann integral is defined as Sé f(x)dzx.
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[Board figure omitted: the region under the graph of f over [0,1] sliced by vertical
strips over a partition of the domain/

Here we divide the domain into rectangles.

A Lebesgue integral is defined as § fd P. Here we divide the range into rectangles.
(Dividing the range of RVs means to construct an approximating sequence).

Riemann integration is like when counting total values of coins in a bag, you pick
each coin one by one and read the values, and add them together.

Lebesgue integration is like pour the coin out, and separate different types of coin
(5 cents, 50 cent, 1 dollar, etc.). Count each pack of them individually, and finally add
them all up.

Example 5.9. Consider X = 1gnj,11. We can define the Lebesgue integration as

JXdP =P(Q n[0,1])

However, the Riemann integral of X = lgn[o,1] does not erist. Because the Riemann
1s defined as limit of Riemann sum

M fa)y — | fla)da

The choice of points does not matter. But here, the choice of end points does matter.

Theorem 5.26. If f(x) is a continuous function, then the Lebesque integral and Rie-
mann integral are the same.

Proof. Consider the probability space ([0, 1], %([0,1]),P) where P is the Lebesgue
measure. Chop [0, 1] into finitely many intervals Iy, ..., I,, each with length % And

[0,1] = U?:l I;.
[Board figure omitted: the interval [0,1] chopped into n equal subintervals Iy, . . ., I,

with the graph of f and its sup and inf over one subinterval marked]

Construction of Riemann integral. On an arbitrary interval [;, define

Fo=swp @), fi= inf fl2)

:L‘EIZ‘

Define the upper Riemann sum as

and the lower Riemann sum as

Recall that we say f(z) is Riemann integrable if and only if

1
lim 7, = lim ¢, = J f(z)dx
n—0o0 n—ao0 0
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where S(l) f(z)dx is the Riemann integral.
Construction of Lebesgue integral. On the same partition of intervals, define

Flz) = ZT ()

and

Then o
Fn(z) < flz) < Fn()

Taking the Lebesgue integral, see that
| — 1
J :2 . :—m f ?n(l’)dP:Zfi_zan
(01" Son [0.1] -1 "

Hence, we have

f(x)dP < J Fo(2)dP =7,

[0,1]

o= | Rwap<
0,1 [0,1]

Now, send n — oo, then we have

1 1
f flx)dx < flz)dP < J f(x)dx
0 [0,1] 0
O

Remark 5.27. 1) In general, for a function defined in any finite interval |a,b], if
it s Riemann integrable and measurable. Then it is also Lebesque integrable and
the two integrals are the same.

2) Lebesgue integral on [a,b]. So we are considering the probability space ([a, b], #B([a,b]),

instead, where P = 32~ and \ is the Lebesque measure on %([a,b]). We can do

(b-a)| fl@)dP=0-a)]| fla)y—=] flz)dA

[a,b] [a,b] —a [a,b]

5.7 Product Spaces, Independence, Fubini Theorem

Lecture 2024-11-1/4

Definition 5.28 (Product Space). Suppose we have two measurable spaces (0, %)
and (g, B). Now we can define the product of sample spaces to be

Ql X QQ = {(wl,wz) tWh € Ql, Wy € QQ}

[Board figure omitted: the rectangle 2 x Qo drawn with Qy on the horizontal axis
and Qo on the vertical axis, and a point (wy,ws) inside/

99

A
722



Projection map

On this product space, there is a natural projection map

VIV Q1XQQ e Qz

(W1>UJ2) > W

where i = 1,2. For a set A < Q1 x 5, we can define a so-called “section” of this set
A. If we fix a wy € 1, define the w;-section of A as

Ay, i ={wr € Qo (wy,wy) € A}
Similarly, if we fix a wy € ()9, define the wo-section of A as
Ay, i ={w1 € Qi (w,wy) € A}
Properties:
1) If A c Q x Qy. The w;-section is compatible with the complement

(Ac)wi = (Awi)c

2) A, < Q x Qy where a € T, and T is some index set. Then taking w;-section is
compatible with taking arbitrary union and arbitrary intersection

(U A) - UJAa,

aeT aeT
(ﬂ Aa) = ﬂ (Aa)w,
aeT wi aeT

Definition 5.29 (w;-section of a measurable map on the Product space). Consider a
measurable map

X: Ql X QQ — R"
(w17w2) [ X(w17w2)

Fiz a wy € Q. Look at
le ((.UQ) = X(wl,wg)

The map X, is called the wy section of X.
Similarly, we can define wy section of X as

X, (w1) = X (w1, wo)
Properties: Let A < 7 x Q.
1) (1a)w, = 14,
2) (X1 + Xa)u, = (X1)u, + (X2)u,

3) If X,, » X for all (wy,ws) € Q x Qy. Then (X,,),, — Xo,-
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Definition 5.30 (Rectangle). A rectangle in Q0 x Qy is a subset of the form Ay x Ag
where Ay < Q1 and Ay < Qy. We say Ay x Ay is a measurable rectangle if Ay € %
and Ay € HB.

[Board figure omitted: a measurable rectangle Ay x Ag drawn as a box inside 0y x g,
sitting over Ay on the horizontal axis and Ay on the vertical axis/

Lemma 5.31. Denote RECT as the collection of measurable rectangles. Then RECT
18 a semi-algebra.

Proof. 1) @, x Q9 € RECT. Here, @ = &y x &s.

2) If we have Ay x Ay € RECT and By x By € RECT. Then (A; x A3)n (B x Bs) €
RECT. Because

(Al X AQ) N (Bl X BQ) = (A1 N Bl) X (AQ N Bg) € RECT

L. -7 L. 7

N~
63?1 6@2

3) If Ay x Ay € RECT. Then (A; x A3)¢ is a finite disjoint union of members of
RECT. Observe that

(A1 x Ag)¢ = (A x Ag) U (Ay x AF) U (A] x AS)

The three rectangles on the right are pairwise disjoint, so (A; x Ay)¢ is exhibited
as a finite disjoint union of members of RECT — which is exactly what axiom
3) of a semi-algebra requires.

O

Definition 5.32. Consider two measurable spaces (21, B1) and (Qa, Bs). Define the
product o-algebra as
%1 ® %2 = O'(RECT)

This is indeed a o-algebra over 1 xQy. So we have a product space (21 x Qo, B1QHB>).

5.8 Probability Measures on Product Spaces
Lectures 2024-11-16, 2024-11-19

The setting is, given two measurable space (€1, %) and (22, %5). Then the prod-
uct space is
Ql X QQ = {(Cdl,LL)Q) Wi € Ql,WQ S QQ}

Then the product o-algebra is defined as
%1 ® @2 = O'(RECT)

where RECT is the collection of measurable rectangles. So we have a product mea-
surable space (21 x Qq, B ® SBs).

Goal. Want to construct the so-called product measure on the product measurable
space.
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Definition 5.33. Define a set function P1 x P2 on RECT by
(P1 x P2)(A1 x Ay) = P1(A;1) P2(As)

[Board figure omitted: the rectangle Ay x As inside €2y x Qo, with its measure read off
as the product of the side measures P1(A;) and Py(Asz)/

Recall that REC'T is a semi-algebra.

Strategy. If we can show P; x Ps is a probability measure on the semi-algebra
REC'T, then we can use the two extension theorems to extend Py x Ps to a probability
measure (still denoted as Py x Ps), on 0 (RECT) = $; ® Bs.

Show c-additivity. Now we show P; x P is a probability measure on RECT. The
only non-trivial part is o-additivity. That is, if A; x A is a measurable rectangle, and
we have a sequence of disjoint measurable rectangles A7 x A such that

Ay x Ay = | J A} x A3

Then .
(P1 xP2)(A; x Ag) = Z(Pl x Pa)(A7] x A7)

n=1

Then the LHS is

LHS = (P1 x P2)(A41 x Ay) = P1(A1) P2(As)

() (e
- (Lg (Ll 1A1(w1)dP1) 1A2<w2)dP2> = LQ <f91 1A1(W1)1A2(w2)dP1>dP2

r

= ( (\ 1A1><A2(w17w2>dPl)dP2

Q

.
= < (‘ 1u;'§_1(A;leg)(w1,w2)dP1>dP2
J

. N
= ( ( Z 1A”><A”<wlaw2)dP1>dP2 J (J lim Z 1A;leg(W1,w2)dP1)dP2
J , \Jo, N20 =

JQQ an 1

N
MCTx2 4.
B J\lfﬂo L2 (L Z 1A?XAS(W1aW2)dP1)dP2

1 n=1

0
]\IIILEOZJ <f 1A;leg(w1,w2)dP1>dP2=ZJ (f 1A?><A§(W17W2)dP1)dP2

2, ([, pmteostmes)aes = S ([ tetes)- (], ateors)

P1(A7) P2(AY) i P1 x P2)(A] x A3)

n=1

[
M8

3
Il
—_
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Example 5.10. Consider (21, %1) = (R, B(R)) and (Qa, B2) = (R, B(R)). Then the
product space is (R x R, B(R) @ B(R)). The claim is, this is same as (R?, B(R?)),
(N

R x R =~ R?, 2R) R BR) = B(R?)
Because B(R) ® B(R) = c(RECT). But RECT < #B(R?). So
B(R?) = c({I, x I : I, I are open intervals of R})

So B(R?) = B(R) @ B(R).
Similarly,
BRY) = BR)® BR?) = BR?) @ B(R?)
Meaning of P; x P>

If we have two independent RVs XY on a probability space (2, 4, P). Then we can
put two RVs together to form a random vector, i.e.

(V) @.2.0) — & 22

X

1
Y) . This is the

Then the induced measure by this random vector is P’ := P O(

joint distribution of the random vector (;.() And for the RVs

X,Y:(Q,%8,P) — (R,#R))

Their induced measure P; = PoX ! and P, = P oY ! are the marginal distributions.
What is the connection between this and the product measure? Now we have two
probability measures on (R?, 2(R?)):

e P, x P is a probability measure on (R? %(R?))
e P’ is a probability measure on (R?, %(R?))

The claim is : P’ = P; x Ps.
Because for any Ay x Ay € RECT, we have

Y Y
=P(X € A)P(Y € A3) = P1(A1) P2(A2) = (P1 x P2) (A1 x Ay)

P/(Ay x Ay) — Po(X)_l(Al X Ay) — p((X) € A, x Ag) _P(X e ALY € Ay)

So P’ = P1 x P2 on RECT. But RECT is a m-system. Then by Dynkin’s 7 — -
theorem, if two probability measures agree on a m-system, they agree on the o-algebra
generated by that m-system. Hence,

P' =P x P, on o(RECT) = B(R?)

Remark 5.34. Independence corresponds to product measure.
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Definition 5.35 (Strips). Define the collection of strips of € as
BE = (A x Qy: Ay € By}

as well as the collection of strips of €25 as
BY = () x Ay : Ay € Bo)

[Board figure omitted: a vertical strip Ay x Qo and a horizontal strip 0y x Ay drawn
across the box Qy x Qo, crossing in the rectangle Ay x As]

Claim 5.36. Thus, 7 and B are independent on Py x P.
Because
(P1 xP2)(A1 x Qo Ny x Ay) = Py x Pa(Ay x Ay) = P1(A41) P2(A,)
On the other hand, we have

P1 x P2(A; x Q) = P1(A1) P2(€22) = P1(4y)
P1 x Pa( x Ay) = P1(Q1) Pa(A2) = P2(Ay)

Next, let us see how we can construct two independent random variables X, X5
with given distribution functions F(z) and Fy(z).
We have already learned to construct

X1 (S, %1, P1) — (R, %B(R))
such that X; has Fi(z) as its DF. And we also have already learned to construct
Xy 1 (2, %2, P2) — (R, B(R))

such that X5 has Fy(z) as its DF.

Construct independent RVs from Product space

Suppose we have two probability spaces (21, %, P1) and (€, %, P2). Then we can
construct the product space (21 x s, %1 ® Bs, P1 X P2), and %’f and %f are inde-
pendent.

Question. How to construct a probability space with two RVs X; and X5 such that
1) X1 ~ F1<ZE) and X2 ~ FQ(ZL’)

2) X1 and X, are independent.
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Last time we have quickly mentioned that we can construct (€21, %1, P1) with Xj
such that X; has DF Fj(x). Similarly, we can construct (2, %, P2) with X5 such
that X, has DF Fy(x).

Right now, X; and X, are two RVs on different probability spaces. So we can’t
talk about their independence. The solution is really to consider the product space.
Construct.  Set (0 x Qy, B ® Bo, P1 x Py). Fix a wy € Qy. Define a map on
0 x Qy

X1 (wl, (,UQ) = Xl(wl)

Similarly, fix a wy € €2y, define

Xo(wr,ws) 1= Xa(w2)
Then the o-algebra generated by X; will be

o(X,) ={X;'(B): Be #(R)}
= {{(w1,ws) : X1(w1,ws) € B} : Be B(R)}
= {{(w1,ws2) : Xi(w1) € B} : Be Z(R)}
= {X;Y(B) x Qy: Be ZR)}

c A #
Similarly,

o(Xy) = {X;'(B) : Be #(R)}
= {{(w1,ws) : Xo(wy,ws) € B} : Be B(R)}
= {{(w1,ws) : Xo(wy) € B} : Be Z(R)}
= {0 x X, Y(B) : Be Z(R)}
c %’f

So o(X;) and o(X5) are independent. Hence X; and X, are independent.

The DF for X is

Fg (z) = (P1 x P2) (X1 < 2) = Py x Pa({(w1,w2) : Xi(wr,ws) < z})
= (P1 x P2)(X1 < 2) = P1 x Pa({(w1,ws) : X1(w1) < a})
= (P1 x Pa)(X7 (=00, z]) x Q)
= Pi(X[ ' ((—0,2])) P2(2)
= Pi(X[((~0,2])) = Fx,(2) = Fi(2)

Hence, DF of X, is equal to DF of Xj.

5.9 Fubini’s theorem

Lecture 2024-11-19
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Motivation

If you look at Riemann integration, and you have a function of two variables f(z,y).

You are trying to integrate it
0 Q0
f J [z, y)dzdy
—00 J—0

We can define the so-called double integration of this function. The way to do it is
still divide the domain R? into grid, and consider the Riemann sum. Then shrink the
size of the grid to 0.

But the way we really do the computation is to first compute integration wrt z (or
y), then integrate another, i.e.

R < [ e y)dm) w- | ( | s y)dy) s

We first do dx if it is easier to compute. But the important remark is, SO_O " SO_O o f (@, y)dzdy
is not defined to be the latter two. They are just happened to be equal. In fact, prove
they are equal is a non-trivial task.

Key question

In Lebesgue integral, we consider the product space (21 x 5, %1 ® Bo, P1 X P2).
Consider a RV X (wy,ws) on the product space. The key question is, do we have

f Xdplxp22f< X(wl,w)dpg)dplij U X(wl,wg)dm)dm
leﬂg Ql QQ QQ Q1

Define

Y(wl) = 0 X(wl,WQ)dPQ
2

Theorem 5.37 (Fubini’s Theorem). 1) Y (wy) is well-defined and Y (wq) € ;.
2) If X =0, then Y(w) = 0 and the following holds:

J XdPleQZJ (f X(wl,WQ)dP2>dP1=f < X(wl,wg)dPl)sz
Q1><Q2 Q1 QQ Q2 Q1

Call this property ().
3) If X € LY(Py x P2), then Y(wy) € L*(P1) and (*) holds as well.

Proof. Part (1). Remember that when we do the Lebesgue integration, we need the
function under the integral to be a measurable function. Here we are integrating Y,
so we need Y to be a measurable function.
We will skip the proof.
Part (2). Assume X > 0.
Set
C :={Aec P ®ABy: s.t. () holds for 14}

First goal is to show %, ® %, < €. Note that
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1) () holds when A = A; x A, is a measurable rectangle, i.e. A€ RECT, equiva-
lently, this means RECT < €.

2) € is a A-system.
Proof of (1). To see (1), start from LHS,
LHS = 14,x4,dP1 X Py = P1 x P2(A1 x Ag) = P1(A1) P2(A2)
Ql><QQ

And RHS is

RHS = ‘J (f 1A1><A2(w17w2)dP2)dP1
Q4 Qo

( [ 1A1<w1>1A2<w2>sz>dP1
92

L, (w1) (LQ 1A2(W2)dP2) dP,

J

I
[ S

Q1
-

I
| S

971

v~

=P2(A2)

r

= J 14, (w1) P2(A2)d Py

_ <L 1A1(w1)dpl) P (As)
= Pl(;h) P2(As)

So LHS equals to RHS.
Proof of (2). We need to check 3 axioms of the A-system.

1) Q x Qy € € because 0y x Qy € RECT.
2) If Ae €. Then A°€ .

LHS_J 1ACdP1 XdPQ_l—f ]-AdPl XdPQ
Ql><Q2 Q

1 X002

-1 fm (LQ 14(wy,ws)d P2>dP1
_ L (La - lA(wl,wg))sz)dP1
_ L <JQ2(1Ac(wl,w2))dP2)dP1

= RHS

3) If Ay, As,... €%, and disjoint. Then UX_ A, € F.
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Then

0 0
LHS = f 1,2 4,d Py X Py = D 14,dPixPy= )] f 14,dP1 x Py
leﬂg leﬂg n=1 n=1 leﬂg

S eonor

n=1

0
MC:T><2J (J ZlAndP2)dP1
Q1 \JQ2 1

= f (f 1u;°§_1AndP2)dP1
Q1 Qo

= RHS

Hence, we proved % is a A-system.
Then by Dynkin’s m — A theorem, we know

1. RECT is a m-system,
2. € is a A-system (from (2)) such that RECT < € (from (1))

Hence, € > o(RECT) = %, ® Pos.

We have proved (x) holds for 14 for all A € %, ®%,. Hence (*) holds for all simple
RVs. Then approximation, (x) holds for all X > 0.
Part (3). Now let X € L'(P; x P2). Write X = XT — X~ with X", X~ > 0 as in
the construction of the expectation. By Part (2), () holds for X* and for X, and
both integrals

J Xidplxpggf | X|dPy x Py < ©
Q1><Qz

QlXQQ

are finite. In particular the functions

Yi(wl) = Xi<(JJ1,(JJ2)dP2
Qo
satisfy SQI Y*dP, < w, so Y* € LY(Py), and Y*(w;) < o for Pi-almost every w;.
For every such w; the inner integral
Y(wl) = X(wl, (,«}2) dP2 = Y+(w1) — Y_<(U1)

Qo

is well defined and finite, and Y = Y+ — Y~ e L'(P;). Subtracting the two instances
of (), all quantities being finite,

J XdP1><P2=J Y+dP1—J Y_dP1=f ( X(w1,w2)dP2)dP1
Q1 %09 1971 1951 931 Q2

and the same argument with the roles of 2; and )5 exchanged gives the second iterated
integral. This proves (x) for all X € L'(P; x P3). O
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6 Convergence Concepts

6.1 Convergence Almost Surely

Lecture 2024-11-21

Convergence of Numbers

A sequence of numbers (a,) converges to a. That means, the sequence has a limit. For
example, if a,, is a Cauchy sequence, that is for any € > 0, we can find a Ny such that

|, — am| <€, for any n,m = Ny

Definition 6.1 (Convergence almost surely). Given a probability space (2, 4,P). A
sequence of random wvariables X, converges to a target X almost surely if there is a

null set N € B and P(N) = 0 such that
Xp(w) — X(w), asn — +o, forallw¢ N
Remark 6.2. This is really point-wise convergence.

Example 6.1. Consider the probability space ([0, 1], Z([0, 1]), \) where X is the Lebesgue
measure. Then
Xn = n1[07l]

Then
Xp(w) — 0 ifw #0

And only when
X,(0) =n — 4

Here we say X,, converge to 0 almost surely, with N = {0}.

Example 6.2. Let X,, be a sequence of I1ID RVs with common DF F(z) such that
F(z) <1 for all x e R. Set

M, = max{Xi,..., X,,}
The claim is: M, — +00 almost surely.
Proof. Look at for any fixed M > 0. Denote B, = {M,, < M}. Let

Ay = {{weQ: M,(w) < M} io.} =limsup{M, < M} = limsup B,

n—o0 n—0o0

If w e Ay, there are infinitely many M, (w) such that M, (w) < M. Observe that

P(B,) = P(M, < M)
<M, Xo<M,...., X, <M)

[ [P(X: < M) = FOy
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Hence,

2 P(B,) = 2 F(M)" < 4o

= n=

[y

By Borel-Cantelli, we will have P(Ays) = 0.
Because for each M € Zs;, we have P(Ay;) = 0. Hence, if we consider the union
of all Ay, its probability will be

o]
()=
M=1

Here our null set will be .
N =[] Au

M=

o Ifw¢ N, then we ng_ AS,.

e That is, for any M > 1, w € A§, = liminf, ,,{M, > M}.

e That is, there exists Ny such that M, (w) > M for all n = Ny.

Summarise, we have M, (w) — 4+ if w ¢ N. O

Definition 6.3 (Cauchy sequence almost surely). A sequence of RVs X,, is said to be
Cauchy almost surely, if there is a null set N € B with P(N) = 0 such that X, (w) is
Cauchy sequence of numbers for all w e N°€.

Remark 6.4. By definition, X,, is a Cauchy sequence almost surely, if and only if
X, converges almost surely. Because after we fiz a w € N¢, X,,(w) is a number. So
convergence almost surely is really convergence of numbers.

6.2 Convergence in Probability
Lectures 2024-11-21, 2024-11-23

Definition 6.5 (Convergence in probability). A sequence of RVs X,, converges to X
wn probability if for any 0 > 0, we have

P(X,—X|>9)—0 as mn — +ow

Example 6.3. Consider the probability space ([0, 1], B([0,1]), A) where X is the Lebesgue
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measure. We define a sequence of RVs in the following way:

X, =1

Xy = 1[07%]
X3 := 1[%71]
Xy =T 1
X5 = l[ié]
Xg = [1.3)
X7i=1p

L&
I
=)
ol
—

Claim 6.6. X,,(w) does not converge for all w € [0, 1].

Because X, (w) is a sequence of 0’s and 1’s with infinitely many 0’s and infinitely
many 1’s.
So X,, does not converge almost surely.

Claim 6.7. X,,(w) does converge in probability.

The intuition is, because the bar gets narrower and narrower, so the measure of
these bars will shrink to zero. (In the picture.)

[Board figure omitted: the graphs of the indicator random variables X,, over [0,1],
whose bars become narrower as n grows/

A X, — 0] > 8) = A(A,) — 0

Definition 6.8. X, is said to be a Cauchy sequence in probability if: for any § > 0,
and € > 0, there is a Ny such that

P(X, — X >0) <e Vn,m = Ny

Lemma 6.9 (EXAM). Suppose X,, is a Cauchy sequence in probability, then there is
a subsequence that converges almost surely.

Proof. Want to find a sub-sequence X,,, such that X,, converges almost surely.
Set ng = 1. Because X,, is a Cauchy sequence, so for all n,m > N, we will have
P(| X, — Xm| > 3) < 5. We define n; by picking the smallest of such N.

1 1
ny = min{N}nO: P( X, — Xn| > 5) < 3 Vn,m = N}

Similarly, define

1\’ 1\’
ng = min{N?nﬂ P<|Xn_Xm| > (5) ) < (5) Vn,m)N}
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Keep going, we define

1\" 1\*
ng = min{N}nklz P(|Xn—Xm| > (5) ) < (5) Vn,m > N}

Next, we show X, is a Cauchy sequence almost surely. Because we are working in
a complete space. A sequence being Cauchy is equivalent to a sequence is convergent.
Hence, X, converges almost surely. Let

1 k
Ak‘ = {|Xnk+1 _Xnk| > (5) }

by our choice of n;’s, we will have
1\*
P4y < (5)

0

Y P(A) <+
k=1
Hence, by Borel-Cantelli, this implies

P({A) i0.}) =0

Thus, our null set is N = {4 i.0.}.

Finally, we showed for every w ¢ N, the sequence X, (w) is a Cauchy sequence of
numbers.

See that if

Hence,

we N =liminf A}
k—o0

That is, for all k& > My(w), we have

1 k

This implies for that fixed w, we have

o)~ X < ()

To see this is a Cauchy sequence, consider WLOG r > [, then using telescoping sum

X, () = Xy (@)] € [ X, () = X, 1 (0)] [ Ko, 1 (0) = X, (@) + - [ X () = X, ()]

v ~ "

<(zmr <(3)? <(3)!
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Theorem 6.10. Let X,, be a Cauchy sequence in probability is equivalent to X, con-
verges to X in probability.

Proof. (<=) If X,, —> X in probability. Then

P(X,— X >0)=P(X, - X+ X — X,,| >9)
<P(|X, — X[+ |X - X,,| > 6)

<p(1X,-x1> §) +p(1x -0 3)

(=) Suppose X,, is a Cauchy sequence in probability. Then by the lemma we have
a subsequence X, that converges to X almost surely. This further implies X,, — X
in probability.
Next, we want to show X,, — X in probability
P(|X,— X|>9) =P(X,— X, + X,,, — X]|>9)

1) )
< P(IX0 = X, | > ) + P(X,, — X| > 5)

But because X, is a Cauchy sequence in probability, so when n is large, the probabil-
ities
) )
P(X,~ Xol > 5), P(Xy, —X] > )
are both small. This finishes the proof. n

6.3 Connections Between a.s. and i.p. Convergence

Lectures 2024-11-21, 2024-11-23, 2024-11-26

Lemma 6.11. Convergence almost surely implies convergence in probability.

Proof. If we have X,, — X almost surely. Then we have

0=P(X, - X|>dio)

= P(limsup{\Xn - X| > (5})

n—o0

=P(ﬁ CJ{]Xk—X] >5})

n=1k=n

E gggop(fjuxk ~X|> 5})

k=n
- >

S| XX |56}
> limsup P({|X,, — X| > 6})

n—0o0

=0

This implies
lim P({|X,, — X| >d}) =0
n—0oo
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Theorem 6.12. X,, converges to X in probability is equivalent to for any subsequence
Xn, of Xy, there is a further subsequence X, of X, which converges to X almost
surely.

Proof. ( =) Suppose X,, converges to X in probability. Then we pick any sub-
sequence X, , this subsequence also converges in probability. Then X, is a Cauchy
sequence in probability. Hence, there is a further subsequence X, converges to X
almost surely by the lemma (EXAM). L
( <) Suppose any subsequence X, of X, there is a further subsequence X, of
X, which converges to X almost surely. Z
We prove by contradiction. Suppose X,, does not converges to X in probability.
Then there exists some § > 0 and € > 0 and a sequence n; such that

P(|X,, — X|>6) >e¢
We look at X, , then there is a further subsequence Xnkl_ of X,, such that
Xy, — X almost surely

This implies
P(|X,, — X[ >0)—0 as i — o0

This contradicts there exists some 6 > 0 and € > 0 and for all n;, we will have
P(| X, — X|>0)>c¢
O

Corollary 6.13. Let X,, be a sequence of RVs. Let f(x) be a continuous function.
Then

1) X, — X almost surely implies f(X,) — f(X) almost surely.
2) X, — X in probability implies f(X,) — f(X) in probability

Proof. Proof of (1): Suppose X,, — X almost surely. Then there exists a null set
N € % such that P(N) =0, and X,,(w) — X (w) for all w e N°.
Then
f(Xy(w)) — f(X(w)) for all we N°

Proof of (2): In order to show
f(X,) — f(X) in probability

is equivalent to show for any subsequence f(X,,) of f(X,), there is a further subse-
quence f(X,, ) of f(X,,) converge almost surely.

By assumf)tion X,, — X in probability. According to the theorem, for any subse-
quence X, , there is a further subsequence X, of X,, such that Xnk — X almost
surely. Then by (1), then f(X,, ) — f(X) almost surely. Then we use converge almost
surely implies converge in probability. O]
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Proposition 6.14. Let X,, — X in probability and Y, — Y in probability. Then
X, +Y, - X+Y wn probability

and
X, Y, -XY in probability

Proof. Want to show for any subsequence X, + Y, , there is a further subsequence
which converges to X + Y almost surely.

The question is how to find this “further subsequence”.

Since X,, — X in probability, by the theorem, we can find a further subsequence
X, of X, such that X,, — X almost surely.

Now the problem is, if we consider the subsubsequence Y, , it may not converge
almost surely. (It is just a random subsequence of Y,,. It is not constructed using the
theorem we were using).

But by the theorem, there is a further subsequence Y, of Y, suchthat Y, —Y

J J

almost surely.
Now, consider the subsequence X,, of X, . Any subsequence of a sequence
lj 2
converge almost surely also converge almost surely. Hence, X,,, — X almost surely.
i

At the end,
X, +Y, —X+Y almost surely
ij 2

By the theorem, this proves X,, + Y, — X + Y in probability.

The product. The same construction proves the second statement; no new extrac-
tion is needed. Fix a subsequence X,,, Y, of X, Y,. Running the argument above on
the indices 7y, produces indices ny, along which

Xnk,.. — X and Ynki_ — Y almost surely
J J

Let N be the union of the two null sets off which these two convergences hold; then
P(N) = 0, and for every w € N° the two sequences of real numbers X, (w) and
i
Yy, (w) converge to X (w) and Y (w). The product of two convergent sequences of real
i

numbers converges to the product of the limits, so

Xn,%._ : Ynki_ — XY almost surely
J J

Thus every subsequence of X, Y,, has a further subsequence converging to X -Y almost
surely, and the theorem gives X,, - Y,, — X - Y in probability. O

Corollary 6.15 (DCT - relaxed version). If X,, — X in probability, and | X,| <Y €
LY(P). Then
lim EX,=EX

n—oo

Proof. Prove by contradiction. Suppose the limit of E X,, is not EX. Then there
exists a subsequence E X,,, such that

EX,, —EX|>c¢
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for some small € > 0.

On the other hand, for X,,, we can find a further subsequence Xnki of X,, such
that Xnk,. — X almost surely.

By the usual DCT, we have

EX,, —EX as ¢ — o0
This contradicts the |E X,,, — E X| > ¢ for some small € > 0. O

6.5 L? Convergence

Lectures 2024-11-26, 2024-12-03, 2024-12-05

Definition 6.16 (L?(P) space). For any p = 1, define
LP(P) :={X : E|X|F < 0}

Proposition 6.17 (Properties of LP(P) space). 1) LP(P) is a R-linear space. That
is, if X,Y € LP(P), and a,b e R. Then aX + bY € LP(P).

Proof. Proof of (1): It is trivial that aX € LP(P) and bY € LP(P). So, we only
need to show X +Y € LP(P) if X,Y € LP(P). Because

EIX + Y[ <EQ(X|v[Y])" = 22E(XP v [Y]?)
<S2PE(X]P+ [Y]P) = 2°(E(X]) + E(]Y]"))
—_——  ——
<0 <0
< w
This completes the proof. n

Definition 6.18 (LP(P)-norm). L(P) norm of X € LP(P) is defined by
X1, == (BIX]")?
This is a norm of the R-vector space LP(P), because it satisfies the azioms of norm.
That 1is:
1) | X, =0, and | X]||, = 0 if and only if X = 0 almost surely.
2) NlaXllp = lalllXIl,-

3) Triangular inequality.
X+ Yl < [1X]p + Y[l

Remark 6.19. Triangular inequality for LP(P)-norm is called Minkowski inequality.

Definition 6.20 (L”(P) convergence). Let X,,, X € LP(P) space. We say X,, —» X in
Lr(p) if
[ Xn = X]lp, = 0

Lemma 6.21 (Holder’s Inequality). If p,q > 0 such that zlo + % = 1. (In literature,
people say p is conjugate to q). Then
[ XY = BIXY| < [[X]], - [Y]lq
116



Meaning of Holder Inequality

If p =g =2, then we have
E[XY] < [|X][2[[Y]2

If X =Y, then we have
E|X X|=EX?*<®

This means, if we want X € L'(P), then a sufficient condition is X € L*(P).
There is a balance between integrability of X and integrability of Y.

Important Inequalities
1. (Holder’s inequality): for p,q > 1 and 1—1) + é = 1. Then E|XY| < [|X|,|Y]l4
2. (Minkowski inequality): for any p > 1, we have ||X + Y, < || X||, + [|Y[|,-

3. (Jensen’s inequality): If f(z) is a convex function. Then f(EY) < E f(Y).

Definition 6.22 (Convex function). A function f(x) is called a convex function if it
satisfies the following property

[tz + (1 =t)y) <tf(x)+ A -0)f(y), Vie(01)

[Board figure omitted: the graph of a convex function together with the chord joining
two of its points, the chord lying above the graph]

Another way to define a convex function is, to write f(x) as

fz) = sup [(x)
I(z)eLin(R,R), l(z)<f(z) Vx

Proof of Holder’s Inequality. Note, for a,b > 0, we have
1

1
ab < —a? + b7, (%)
p

because if we look at f(s) = e®, and we pick s, such that a = s and b = ei. Thus,
we get

Take




By (*), we have

XL ALY LY
BN N

Taking expectation both sides, we have

E|X||Y] LEXP 1EY]T 1 1
oo S T > t— T =—+t-=1
XYMl 2 IXNe g IYla  » g
—— ——
=1 =1
Hence, we get
E[XY] < [ X][p[Y1lq
This completes the proof. n

Proof of Minkowski’s Inequality. If p = 1, then we get the usual triangular inequality
for real numbers, i.e.

EX + Y| <E(X]+[Y]) = E[X]| + E[Y]

For p > 1. Note first p— 1 = %' So

IX +Y|P=E|X +YP =E[X +Y[""" =E[X +Y||X + Y]
<E[(X|+|[YD|X + Y]] = E[X||X + Y| + E]Y||X + Y|, A-ineq for R
<X X + Y]a]ly + [Vl I1X + Y[5]l,,  Holder’s ineq
= | XI,(BIX + Y[P)s + [V [,(BIX + Y]?)s
= | X[L((BIX + Y?)2) + [[YI,(BIX + Y[)»)
— Xl X + YU+ 1Y ] - 11X + Y118
= (X + 1Y) - 11X + YIS = (X + 1Y) - 11X + V]2~

ya
q

Factor out [[|X + Y[[[5~" both sides, we have
X+ Y, < [ X[l + Y]l
This completes the proof. O

Example 6.4 (Jensen’s inequality). Consider f(z) = z*. By Jensen’s inequality, we
have
(EX)’ <EX?

Recall the variance of the random variable is always non-negative, and it is of the form
0<Var(X)=E(X —EX))=EX? - (EX)?

Hence, we get the Jensen’s inequality.
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Proof of Jensen’s inequality. Recall that a convex function is defined as

f(EX) = sup (EX)
leLin(R,R), I(2)<f(2) Vz

Recall that a linear function in R has the form [(x) = ax + b for some a,b € R. Hence,
(EX)=aEX +b=E(aX +0) = El(X)
Hence, the convex function can be expressed as

fEX) = sup (EX) = sup El(X)
leLin(R,R), I(2)<f(z) V= leLin(R,R), I(2)<f(2) V=

But because I(z) < f(z) for all z € R, hence we have

fEX) = sup E [(X) <E/f(X)
leLin(R,R), I(2)<f(2) V2 S—~—
<f(X)
This completes the proof. O

Remark 6.23. If m > n for some m,n > 1. Then if X € L™(P), then X € L"(P).
Given E|X|™ < c0. We want to show E|X|" < co.

By Holder’s inequality and choose p =, we have

EIX|" = BIX|" -1 < [IX"(lI1, = ®IX|™)" = (E]X]")m < o

Recap

We have three form of convergence
1. Convergence almost surely
2. Convergence in probability
3. Convergence in LP(P) for p > 1.

We have discussed the first two form of convergence. This time we will discuss con-
vergence in LP(P).

[Board figure omitted: finite dimensional vector convergence]
In general, LP(P) is an infinite-dimensional vector space.
Remark 6.24. The relation of these three form of convergence is
e Convergence in LP(P) implies convergence in probability
e No relation between convergence in LP(P) and convergence almost surely

Theorem 6.25. Convergence in LP(P) implies convergence in probability.
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Proof. We want to show
P(|X,—X|>9) —0 as n — oo
We will apply Chebyshev’s inequality. See that
(X, = X| > 8} = {| X, — XJP > 07}
Then by Chebyshev’s inequality, we have
P(| X, — X|>0) =P(X, — X|? > ")
< EX - X X = X

opP o
-0 by assumption

]
Definition 6.26 (Cauchy sequence). We say X,, is a Cauchy sequence in LP(P) if
e X, € LP(P)
o | X, — X\, — 0 asn,m— .

Question. Are we going to have following equivalence? X,, converges to X in LP(P)
if and only if X,, is a Cauchy sequence in LP(P).

Question. Suppose X,, converges to X in probability. What can we say for convergence
in LP(P)?

These two questions is going to be answered in one theorem. By before that, we
need a definition.

Definition 6.27 (Uniform Integrability — 1). A family of RVs {X; : t € T} is said to
be uniformly integrable (Ul) if the following holds:

1. Xy e LY(P) for allt e T,
2. Because X; € L'(P), so the set {X; > N} | @ as N becomes large. Thus,

Supf | X¢|dP — 0 as N — +o
{|X¢|>N}

teT

Example 6.5. Consider a single random variable {X} where X € LP(P). Then this
family is uniformly integrable.
Because since X € L*(P). So

P(|X|=N)—0

So
Yv =X 1yxsny —0 almost surely

In addition, the random variable Yy is bounded above by | X| e LY(P), i.e. [Yn| <
| X| e LY(P). So by DCT, we have

J |X\dP=JYNdP—>O as N — o
{IXI>nN}
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Example 6.6 (Dominated family is uniformly integrable). A family of random vari-
ables {X; : t € T} is called a dominated family if there exists a Y € L*(P) such that

X, <Y eL(P)

Then {X; : t € T} is uniformly integrable.
This is because
sup [ |xjdp< | Vi
teT J{|X¢|>N} {IY|>N}

Example 6.7 (Finite family is uniformly integrable). If we have a finite family of
random variables {X1, ..., X,} where each X; € L'(P). Then this family is uniformly

integrable.
This is because if we let Y = |Xq| + ...+ |Xn|. Then

e Y is integrable, i.e. Y € L*(P)
o All X, is dominated by Y, i.e. |X,| <Y for all n.
Thus, the uniformly integrability of this family follows from the last example.

Example 6.8 (A family that is dominated by a uniformly integrable family is also
uniformly integrable). If {X, : t € T} is dominated by {Y, : s € S}, i.e. | Xy < |3
And {Ys : s € S} is uniformly integrable. Then X, is uniformly integrable.

Example 6.9. Suppose for some € > 0, we have

sup B[ X' < M < 4+
teT

Then {X; : t € T} is uniformly integrable.

Proof. Consider the targeted integral. Note that under the event {|X;| > N}, we have
the following inequality.

| X

J |Xt|dP<J |Xt’<T) dP
{|X¢[>N} {|X¢|>N}
1

_ — ‘Xt|l+8dP
N J{|X,f|>N}

1

< FSEPE|X1§|1+S
M

<
NE

— 0 as N — +w

Remark 6.28. There is an equivalent definition of uniformly integrability.

Definition 6.29 (Uniform integrability —2). A family of random variables { X, : t € T}
18 said to be uniformly integrable if
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1) sup, E|X:| < M <+

2) For any € > 0, there exists a § > 0 such that

supf | Xi|dP < €
t JB

if P(B) <.
Theorem 6.30. Two definitions of uniformly integrability are equivalent.

Proof. (=) Consider the integral.

let!dP = f |Xt|dp+f 1X,|dP
{|X¢t|>N} {|X¢|<N}

Taking the supremum both sides,

t t

supf|Xt|dP < Supf |Xt|dP+SupJ | X |dP
t {|X:|>N} {|X:|<N}

From previously showed results, if NV is large enough, then we have
{IX:|>N} {|X:[>N}

Hence, we can pick N large enough such that

t t

(- 7 (-
~~ ~

st <Sfix,1<ny NP

<1+ J NdPp
{|X¢|<N}

<1+JNdP=1+EN=1+N

supJ]Xt|dP = supf | Xi|dP —i—supf | X |dP
t {|X¢|>N} {IXt|<N} B

Hence, if we further integrate over B, then we will have

(-

J!Xt!dP= f !Xt!dPJrf 1X,|dP
B

Br{|X:|>N} Br{|X:|<N}

< |Xt|dP+J Ndp
{|X¢|>N} B

(&

_ | X,|dP +N P(B)
J{|Xt|>N}

By the first definition of uniform integrability we may fix an Vi, depending only on €,
with

supf I X |dP < ¢
t Jxi=n) 2
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2N
and since the derivation of the display above is valid for any cutoff in place o

applying it with V; gives

Having fixed Ny, set § := 55~. Then every B with P(B) < ¢ satisfies N P(B) < 5,
£ N,

+ - =€

supJ | Xi|dP < supf | Xi|dP +N, P(B) <
t JB {1 X¢|>N1}

€
t 2

DO | ™

which is condition 2) of the second definition. Condition 1) is the bound sup, E|X;| <

1 + N obtained above.

(<=) Suppose 1) and 2) of the second definition hold. Condition 1) gives E|X;| <

M < +w for every t, so each X; € L'(P), which is condition 1. of the first definition.
Fix € > 0 and let 6 > 0 be the number supplied by 2). By Chebyshev’s inequality

and 1),

E X M
< — S =
sgpP(|Xt| > N) SLtlp N N

So if Ny > %, then for every N > N, and every t the event B; := {|X;| > N} has
P(B;) < & < 4. Condition 2) is a statement about every event of probability less
than ¢, so we are free to apply it to this t-dependent event:

s

| xlap = [ xlap < [ [xidp <
{|Xt‘>N} Bt Bt

Taking the supremum over ¢,

supJ | Xi|dP <€ for every N = Ny
{|X¢|>N}

t

Since € > 0 was arbitrary, this says exactly

supf | Xi|dP — 0 as N — +o
t HIXi|>N}

which is condition 2. of the first definition. O

6.6 More on L’ Convergence

Lecture 2024-12-07

Theorem 6.31. Let (X,,) be a sequence of RVs andp = 1. The following are equivalent
1) (X,) converges in LP(P).
2) (X,) is a Cauchy sequence in LP(P).
3) The sequence (|X,|P) is uniformly integrable and (X,,) converges in probability.

Proof. We prove for p = 1. The proof for general p > 1 will be similar.
(1) to (2): We know X, converges to X in LP(P), i.e.

| X, — X[, — 0 asn—ow
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What we want is

X0 = Xonllp = [[Xn = X + X = Xl
< X = Xl + [ X — X, triangle ineq

v

—>0 —0

—0 asn,m—

(2) to (3): Suppose (X,,) = L'(P) is Cauchy. Two things have to be shown: that the
family {X,, : n = 1} is uniformly integrable, and that (X,) converges in probability.
We verify uniform integrability in the form of the second definition, that is

1) sup,; E|X,| < +o0, and
2) for every e > 0 there is a 6 > 0 with sup,,», §|Xn|d P < € whenever P(B) < ¢.

We begin with 1). We pick an arbitrary n > 1 and look at

E[Xo| = | Xn[ly = X0 = Xy + Xn |k
< X = Xl + [[ Xl

Now we pick N so that ||.X,, — Xn||1 <1 for all n > N. Hence, we get
E[Xn| < | X0 = Xnll + [ Xnlly < 1+ [[Xnlly
Hence, taking the supremum over all n > N, we will get

sup B[ Xy| <1+ [|Xn[h

n=N
This again implies
SUPE|X | < max{|| Xq[, | Xalls, o I XNl T+ [ XN} < o0
'n,>
Consider

j | XpldP = J | X, — Xy + Xn|dP
B B
<J X, — Xn| + [XxldP
B
<J|Xn—XN|dP+f [XyldP
Q B
= || X, — Xn|1 + f | Xn|dP
B
We now combine the two estimates. Given € > 0, use the Cauchy property to pick NV

with .
| Xn — Xn|l1 < 3 foralln > N
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Also, recall from the last midterm question that for a single L' random variable the
integral is absolutely continuous: for each of the finitely many variables Xi,..., Xy
there is a d,, > 0 such that SB]Xm\dP < § whenever P(B) < d,,. Put

0 :=mind,, >0
m<N

which is positive because the minimum is over finitely many positive numbers. Let B
be any event with P(B) < 4. For n > N the estimate above gives

J | XnldP < || X5 — Xyl +J I XnldP < Crf_ .
B B 2 2

and for n < N we get {,|X,|dP < § < e directly from the choice of §. Hence
supJ | X, |dP <€ whenever P(B) < §
n=1 JB

which is 2). Together with 1) this shows {X,, : n > 1} is uniformly integrable.
It remains to check that (X,,) converges in probability. By Chebyshev’s inequality,

P(|Xn - Xm| > 5/) & o'

—> 0 as n,m — o

for every ¢’ > 0, so (X,,) is a Cauchy sequence in probability, and therefore converges
in probability, by the theorem on Cauchy sequences in probability from the subsection
on convergence in probability.
(3) to (1): Assume X, converge in probability. Then there is a subsequence X,
such that

X,, — X almost surely

Then

E|X| = Eliminf|X,, | <liminf E|X,, | < supE|X,| < ©
k—o0 k—o0 n>1
where the first equality holds because | X, | — |X| almost surely along the subse-
quence, the first inequality is Fatou’s lemma, and the final bound is condition 1) of
uniform integrability. In particular X € L}(P).
Next, note that

~——
eLl(P)

Because |X,,| is uniformly integrable, then |X,| + |X| is also uniformly integrable
because | X| € L'(P). Indeed, {|X,| : n = 1} is uniformly integrable by hypothesis,
and the single random variable |X| is uniformly integrable because X € L'(P), as
shown above. Both conditions of the second definition are preserved under sums: the
first moments add, so sup,>; E(|X,| + |X|) < sup,-, E|X,| + E|X| < o, and given
€ >0, a 0 that works for both families with § in place of € works for the sum. Hence,
| X, — X| which is dominated by | X,,| + | X| is uniformly integrable. To summarize, we
have

e | X,, — X| is uniformly integrable.
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e | X, — X]| converges to 0 in probability, i.e.

P(|X,—X|>¢) >0 asn—w
For || X,, — X||1,

1X0 = X = jm — X|dp = j

|Xn—X|dP+J X, — X|dP
{IXn—X|>¢}

{1 Xn—X|<e}

For the second integral term, under the event

f ]Xn—X|dP<J edPéJedP=e
{|Xn—X]|<e} {1 Xn—X|<e} Q

For the first integral term, we use uniformly integrability. From convergence in prob-
ability, we have the measure of the set {|X,, — X| > €} is small. Then by uniformly
integrability, the integral over this set will also be small, i.e.

f |1 X, — X|dP < e for all large n
{IXn—X|>¢}

Combining the two estimates, for all n large enough
| X, — X1 <e+e=2€

Since € > 0 was arbitrary, || X,, — X||; — 0, that is, X,, — X in L'(P). This completes
the proof. O

Remark 6.32. If (X,,) converges in LP(P), that is, there is a random variable X such
that ||X,, — X||, = 0. Then X € L*(P).

o If (X,) is a Cauchy sequence in LP(P), then the limit is in LP(P).

For a Normed Vector Space, if any Cauchy sequence has a limit in the same space.
We call it a Banach space.
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